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ON THE FIRST ORDER 
NATURAL OPERATORS TRANSFORMING 1-FORMS 

ON MANIFOLD TO LINEAR FRAME BUNDLE 

In this paper we determine all first order natural operators transforming 
1-forms on manifold to linear frame bundle. 

We deduce that the fundamental operators here are complete lifts and a 
vertical lift of a 1-form. 

In the paper, we use tensor evaluation theorem developed by I. Kolaf. 
The author is grateful to Professor I. Kolaf for suggesting the problem, 

valuable remarks and useful discussions. 

1. Let M be a smooth n dimensional manifold. A section u : M T*M 
of a cotangent bundle qM T*M M define a classical field of 1-forms 
on the manifold M and define a linear map w : TM —> R with respect to 
a vector bundle structure PM TM —• M. If a 1-form a; on M has in a 
local chart ({/,£*) the local expression u = bi(x)dx\ then the linear map 
u : TM - » R i n a local induced chart (PM(U), x\X*) on TM is of the form 
u = bi(x)X%. 

Let p : LM —> M be a linear frame bundle. A linear frame u at the point 
x on M is an linear isomorphism u : Rn —» TXM. In a local chart (Z7, x1) on 
M the linear frame u is of the form «(e^) = x*k gfrl®. We identify the linear 
frame u with u = (Xi , . . . ,X„) , where Xk = w(ejfe)- A local induced chart 
on LM is of the form (p~1(U),x\x'k). 

We define n maps Wk : LM —> R for k = 1 , . . . , n by formulas 
(1.1) Wk:u = (Xu ...,Xn)~ W\u) = cj(Xk), 
where u> : TM —R is a field of 1-forms on M. 

If 1-form oj on M in a local chart (U,x l) is of the form u> = bi(x) dxl 

then the maps Wk : LM —• R in a local induced chart (p-1({7),a;,,xtfc) are 
of the form Wk — 6,(x)x*fc. 
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Consider the tangent map TWk : T(LM) —• T R = R x R . The second 
component of the tangent map defines a linear map pr2oTWk : T{LM) E , 
where pr-i : R X R -> R is a projection on the second factor. 

DEFINITION 1. A field of 1-form uk for k = 1 , . . . n on LM defined as 
the second component of the tangent map TWk by formula 

(1.2) uk = pr2 JO TWk : T(LM) -»• R 

is called a ¿-complete lift of a field of 1-forms u on M. 

DEFINITION 2. A field of 1-forms u>° on LM defined as image of a field 
of 1-forms w on M by a dual map of the projection p : LM —• M by formula 

(1.3) = p*u = u o Tp : T(LM) R 

is called a vertical lift of a field of 1-forms u> on M. 
If a field of 1-forms u on M has a local expression u> = bi(x) dxl in a local 

chart (U,xl), then the ¿-complete lift u>k for k = l , . . . , n and the vertical 
lift u° on LM in a local induced chart ( /> - 1 ( i / ) , x', x'k) are of the form 

uk = bax*k dx' + b; dx*k, 
(1.4) n 13 k 1 fc' 
v 7 d — b{ dx*. 

We will use the tensor evaluation theorem developed by I. Kolaf in [2]. 
Consider k copies of a vector space V and a finite number of the ten-
sor products V*,..., 0 ® V* of a dual vector space V*. We denote by 
a ( x t l , . . . , a ; i p ) , . . . , b(xh,..., xjt) the values of a e <g)p V* on xh,..., xip £ 
v,...,be<8)qv* onxjl,...,xjqev. 

Let yi1...ip € RfcP and Zj1%„j € Rfc* be a canonical coordinates. 

THEOREM 1, [2]. For every smooth GL(V)-invariant function f : 
V* X . . . X V* X F X X V R there exists a smooth function 

k-times 
9(yii...ip,- • •,Zh...jq) : RfcP x . . . x Rfc* —»• R such that 

(1.5) f(a, . . . , b , x x k ) = g{a(xh,..., xip),..., b(xh ,...,xjq)) 

for any a € ® p V, ..., b G ®9 V*, xu...,xkeV. 

We need the following 

LEMMA 2. For every smooth GL(Kn)-invariant function f : 
R n X R n X . . . X R n x R n * X ® 2 Rn* -> R there exists a smooth function 

n-times 
g : R"2+3n+2 R such that 
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(1.6) / ( » ' . » • ' f c . M y ) ^ l,...,» 
= g{ytbi,xxkbi,yty3bij,yxx3

kbij,x%
ky3bij,xx

kx3ibij)k=i n 

P r o o f . This result follows easily from the tensor evaluation theorem [2]. 

