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ON THE FIRST ORDER
NATURAL OPERATORS TRANSFORMING 1-FORMS
ON MANIFOLD TO LINEAR FRAME BUNDLE

In this paper we determine all first order natural operators transforming
1-forms on manifold to linear frame bundle.

We deduce that the fundamental operators here are complete lifts and a
vertical lift of a 1-form.

In the paper, we use tensor evaluation theorem developed by 1. Kolaf.

The author is grateful to Professor I. Kolaf for suggesting the problem,
valuable remarks and useful discussions.

1. Let M be a smooth n dimensional manifold. A section w : M — T*M
of a cotangent bundle gpr : T*M — M define a classical field of 1-forms
on the manifold M and define a linear map w : TM — R with respect to
a vector bundle structure pps : TM — M. If a 1-form w on M has in a
local chart (U,z¢) the local expression w = b;(z) dz?, then the linear map
w:TM — Rin alocal induced chart (p3/(U),z*, X*) on TM is of the form
w = bi(z) X"

Let p: LM — M be alinear frame bundle. A linear frame u at the point
z on M is an linear isomorphism u : R* — T, M. In a local chart (U, z*) on
M the linear frame u is of the form u(ex) = xik%h. We identify the linear
frame u with v = (Xy,...,X,), where X; = u(ex). A local induced chart
on LM is of the form (p~(U),z*,z%;).

We define n maps W* : LM — R for k = 1,...,n by formulas

(1.1) WE:iu=(Xy,...,X5) —» Wk) = w(Xy),

where w : TM — R is a field of 1-forms on M.

If 1-form w on M in a local chart (U,z?) is of the form w = b;(z) dz*
then the maps W* : LM — R in a local induced chart (p~1(U),z¢,z%;) are
of the form W* = b;(z)z.
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Consider the tangent map TW* : T(LM) — TR = R x R. The second
component of the tangent map defines a linear map prooTW* : T(LM) — R,
where pr; : R X R — R is a projection on the second factor.

DEFINITION 1. A field of 1-form w* for k = 1,...n on LM defined as
the second component of the tangent map TW* by formula
(1.2) wk = pryo TW* : T(LM) - R
is called a k-complete lift of a field of 1-forms w on M.

DEFINITION 2. A field of 1-forms w® on LM defined as image of a field
of 1-forms w on M by a dual map of the projection p: LM — M by formula
(1.3) O =pw=woTp: T(LM) - R

is called a vertical lift of a field of 1-forms w on M.
If a field of 1-forms w on M has a local expression w = b;(z) dz* in alocal
chart (U,z¢), then the k-complete lift w* for k = 1,...,n and the vertical

lift w® on LM in a local induced chart (p~1(U), 2%, z%x) are of the form
k i j i
w® = bij;xtdx? + b;dxty,
(1.4) . k
w" = b;dz".

We will use the tensor evaluation theorem developed by I. Kolaf in [2].
Consider k copies of a vector space V and a finite number of the ten-
sor products @ V*,...,®?V* of a dual vector space V*. We denote by
a(Tiyy.reyiy)y -0y (Tjyy .00, 2j,) the values of a € @ V* on z;y,...,2;, €
V..o, be @' V*on zj,,...,z;, €V.

Let yi)..i, € R*" and Zjy...iq € R*’ be a canonical coordinates.

THEOREM 1, [2]. For every smooth GL(V)-invariant function f :
RFV*x...x @TV* XV x...xV — R there ezists a smooth function
N e’

k-times

I(Yiroipr e s Zj1niy) R* x ... x R* - R such that
(1.5) flay...,b,z1,. .. 2k) = g(a(Ziyy o5 Tiy )y e e oy B(T5ys 000y 25.))
for any u € ®pV*, oy be@®TVH ..,z eV,

We need the following

LEMMA 2. For every smooth GL(R")-invariant function f
R* x R" X...xX R" xR"™ x @*R™ — R there ezists a smooth function
N,

n-times

g : RV+3%42 R such that
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(1‘6) f(yi,zik, bi, bij)k:l,...,n

= g(y'bi, z'kbi, ¥y bij, y'zd kbij, xikyjbij,-Tikzjlbij)llc=1,...,n
=1,...,n

P roof. This result follows easily from the tensor evaluation theorem [2].

