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A CHARACTERIZATION OF UNIFORMLY DISTRIBUTED RANDOM VARIABLE

Let X be a real random variable defined on some fixed pro-
bability space (2, #4, P) and let u be its probability distri-
bution, i.e. u(B) = P(X-l(B)) for any Borel subset of reals R.
By S(u) we denote the support of u, i.e. the least closed sub-
set of R such that u(sS(u)) = 1; see (1), ch. II, §2, Th. 2.1
and Def. 2.1 for the existence and uniqueness of S(u).

We say that a random variable X is uniformly distributed
iff either T

(1) s(u) = {al,...,an} with a; =a; + (i -1)r and
u({ai}) = % for i=1,...,n, r+ 0 or .

y [a|
(ii) s(u) = [a, b] for some -w< a < b<+w and u(A) = —o-a)

for any Borel subset A of S(u), where |A| stands for Lebesque
measure of A. '
We shall prove the following characterisation theorem.
Theorem, A real random variable X is uniformly distributed
if and only if it satisfies the following condition:

(*) E[ X|]a =X =Db] = %(a+b) for any a, b, € s(u)
with P(a = X = b)>0.

Necessity of the condition (*) is checked by direct calcu-
lations in both cases (i) and (ii).

Proof of sufficiency of the condition (*) will be carried
in several lemmas. Let us note first the following equivalent
formulation of the condition (*) in terms of u:

(*%) § tu(at) = 3(a +b) u(fa, b)) for any a, b e S(u)
[a,b
with u([a, b]) > 0.
In each Lemma we suppose that p satisfies (**) and by A(u)
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we denote the set of atoms of u (possibly empty), i.e.
A(u) = {a e R : u({a})>0}.

Lemma 1. A point a € S(u) is an isolated point of S(u)
if and olny if a € S(u).
Sufficiency. Let a € A(u) and suppose to the contrary that

a is not an isolated point of S(u), i.e. there exists a se-
gquence {an}:=1 ¢ S(u) such that lﬁm an = a. We can assume that

< < = ces < < = .o
a<a  ,<a, for n 1, 2, (or a<a q<a for n 1, 2, R

which is the case treated analogically) and thus u([a,an])> 0]

for n=1, 2,... . By applying condition (**) we get
(1) § t u(at) = 3(a+a;) u(fa,a;l)
[ala1]
and
(2) § t u(dt) = u({a)y)a+ § t u(dt) = pu({a})a +
(a,a,] (a,a,]
*lm § €t = u(@na + m 3(agtay) u(lag,a;)) =
a,a

= u({a))a + 3(a+a)) u((a,a;1) =
= u({ah)a + 3(a+a)) [u((a,a,]) - u({a})] =

= 2(a+a,) u(la,a;)) + 3 u({a)) (a-a,).
Comparing (1) and (2) we obtain that a = a,, which is the con-
tradiction proving that an atom a of p is an isolated point of
S(u).
Necessity. If a € S(u) is an isolated point of S(u), then
S(u) - {a} 1is a proper closed subset of S(u) and thus
u(S(u) - {a})< 1 and in consequence a € A(u).

Lemma 2. If a,b e S(u), a<b and S(u) n (a,b) = ¢, then
u({a}r) = u({b}).

Proof. If u([a,b]) =0, then u({a}) = u({b}) = 0. If
u([a,b])> 0, then by condition (**) and in view of the fact
that u((a,b)) = 0 we obtain

(3) u({a})a + u({b})b = Z(a+b) (u({a}) + u({b})],
which implies that u({a}) = u({b}).
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Lemma 3. If A(u) # @, then u is purely atomic and X is
uniformly distributed.

Proof. Suppose to the contrary that u is not purely ato-
0 € A(u) and bo € S(nu) - A(n) such
that a,< bo (or a,> bo, which is the case treated analogical-
ly).

Let b= inf {x € S(u) - A(u) : x > ao}. Since atoms of M

mic, i.e. there are points a

are 1isolated points of S(u) (Lemma 1) we infer that
b e S(u) - A(n) and (hence) a,< b. Thus we have that

S(u) n [ag,b) < A(n)
and we shall show that the set S(u) n [ao,b) is finite. 1In
fact, if s(u) n [ao,b) were infinite we could define inducti-

vely a, = inf (S(u) n (ao,b)), a = inf (S(u) n (an,b)) and

thus obtain an infinite sequence {ai}?=o of atoms of p with

ag < a; < ai+1< b for i =1,2,...
and such that S(u) n (ai,ai+1) =@ for i =0,1,2,... . By Lem-
ma 2 u({ao}) = u({al}) = u({az}) = ... , which is a contradi-

tion proving that the set S(u) n [ao,b) is finite. Puting
a = sup (S(u) n [ao,b)) we obtain a point a € A(u) such that
a <band S(u) n (a,b) = . Again from Lemma 2 we infer that
({a}) = u({b}), which 1is impossible since u({a}) >0 and
u({b}) = 0. This contradition shows that S(u) = A(u), i.e. u
is purely atomic. As above, the assumption that the set S(u)
is infinite leads to the contradiction.

