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PSEUDO-SEMIDIRECT PRODUCT OF THE ABSTRACT OBJECTS

In the present paper we define a pseudo-semidirect product
of the abstract objects and state its properties. Especially,
we prove, sufficient and necessary conditions for effectivity
(Theorems 3, 4) and transitivity (Theorem 5) for the product.

1. Introduction

This paper is an attempt to give a definition of some kind
of product of abstract objects.

Previous attempts were made by E. Kapustka ([2]) and
B. Szocinski ([7], [8]). This definition is connected with
semidirect product of groups. Properties of the defined
product are the motivation for the definition.

2. Preliminaries

2.1. An abstract object (object) is a triple (X,G,F),

where X is a nonempty set, G is a group and F:XxG—X is a
mapping satisfying the conditions:

(1) F(F(x,9,),9,) = F(x,9,9,), for xeX, g,,9,€G

and

(2) F(x,e) = x, for xeX,

where e denotes the neutral element of the group G (cf. [4],
p. 12).

An equivariant mapping from the object (X,G,F) into the
object (Y,H,f) is a pair (a,p), where a:X—Y is a mapping
from X into Y and ¢:G—H is an homomorphism which satisfies
the condition:

(3) a(F(x,g9)) = f(a(x),p(g)), for xeX, geG
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(cf. [4), p. 18).

An object (X,G,F) is equivariant with an object (Y,H,f)
if there exists a morphism («,¢):(X,G,F)—(Y,H,f) such that
o is a bijective mapping and ¢ is an isomorphism of groups.

2.2. A triple (X,H,F|XXH) g a subobject of the object
(X,G,F) if H is a subgroup of the group G.

A triple (Y,G,F|YxG) is a partial object of the object
(X,G,F) if YcX, Y#¢ and F(x,g)eY, for all xeY and geG
(cf. [4), p. 35, 37).

2.3. Let H and G denote groups. A mapping
(4) T:HxG—H
is called a homomorphism from the group G into the group of
automorphism of H if it satisfies the conditions:

(5) t(t(hrgl)lg2)=t(hlgz'gl)l for heH, 91192561
(6) t(h,eG)=h, for feH,
(7) T(hy*h,y),9) = T(hy,9)*T(h,y,9), for h,,h,eH, geG

(c£. (5], p. 10, [1], P.66).
If in the set HxG we define an action by the formula
(h,9) A(h,,9,) := (h-tg(hl),ggl),

we obtain a group HtAG called the semidirect product of the
groups H and G (cf. [5], p. 12).

Conditions (4)-(6) mean that
(8) (H,G,T)
is an object. The condition (7) means that for every fixed geG
the mapping tg:H—»H, rg(h)=t(h,g) is an automorphism of the
group H (cf. [5], p. 11).

Let F denotes a mapping in the object (X,G,F). We will
denote by Fg a mapping Fg:x—»x, Fg(x)=F(x,g), where geG is
fixed.

2.4. The direct product of the objects (xl,Gl,Fl) and
(xz'Gz'Fz) is defined as a triple
(X, xX,,6 %G, ,F xF,),
where

(FIXFZ)((XI'XZ)'(gl'gZ)) = (Fl(xllgl)lpz(legz))
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for (xl,xz)exlxx2 and (gl,gz)eclxc2 (cf. [5], p. 16). The
G-product of the objects (xl,G,Fl) and (XZ’G’FZ) is defined
as a triple
(X,xX,,G,F),

where F((xl,xz),g) := (Fl(xl,g),Fz(xz,g)) for (xl,xz)exlxx2
and geG (cf. (5], p. 18).

An object (X,Htl G,f), where H A G is a semidirect
product of groups, is called the semidirect product object.

We have

Theorem 1, (cf. (2); [5], p. 19).
Let (x,Hrh G,f) be a semidirect product object. Then
(9) f(x,(h,q)) = Fl(F(xlg)lh)l

where F(x,g):=f(x,(eH,g)) and Fl(x,h):=f(x,(h,eG)), xeX,
geG, heH.

The mappings F and F1 satisfy the condition
(10) F(F,(x,h),q) = Fl(F(xlg),tg(h)),

for xeX, heH, geG and the triples (X,G,F) and (x(H'Fl) are the
objects.

Conversely, if (X,G,F) and (x’H’Fl) are objects such that
F and F1 satisfy (10) and £ is a map defined by (9), then
(X,HtAG,f) is a semidirect product object. =

3. Definition of the pseudo semidirect-product of abstract

objects
Let us assume that the homomorphism (4) and the objects:
(11) (X,H,£,),
(12) (Y,G,£,),
(13) (X,G,a),

where for each fixed geG a pair (ag,tg) is a morphism:
(agltg) : (xlnlfl)-,(xlﬂlfl) ’

satisfy the condition

(14) ag(fl(x,h)) = fl(ag(x),tg(h)), for xeX, heH.