2. In this part we prove the main
THEOREM 3. All first order natural operators F : T*M — T*LM form
(2n + 1)-parameter family of the form
(2.1) F:bdz* — f(b,z'm)m_._.l,,_,,n[b,- dz’]
+ g5 (biz' ) m=1,....nlbij2 k dz' + b; dz'y]
+ B*(biz! ) m=1,...n [bjie k d2t + b; d'y],
where f,g*, h* fork = 1,...,n are arbitrary smooth function of n variables.

Proof. Any map F : T*M — T*LM in a local coordinates (U, z*) on
M and in the induced coordinates (p~!(U), z,z%;) on LM is of the form
(2.2) F:b;dz’ — e,-(z',zlm) dz' + gk;(zl,zlm) dz'.
The first order natural operators F' : T*M — T*LM are in bijection with
natural transformation F' : JIT*M — T*LM and L?,.-equivariant maps of
standard fibres F : (JIT*R")g — (T*LR"),.

The group L2, acts on the standard fibre S = (J!T*R"), in the form
b; = bja’;
Egj = bkﬂi",ﬁ'j + bkak,’j.
We denote by (@;,a@’;x) the coordinates of the inverse element a~! to an

element a € L%, with coordinates (a';,a’;).
The group L%, acts on the standard fibre W = (T*LR")g by formulas

(2.3)

(2.4) T = aij.’l:]k
- T I
€ =e€;@’i +9"ja’ia mz™
k. _ k=]
7i=g ;0

Any map F : (J'T*R™)y — (T"LR"™)o in coordinates (b;,b;;) and
(z'k, i, g¥;) is of the form
ei = Fi(z'k, b, bij)
gki = Gk;(zik,b,‘,bi_j).
Our aim is to find a general form of an L?,-equivariant smooth maps
Fi:R"x...x R"xR™ x @’ R™ — R™ and G*; : R" x ... x R* XxR™ x
Nestentn, s N e

n-times n-times

®?R™ — R™ forevery k= 1,...,n.

(2.5)
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Consider L!,-invariant smooth map F : R® x R" x ... x R" xR™ x
(AR ——
n-times
®%R™ — R of the form
(2.6) F(y', 2k, bi, bij) = Fi(z'x, bi, bij)y'.
Considering equivariancy with respect to homotheties y' — cy' of
L', -invariant map F = Fjy' of the form (1.6), we get
(2.7)  ¥(cy’bi, z* kb, y'yibij, cy's kbij, catiybij, o ead by
= ¢ P(y'bi, Tkbi, Y'Y bijy y' 2 kbij, Ty bij, @k 1bij).
From this relation the map ¢ is linear in y' - by, y‘zjkb;_,-, xikyjbij and
independent of y*y’b;;, where coefficients are (2n + 1) arbitrary smooth
functi(_ms'f,gk,hk for k = 1,...,n of n + n? variables depending on z'.b;
and z’kzhb,-j.
Thus, every L!,-invariant map F; : R" x ... x R® xR™* x ®2 R™ —
LA ——

n-times
R™* is of the form

(2.8) Fi(z'k, bi,bij) = f(2'kbi, k2 1bij )b
+ g' (2% ki, 'k @d 1bi5)bijzd | + R (2t kbi, 2t k2 by )b,
with arbitrary smooth functions f, g¥, h* for k = 1,...,n of n+n? variables.
Now, we consider smooth maps G¥ : R®* X R™ x ... x R" xR"* x ®2 R»*
Ny ——

n-times
— Rfor k=1,...,n of the form

(2.9) G*(y', o'k, bi, bij) = G*i(*k, by, bij)y'
Moreover, we consider a smooth map Gk :R*"XR™ X ... X R* xR™xR™ x
LA ——

n-times

R™ — R such that G¥ = GFo ®, i.e.

(2.10) Gy, 3k, biy iy vi) = GFi(a i, biy wi - )y

By tensor evaluation theorem there exists n smooth functions n* for k¥ =
1,...,n of 3n + 3 variables such that

(211)  G*(', ok, biy ui, ) = 05 (Uhi, v, ylus, 2bi, 3w, 7).
Considering GI(1,R) invariancy for functions n* with respect to u; — cu;,
v; — Ly; for c € R\ {0}, we obtain the relation

1 1
(2.12) nk(a,ﬂ’77 6k76k, Tk) = ,r)k (a, Cﬂ, ;:'7, 6]:, CEk, _(':'Tk) .

