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THE ESTIMATION OF THE FOURTH COEFFICIENT

IN THE CLASS OF p-VALENT FUNCTIONS

Let sp be the class of functions

£(z) = 2P + ah41 P+l ap42 p+2 p+3

holomorphic and p-valent in the unit circle |z|<1.

k1 z + a + ...

p+3z

Theorem 1. If f£(z) is a function belonging to the class Sp

then
lag,sl 2 p(p+1) (2p+1) .
The equality sign is realised only for the function

2P
(1+n-2) %P

Proof. We take advantage of parametric presentation of the
coefficients of the functions fesp [2], two identities of
Z. Nehari [3) and the inequality of G.M. Goluzin [1].

K. Koseki in the work [2] examined a class of p-valent
functions L defined as follows; function f£(z) belongs to the
class L, if f£(z)=g(z,0), where g(z,t) is the solution of the
equation.

f(z) = . |nl=1.

ag(z,t) — 99(z,t) z 1+k(t)z
ot az 1-k(t)z

satisfying the condition g(z,t°)=zp, moreover k(t)=eiQ(t)

Oststo<m

and Q(t) is real function and continuous and he showed, that
the class of these functions is dense in the class Sp.

From this equation we obtain easily for the coefficient
the following formulas

w
(1) ag,= So-zpe'3tk3(t)dt +
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«© «©
+ ap(p+1) ([ ek (trat) (| e %P (vrat)-
0 0
© [ t
- spee+) (p+2) (| e™k(erat)® + 4p| 7P (6 (| ek (s)as)at.
0 0 0
Z. Nehari [3] using the Loevner’s method proved the inequality
|a,|s4 starting from the following identities:

© a
2 4 3 S 2y.3
(2) -Sou(u+v+A1(a-1)) dt = — ~(0+2) (28,A,73)) + (3 - o%)A)
<]
-t 2 1 2 2
(3) Soe lutv+a (o-1) |2at = 3 + |a |2 |03,
where
® -«nt,n
(4) A = S e "M (v)at, n=1,2,...
n 0
-t ® -s
(5) u=etk), v= S e Sk(s)ds
t
and o is an arbitrary complex parameter.
From (1), using the notation (4) we obtain for ap+3 the
formula
= - -4 3
(6) Ane3 = 2pA, + 4p(p+1)A.A, 3P (P+1) (p+2)A] +
«© @«
+ 4pS e-Ztkz(t)(S e Sk(s)ds)at.
0 t

Using the notations (4) and (5) we shall also base our-
selves on two identities, which for p=1 will be identical with
the identities (2) and (3). It can be easily verified that

such identities have the form
[+:]

a
_ —ivv24s = _P*3 _ a3
(7) Sou(u+v+A1(a 1))2at "gﬁ_ (04p+1) (2A,A,-A3) +
w
-t 2 1 2, 2
(8) Soe lutv+a, (0-1) [Yat = 3 + |a]°|0|?,

where ¢ is also an arbitrary complex parameter.
From the identities (7) and (8) we obtain the inequality

. _ .3 p(2p+3) _ 21,3
(9) |ap+3 2p(o+p+1) (2A A, -A]) + 2p( 5 o )A1| =

2 2 2
s —g + 2p|A, 7|0,

Without dimimishing the generalisation of the problem we
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can assume that a 20, Then from (9) we obtain the

p+3
inequality

2 2 2 3
a3 S —g + 2p|A,|“|o|” + Re[2p(c+p+1)(2A1A2—A1) -
2p+3 24,3
- 2p(RERN) _ o )Al]

from which follows

2 2, 2 3
(10) a . =L+ 2p|a |°|o| + 2p|o+p+1||2a,A,-A]] -
- sze[(Mﬂ;ﬁL - az)Azls].

Let us note that when A1=0, then

p+3

2p
(1) Iap+3I =73
moreover we obtain the equality sign only for the function
P
z
£(z) = — 2p ' [n|=1.
(1+nz3) 3

In the case when A, =0 let us first conjecture the expression
3
|2a.n, - A].
Thus let £_be the class of function obtained from the
class Sp by the known transformation

b b
F(C) = £ 1(%) = ¢P(1+ Fc’“ + Fc’” + .., g
b_pr1 = “3p4y = T2PA,
(12) ) )
b-p+2 = -ap+2 + ap+1 = 2pA2 + 2p(p-1)A1.

G.M. Goluzin [1] proved that if Fezp then for A>0 and p>1 we
obtain the inequality

a_
ap
From this inequality for A=% and p—1 we obtain

2n

(13) [o IF(pel?) |*ay = o.

(14) |1>_p+1|2 + 3|b -2l 2 2 5 4p2,

-p+2 4p -p+1
whence after taking into account (12) and multiplying both
sides by |A,| we obtain the inequality

(15) |2a,8,-27| s 2 [ |v1-|a, |2
V3

moreover the equality sign is realised for the function
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P
£(z) = _2_2- ., |n)=1.
(1+7z) “P
The inequality (10) taking into account (15) takes the form

2 2 2 4 2
(16) a,, s 2B + 2p|a,|%|o|* + ;g |a+p+;|lal|¢&-|nl| -

-2p-Re[(213§igl - az)Ai].

3oi
2 3 _ ip
Let o = -(p+l)e cos39, Al—-lAlle where 0<|A1|51, then

2
|o+p+1| = (p+1)|sin%¢|, Re[(E-(Zgizl - oz)Ai] = B—i%EizlAﬂ3 +
2
+ E_gl sin2 %w , and taking into account (16) we obtain the
inequality

2 2, 12 _2p,.2 3
(17) 2,3 2B + 2p(p+1)%|a, | % - ZB(p%+3p+3) |2, |° -

2 2 2 2 . 2 3
- 2B1a, 12 (3(p+1)? - (%-3)|A|)sin? Jp +

4v3p(p+1) /i 2, .. 3
+ 3 |A; [V1-|A | |sin 5p].
Now if we determine maximum of the right side (17) over
|sin%p| then we obtain

2 2, 12 _2p,.2 3
(18) An43 3 2B + 2p(p+1)“|a,|° - B +3p+3) A |7 +

2p(p+1) 2 (1- |, |?)

2 2
3(p+1) “+(p '3)|A1|
Now it will be sufficient to prove that

(19)  Zp(p+1) (2p+1) = 2B + 2p(p+1)?|A |2 - ZB(pP43pe3) [ |3+

2p(p+1) 2 (1- |2, |?)

3(p+1) 2+ (p%-3) |A, |

for 0<A151 and pzl.

The inequality (19) is equivalent the inequality
[(13p4+33p3-39p-15)|A1|2 + (14p4+45p3+36p2-3p-6)|A1| +

+(ep*+21p7+21p%+3p-3) 1 (1-{a N2 +
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+ 6(2pt+sp3-sp-1) |a, |2 (1-[a,|) = o.
It is evidently true and the equality sign is realised only
for |A,|=1. It denotes that

ap+3 s %p(p+1)(2p+1)

and the equality sign is realised only for the function
p
f(z) = ___E__EE , |n|=1.
(1+nz)
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