Thus S(u) = A(u) = {aj,...,a.} with a <...< a . Again from

1
Lemma 2 we infer that u({ai}) = % for i =1,...,n. By applying
the condition (**) to the segments [ai,ai+2] for i=1,...,n-2

we obtain that a4, = i+2) for i=1,...,n-2 and thus

(ii) is satisfied, i.e. X is uniformly distributed.

1
2(ai+a
In the subsequent lemmas we assume that 4 is non-atomic,
i.e. A(u) = o.
Lemma 4. If a,b e S(u), a < b and (a,b] ¢ S(u),then

u(ra, 2221 = u(23R,p1) = 1 u(ta,b.
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Proof. We suppose that u([a,b]) > 0 (the case wu([a,b]) =0
is trivial). By applying (**) we get

(4) § tu(at) = 3(a+b) u(ra,n)) =

(a,b]

= 2(a+p) (12,282 + u(122,01))
and
(5) §_tuEt) = § tuae) + gt uEn -

[a,b] a+ a+

(a,=—] (=—D]
= 3@ + 22 w(a, 22y + 1 + 222 w2200
a+b a+b

Comparing (4) and (5) we obtian that u([a,—i—]) = “([_5_'b])‘
Lemma 5. If a,b € S(u), a < b, then S(u) n (a,b) # o.

Proof. Suppose to the contrary that there are points
a,be S(u), a < b with S(u) n (a,b) = ¢ and thus u((a,b)) = 0.
Since b € S(u) is not an isolated point of S(u) there is
b1 € S(u) with b1 > b. Since the segment (a,bl) is
neighbourhood of b e S(ua), thus u((a,bl)) >0 and hence
u([b,bl)) > 0. Applying condition (**) we get

(6) § t u(dt) = (a+b,) u([a,b 1) = 3(a+b,) u([b,b,])
[a,b, ]
and
1
(7) § t u(at) = 2(b+b)) u((b,b,]).
b,b, ) 21770 1

Comparing (6) and (7) and in view that u((a,b)) = 0 we obtain
that a = b, which is a contradiction completing the proof of
Lemma 5. )

Lemma 6, Suppose F is a closed non-empty subset of a real
line having the property that for any a,b € F, a < b there is
a point c € F such that a<c <b. Then F is a segment (pos-
sibly unbounded).

Proof. It is clearly sufficient to prove that [a,b] c F
for any a,b € F with a < b, since then F = [inf F, sup F].

Suppose to the contrary that there are a,b e F, a < b such
that for some ¥ ¢ F a <y <b, Let « =inf {x e F: x> ¥} and
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B8 =sup {xe€ F: x< 7}. Then «x, ¢ F, x < 8 and for any «<c<B,
c¢F.

Lemma 7. S(u) is a closed bounded segment.

Proof. From Lemmas 5 and 6 we infer that S(u) is a closed
segment. We have to prove only that the segment S(u) is boun-
ded.

Suppose. to the contrary that s(u) = [(a,»] (the cases:
S(u) = (-o,b] or S(u) = (-»,+0) are treated analogically).
From Lemma 4 épplied to the segments [a+n-1, a+n+l1l] and (a+n,
a+n+2} for n=1,2,... we obtain that

(8) p(fa+tn-1, a+n}) = u([a+n, a+n+l])
and
(9) u([a+n, a+n+1l]) = u([a+n+l, a+n+2]).

Compring (8) and(9) we obtian an infinite sequence of disjoint
segments [a, a+l1]}, [a+2, a+3], [a+4, a+5],... having the same
strictly positive measure u. This contradition completes the
proof of Lemma 7.

Proof of the Theorem. In view of Lemma 3 we can assume
that g is non-atomic. Then by Lemma 7 S(u) = [a,b], where

-0 < a<b< w. Let us define the sub-segments Ay of [a,b] as

k
follows
k-1

A, = [a+—
on

X (b-a), a + lziﬁ(b-a)] for n=0,1,2,...,

k=1,2,..., 2™

By Lemma 4 combined with an induction argument we obtain that
for n=0,1,2,..., k=1,2,...,2%  pka.) =L, i.e.
nk 5N

lAnkI
A = Bmay -

Since the family of segments {A n=20,1,2,...,

nk}'

k = 1,2,...,2n generates the o-algebra of Borel subsets of
, |2

(a,b], we conclude finally that u(aA) = -ay for any Borel

subset of S(u).
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