2. In this part we prove the main 

THEOREM 3. All first order natural operators F : T*M -»• T*LM form 
(2n + 1 )-parameter family of the form 

(2.1) F : bi dx{ f(bix'm)m-i n[bi dx{] 

+ 9k{bixl
m)m=i n [ 6 , j i J f c dx' + ¿»,- dx'*] 

+ /lfc(M'm)m=l1...,n[i'j<a;-'*: + 
where f , gk, hk for k = 1 , . . . , n are arbitrary smooth function of n variables. 

P r o o f . Any map F : T*M -* T*LM in a local coordinates ( U , x % ) on 
M and in the induced coordinates ( p ~ 1 ( U ) , x , , x , k ) on LM is of the form 

(2.2) F : bi dx'" e , (x ' , x'm) dxi + gki(x\ xl
m) dx\. 

The first order natural operators F : T*M —* T*LM are in bijection with 
natural transformation F : JlT*M —> T*LM and L2„-equivariant maps of 
standard fibres F : (J 1T*Rn ) 0 (T*LRn)0. 

The group L2
n acts on the standard fibre 5 = (J1T*Rn)o in the form 

b{ = bja^i 
W T U ~l ± U bij = bkia ¿a j + bka ij. 

We denote by (a'j, a'j^) the coordinates of the inverse element a - 1 to an 
element a € L2

n with coordinates (o'j, o'^jt). 
The group L2

n acts on the standard fibre W = (T*Z/Rn)o by formulas 

(2.4) x'fc = a'jx^k 
e,- = e:aji + gk jaj /¿a' mxm

 k 

gki = gkjaji. 

Any map F : (PT'W1^ (T*LRn)0 in coordinates (&i,6,j) and 
(x,k,ei,gk

i) is of the form 

( 2 5 )
 ei = Fi{xlkM,bij) 

gki = Gki(xi
k,bi,bij). 

Our aim is to find a general form of an L2„-equivariant smooth maps 
F{ : R n X . . . x Rra xRn* x <g)2 Rn* -»• Rn* and Gk

{ : R" x . . . x R" xR n * x 
n-times n-times 

(g>2 Rn* -»• Rn* for every k = 1 , . . . , n. 
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Consider Z,1 „-invariant smooth map F : R n x R n x . . . x R n xR n * x 

n-times 
(g>2 R " . r 0f the form 

(2.6) = F ^ k M M d y 1 -

Considering equivariancy with respect to homotheties yl >—> cyl of 
L1 „-invariant map F = Fiy1 of the form (1.6), we get 

(2.7) ij)(cytbi, x*kbi,c2y,y1bij, cyxx3kb{j, cx'^bij, x%kx3ibij 

= c • ^{y'bi.x'kb^y'y^bi^y'x3kbij.x^y'bi^x^x3ibij). 

From this relation the map ip is linear in y% • b{, ylx3kbij, xtkyJbij and 
independent of y ,y3bij, where coefficients are (2n + 1) arbitrary smooth 
functions f,gk,hk for k = 1,. . . , n of n + n2 variables depending on x\bi 

and x'kx^ibij. 
Thus, every ¿^-invariant map F, : R " x x R " xR n * x <g)2 Rn* 

n-times 
Rn* is of the form 

(2.8) Fi (x\,bi ,bi j ) = / ( x ^ b ^ x ^ x ^ b ^ b i 

+ g'{xlkbux'kX3¡bi^bijX31 -(- h\xlkbi,xlkX3ibi^bjiX31, 

with arbitrary smooth functions f,gk, hk for k = 1 , . . . , n of n + n2 variables. 
Now, we consider smooth maps Gk : R n x R n x . . . x R n xR n * x <g)2 Rn* 

S V / 

n-times 
—• R for k — 1 , . . . , n of the form 

(2.9) G\y\ x{k, bu bn) = Gki(x'k, bu b^y1. 

Moreover, we consider a smooth map Gk : R n x R n x . . . x R " xR n * x R n * x 
V V / 

n-times 

Rn* -> R such that Gk = Gk o <g>, i.e. 

(2.10) Gk(yi,xik,bi,ui,vi) = Gkl(xik,bi,ui-vj)yl. 

By tensor evaluation theorem there exists n smooth functions T)k for k = 
1 , . . . , n of 3n + 3 variables such that 

(2.11) Gk(y,,x,k,bi,ui,vj) = ^(j/'&i, y'uj, yxVi,x*kbi,x\ui,xxkVi). 

Considering G/(1,R) invariancy for functions r)k with respect to U{ i-* cw,-, 
v, i—• for c € R \ {0 } , we obtain the relation 

(2.12) rfk(a, /3,7, Sk, £fc, Tfc) = T)k ̂ a , c/J, ̂ 7,6k , csk, ^ r ^ . 