Definition. An object
(15) (XxY, H_AG,F),
where F is defined by the formula
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(16) F((x,),(0,9)) :=(£, (x5 (x),h) ,£,(¥,9)

for (x,y)eXxY, (h,g)thAG,
is called a pseudo-semidirect product of the object (11) by
the object (12) in relation to objects (13) and (8) and is
denoted by

(X,H,f A (Y,G,£,) := (XxY,H AG,F).

1) («,7)
It is easy to verify that F given by (16) satisfies conditions
(1) and (2).

Example. Let us consider the objects (8), (H,H,LH),
(G,G,LG) where Ly and L, are the left translations in H and G
respectively (cf. [5], p. 27). In pseudo-semidirect product
(17) (HH,Ly) o oyA (6,6, Lg) := (HxG,H,G,L)

L is given by
L((hllgl)l(hlg)) := (LH(tg(hl)lh)lLG(gllg)) =
= (h'tg(hl)lg'gl) = (hlg)tl(hligl):
for (hl,gl)eHxG, (h,g)thAG. So, L is the left translation in

the group HtAG and the object (17) is equivariant with the
object (HtAG,HtAG,LHtAG).

4. Properties of the pseudo-semidirect product of the

abstract objects

Proposition 1. The object (11) is equivariant with the

partial subobject

(18) (Xx{yo} H_a{e.},F )
07Tt TG |(XX{Y0})X(Htl{eG})

of the object (15), where Yo is an arbitrary fixed point of Y.
Property 1. A subobject

19 XxY,H_A{e F

(19) (Xx¥,H 2 {eg), I(XxY)x(HtA{eG}))

of the object (15) is equivariant with the product

(XXY,Hx{eG},flx(fzle{eG}))
of the object (11) and scalar (Y'{eG}’f2|Yx{eG})'

Notice that the object (18) is a partial object of the
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object (19).
Property 2. A subject

(20) (XxY,{eH}tAG,F (XXy)x({eH}tAG))
of the object (15) is equivariant with G-product
(21) (XxY,G,Fg)

of the objects (13) and (12) where

(22) Fo((x,¥),9) := (a(x,9),£,(Y,9))

for (x,y)eXxY and geG.
Moreover, notice that if the object (11) is a scalar, then
F given by (16) is the same as FG given by (22), but the
objects (21) and (15) are not equivariant (if not H={e}).
Property 3. Assume that the object (13) contains a one-

-element orbit {x4}- Then a partial subobject

(23) ({xg}xY, {ey} AG,F ({xo}xy)x({eﬂ}txc))

of the object (15) is‘equivariant with the object (12).
Property 4. If H AG is a direct product HxG or the
object (11) is a Klein space and the object (13) is a scalar
then the object (15) is a direct product of the objects (11)
and (12).
As a consequence of the Theorem 1 we have

Proposition 2, If

(24) (XxY,H _AG,F,)
is a H.AG - product of the semidirect product objects
(X,HtAG,Fl) and (Y,HtAG,FZ), where F3:=F1xF2, then

F3((XIY)r(hlg))=(f1(a(xrg)lh)l B(f(y.9),h)), for (x,Y) €eXxY¥
and (h,g)thAG, where fl, o, B, £ are mappings in the objects
(X,H,fl), (x,6,«), (¥,H,B), (¥, G, f£) satisfying the
condition (10).

If the object (Y,H,B) 1is a scalar then mapping F, is of
the form of mapping in the pseudo-semidirect product of the
object (X,H,fl) by the object (Y,G,f) in relation to  the
objects (X,G,a) and (H,G,T).

In the notation of the above Proposition 2 we have

Theorem 2, The following statements are equivalent
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a) For every YoeY a triple

(25) (xx{yqy},H A{e;},F)
where F := F3|(Xx{yo})x(HtA{eG}) is a partial subobject
of (24).

b) The object (Y,H,B8) is a scalar.

c) The object (24) is a pseudo-semidirect product of the
object (X,H,fl) by the object (Y,G,f) in relation to the
objects (X,G,a) and (H,G,T).