By tensor evaluation theorem for n = 1 there exists smooth fun;:tions ¢* for
k = 1,...,n depending on n + 1 parameters a, 6 i.e. (¥ : R* 27+l , R
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such that:
(2'13) ﬂk(a,ﬂ, 7’6ka €k, Tk) = Ck(a’ 61:;.3 . 7,:3 “ThkyY “EkyrEk * Tl)-
Considering equivariancy with respect to homotheties y* — cy* for every

L', invariant map G* = G¥;y' for k = 1,...,n of the form (2.9), we get
relation
(2.14)  CF(cy'bi, zkbi, Py Y bij, cyizd kbij, et kybij, 3z bis)
= cC*(y'bi, o' kb, ¥y bij, ¥' 2 kbij, 7y bijy k2 1bi5).
From this relation the maps (¥ : R"*+27+1 . R for k = 1,...,n are linear
in y*'b;, y'zikbyj, z'xyib;; and independent of y'y? b,,, where coefficients are
n + 2 arbitrary smooth functions p*,q,7 of n + n? variables dependmg on
z'b; and z kz’,b,_.,
Thus, every L!,-invariant map G¥; : R® x ... x R® xR™ x ®2 R™ —
N e’
n-times
R™ for k = 1,...,n is of the form
(2.15) le = pk(zimbg, Z‘mzjnbij)bl + q(.’timb,', z‘mzjnb;j)bljxjk
+ (2 mbi, ' mz7 0 bij )bz’ &
with arbitrary smooth functions p*,q,r for k=1,...,n.

We will consider L?,-equivariancy of the map F : (JIT*R")y —
(T*LR"),. If the map F is L%,-equivariant, then for every vector A =
(A';, A%;x) of the Lie algebra !?, of L%, the corresponding fundamental
vector fields A, on S = (J'T*R")p and Aw on W = (T*LR"), must be F
related.

This gives the following system of differential equations for the maps F;
and G*; with parameters A° js Alij

(2.16) — A,G*; = aa” .zl )b; — pt A% b,
+ 29 Cpal b; bijALizi ) — g Az,
aum"( ] th mT n) ]z k_qu i — QA Tk
+ afr (—b,Alhjz"mzj,,)b ',‘:tjk - ’I‘bj(Al,‘xjk - TblAlj,'.’tjk,
(2.17) - Aj,'Fj - Aju:tlkaj = 6af h]:thmzj )b - fA b
+ 99’ b A*. .zt 2d Vb..zI Y L lp, A% . .27
aumn(_ kA ;T mT n) i1 — § Okj i1 —90A ;T
ont ki i ; I k. Iy 4k j
+ (—bkA iz mz’n)b_,-,-zjl —h bjkA izl — hlb A jg:tjl.

Opn
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Setting A*; = 0 in the first equation (2.16), we get

ap* dq or
(2.18) m =0, m =0, m =40,
(2.19) g+r=0.

By means of (2.18), we obtain that smooth functions p*, ¢, 7 of n + n? vari-
ables u,,, u,;,, are independent of the second variables uy,,.
Thus, the maps G¥; : R X ... X R® xR™ x @*R™ — R™ for k =
N e/

n-times
1,...,n are of the form

(2.20)  G*i(a',bi,bi5) = P* (2 mbi)bi + ¢(z° mbi)bijz?k ~ q(z* mbi)bjiz? k.
Now, setting A*; = 0 in the equation (2.17) and using the relation (2.19),
we obtain

of dg* _ OhF _
(2.21) o = 0, hu = 0, P = 0,
(2.22) p*=gF+hF, g=0.

By means of relations (2.21), we get that smooth functions f,g*, h* of
n 4 n? variables u,,, Umy are independent of the variables up,,,.

Thus, the maps F} : R* x ... x R* XR™ x @*R™ — R™ and G, :
R"x...x R*xR™ x @’ R™™ — R*™ for k = 1,...,n, are of the form

n-times
(2.23)  Fi(z'k,bi,bij) = f(2*kbi)by + g5(2 mbi)bisz? k + h* (2 nbi)bjizd g
(2.24) GFi(a'm, bi, bij) = (g5 (' mbi) + A5 (z* mbi))b.

Finally, using (2.23) and (2.24) in (2.2), we obtain the (2n+ 1) parameter
system of natural operators of the form (2.1). This proves our theorem.

The geometrical interpretation of the (2n + 1) parameter system (2.1) of
the first order natural operators F': T*M — T*LM is

(225)  F:we f(w(Xm)) @® + gF(w(Xm))wF + X (w(Xm)wk o tar

where w® and w* are the vertical lift and k-complete lifts of 1-form w to
LM, respectively, and ¢ps : TLM — LT M is a canonical diffeomorphism.
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