By tensor evaluation theorem for n = 1 there exists smooth functions ( k for 
k = 1 , . . . , n depending o n n + 1 parameters a,6k i.e. Qk : R n + 2 n+ 1 —• R 
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such that: 

(2.13) Tjk(a,/3,f,6k,£k,Tk) = 

Considering equivariancy with respect to homotheties y' h-> cy* for every 
Ll

n invariant map Gk — Gkiyx for k = 1 , . . . , n of the form (2.9), we get 
relation 

(2.14) Çk(cytbi,xt
kbi,c2y,y:'bij,cy,x:'kbij,cx,

ky:'bij,x,kx3
lbij) 

= cC,k{yxbi,xx
kbi,yxy3bij,yxx:> kbijfX^y^bij^'kX^bij). 

From this relation the maps (k : R n 3 + 2 n + 1 —». R for k = 1 , . . . , n are linear 
in y*bi, y*xikbij, xx

ky3bij and independent of y'y^bij, where coefficients are 
n + 2 arbitrary smooth functions pk,q,r of n + n2 variables depending on 
xx

kbi and xx
kx3ibij. 

Thus, every L1 „-invariant map Gk
t : R n X . . . X R" xRn* X (g)2 Rn* 

n-times 
Rn* for k = 1 , . . . , n is of the form 

(2.15) Gki = p*(x'm6j, x* mx* nbij)bi + i i
m x- ' n 6 i i )6 / i x i

f c 

+ r(xx
mbi,xt

mx:'nbij)bjix3
k 

with arbitrary smooth functions pk, q, r for k = 1 , . . . , n. 
We will consider L2„-equivariancy of the map F : (J1T*R™)0 

(T*LRn)o. If the map F is ¿2„-equivariant, then for every vector A = 
(Axj,Aljk) of the Lie algebra /2„ of L2

n the corresponding fundamental 
vector fields As on S = ( J 1 T*R n ) 0 and Aw on W = (T*LRn)0 must be F 
related. 

This gives the following system of differential equations for the maps F{ 
and Gki with parameters Axj, Axij 

(2.16) - AjiGkj = p-{-blAl
hjxh

mx\)bi-P
kAi

ibi 

+ -J^—(-biA'hjX^mX1
 n)bijX>k - qbijAliX3

k - qbiAlijX3
k 

+ ô (-biAl
hjxh

mx\)bjix3
k - rbjiA'ix'k - rb,AljiX3

k, ""mn 

(2.17) - A^Fj - A3,ixl
kGk

j = / ^ - ( - M ' f c i x ^ x ^ ) 6 , - fA^bj 

+ -^-(-bkAk
ijxi

mx3
n)bijx3

l - g'bkjA"^^ - g ' b k A " ^ , 

QfJ 
+ ^ {-bkAk

ijxi
mx\)bjix3

l - hlbjkAkix'i - h'bkAk
jiX

3 

OUmn 
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Setting A%j = 0 in the first equation (2.16), we get 

(2.18) = J S - . a , 3 5 ^ - 0 , 
dumn dumn dumn 

(2.19) 9 + r = 0. 

By means of (2.18), we obtain that smooth functions pk, q, r of n + n2 vari-
ables um, umn are independent of the second variables umn. 

Thus, the maps Gki : R n x . . . x R " xRn* x <g)2 Rn* Rn* for k = 
s v ' 

n-times 
1 , . . . , n are of the form 

(2.20) <?*,(**,-, bu btj) = p ^ x ' M b , + qix'nbifax'k - q(xi
mbi)bjix-' k-

Now, setting A'j = 0 in the equation (2.17) and using the relation (2.19), 
we obtain 

8f n 3gk
 n 8hk 

2.21) = I T — = °> a = 0» 
dumn dumn dumn 

(2.22) pk = gk + hk, q = 0. 

By means of relations (2.21), we get that smooth functions f , g k , h k of 
n + n2 variables um, umn are independent of the variables umn. 

Thus, the maps Ft : R" x . . . x R" xRn* x <g>2Rn* ->• Rn* and Gki : 
n-times 

x R n xRn* x <g)2 Rn* Rn* for k = 1 , . . . , n, are of the form 

(2.23) bit bij) = fix'kb^b, + if*(xi
m6i)6/i®ifc + ^ { x ^ b ^ b ^ k 

(2.24) G V z S n A A i ) = tfix'M + h W m b t f b , . 

Finally, using (2.23) and (2.24) in (2.2), we obtain the ( 2 n + l ) parameter 
system of natural operators of the form (2.1). This proves our theorem. 

The geometrical interpretation of the (2n + 1 ) parameter system (2.1) of 
the first order natural operators F : T*M —» T*LM is 

(2.25) F:u f ( u ( X m ) ) • + gk(u(Xm))uk + hk(u{Xm))uk o iM 

where u>° and u>k are the vertical lift and A;-complete lifts of 1-form u> to 
LM, respectively, and lm '• TLM —»• LTM is a canonical diffeomorphism. 
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