Proof,

b)=+c) was proved in the Proposition 2 and c)=-sa) follows
from the Proposition 1.

a)=b). For every fixed yoeY and every xeX, heH we have

—F‘((xlyO)l(hIeG)) = F3((xIY°)I(hIeG)) =
= (£ (e (X),0),B(E(Ygreg) B) = (£(x,h),B(¥o/h)) -

Since (25) is a partial subobject of (24),
(fl(x,h),B(yo,h))eXx{yo}, so B(yo,h)=y0. Therefore the object
(Y,H,B) is a scalar. =

5. Effectivity of the pseudo-semidirect product of ab-

stract object

M. Kucharzewski stated that if a semidirect product object
is effective then its elements are effective (cf. [5], p. 22),
but he posed a problem if the converse implication was true.

We will prove that it is not.

Let an object (X,G,f) be effective. Let the object (8) be
of the form '
(26) (G,G,T)
where tg(h):=ghg-1, for g, heG.

In a semidirect product object
(27) (X,G_AG,F)
we define the action F by the formula

F(x, (h,q)):=f(f(x,9),h), for xeX, h,gthAG.

It is easy to verify that F satisfies the condition (10).
Since for every geG and xeX we obtain F(x,(g,g-l))=f(x,g-1-g)=
=f(x,e)=x, the object (25) is not effective (if not G={e}).
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In the case of pseudo-semidirect product of objects we
prove

Theorem 3. If the object (15) is effective then the object
(11) is effective.

Proof. For every (X,y)eXxY, fronm F((x,y),(h,q))=(x,Y)
it follows that (h,g)=(eH,eG), because the object (15) is
effective. Therefore, for g=e., we obtain that from

G
F((x,y),(h,e5))=(f, (x(x,e;),h), £, (y,e5))=(f, (x,h),y)=(x,¥)
it follows that (h,eG)=(eH,eG). So, for each xeX from

fl(x,h)=x we have h=eH. That‘ proves effectivity of the
object (11). =

Notice that if in the above proof we set h=e we obtain

H
that it follows from (a(x,g),fz(y,g))=(x,y) that (eH,g)=
=(eH,eG), but we cannot prove that the object (12) or (13) is

effective.

Theorem 4. If the objects (11) and (12) are effective then
the object (15) is effective. '

Proof. Assume that (11) and (12) are effective objects and
(h,g)sHtAG is such that for each (x,y)eXxY:

F((x,y),(h,9)) = (£, (a(x,9),h),f,(y,9)) = (x,¥).

So we obtain that from fz(y,g)=y, for each yeY, it follows
that g=eg and from fl(a(x,eG),h)=f1(x,h)=x, for each xeX,
it follows that h=eH. ]

6. Transitivity of the pseudo-semidirect product of
abstract objects

M. Kucharzewski stated (cf. [5), p. 22) that a semidirect
product object is transitive if at least one of its elements
is transitive. As in the case of effectivity he posed a
problem if the converse implication was true.

We will prove that it is not so.

Let an object
(28) (X,G, )
be transitive.
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Let us consider two objects (not transitive)
(29) (XxX,G,£,), i=1,2
where £ ((x,y),9):=(£(x,9),y) and £,((x,¥),9):=(x,£(¥,9)),
for (x,y)eXxX and geG.
The homomorphism T:GxG—G we define by T(h,g):=h, for
h,geG.
In the semidirect product object
(30) (XxX,G_AG,F)
the mapping F is given by
F((x,y),(h,9)):=£, ((£,(x,y),9) ,h)=(£(x,h),£(y,9)).
It is easy to verify that the object (30) is transitive.
In case of pseudo-semidirect product we have

Theorem 5. If the objects (11) and (12) are transitive
then the object (15) is transitive.

If the object (15) is transitive then the object (12) is
transitive.

Proof. Assume that (11) and (12) are the transitive
objects. Transitivity of (12) implies that for every
(x,y),(xl,yl)GXxY there exists geG such that fz(y,g)=y1.

Let a(x,g):=x2. From transitivity of (11) we obtain that
there exists heH such that fl(xz,h)=x1. That shows transiti-
vity of the object (15).

If the object (16) is transitive then for y,yleY and xeX
there exists (h,g)thAG such that

F((x,y),(h,9)) = (£, (a(x,9),h),£,(Y,9)) = (x,¥,).
So, we have geG such that fz(y,g)=y1. ]

Notice that the object (15) could be transitive while (11)
is not transitive.

Indeed, let (11) be an arbitrary scalar (x,H,fl) such
that there are xl,xzex, XXy, (12) be a scalar ({y},G,fz)
and (13) be a transitive object (X,G,a). For every object (8)
a mapping F of the object (Xx{y},HtAG,F) is given by

F((x,y),(g,h)) = (a(x,9),Y)
and such object is transitive.
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