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ON BOUNDED SOLUTIONS OF HYPERBOLIC DIFFERENTIAL 
INCLUSION IN BANACH SPACES 

In this paper we extend the Artstein-Prikry selection 
theorem [2]. Using this result and a theorem on existence of a 
bounded solution of the Darboux problem for the hyperbolic 
differential equation z" = f(x,y,z) (x*0, y*0), where f is xy 
a Caratheodory function with values in a separable Banach 
space satisfying some regularity conditions expressed in term 
of the measure of noncompactness a and a Stokes type 
assumption [8], we prove the existence theorem for the 
hyperbolic differential inclusion z" eF(x,y,z) (x^O, y*0), xy 
where the values of F are nonempty subsets of E. 

l. Introduction 
Let R+=[0,co) and Q=R+xR+ be endowed with the Lebesgue 

(product) measure. Let <E,|-|> be a separable Banach space 
E 

and 2 - the class of all nonempty subsets of E. The measure 
of noncompactness a(A) of nonempty bounded subset A of E is 
defined as the infimum of all e>0 such that there exists a 
finite covering of A by sets of diameter less than c. For the 
properties of a we refer the reader to [3]. Denote by C(Q,E) 
the space of all continuous functions from Q to E endowed with 
the topology of almost uniform convergence. For VcC(Q,E) we 
denote by V(x,y) the set of all z(x,y) with z«V. Further, we 
will use the standard notation. The closure of a set A and its 
closed convex hull will be denoted, respectively, A and coA. 
For A,BcE we put [A||=sup{|a[ : aeA}, AiB=A\BvB\A. 

The lemma below is an adaptation of the corresponding 
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result of Ambrosetti [1]. It is special result of Heinz Lemma 
[5]. 

Lemma. If P is a compact subset of Q and V is a bounded 
eguicontinuous subset of C(P,E), then 

« ( U W ' Y ) : (*.Y)«*}) - sup{(a(V(x,y) : (x,y)«P}. 
Denote by S m the set of all nonnegative real sequences. 

For e=(Cn)f (•»!„)«Ŝ  we write £<t) if (i.e. ?n
aiJn 

for neN) and Let X be a closed convex subset of 
C(Q,E) and t be a function which assigns to each nonempty 
subset Z of X a sequence 4(Z)eS^ such that 

(1) i(Zu{z>) = i(Z) for zel, 
(2) *(coZ) = i(Z), 
(3) if 4(Z)=a (the zero sequence), then Z is compact, 
(4) if Z1cZ2, then i(Z1)a«(Z2). 

Here we use the Sadovskii fixed point theorem [7] in the 
following form (cf. [6]): If T : 3 f — i s a continuous mapping 
satisfying i(T(Z))<$(Z) for arbitrary nonempty subset Z of I 
with $(Z)>0, then T has a fixed point in X. 

2. Existence Theorem for hyperbolic differential equation 

Let f:QxE—>E. By (+) we shall denote the problem of 
finding a solution of the hyperbolic differential equation 

zxy = f ' 
z(x,0)=0, z(0,y)=0 for x>0, y>0. 

By a solution of the problem (+) we mean a function 
z:Q—>E such that z(0,y)=z(x,0)=0 and 

zxy = f(x'y»z(x'y)) f o r almost all (x,y)eQ. 

Theorem 1. Assume that f:QxE—>E satisfies the following 
conditions: 

(Io) f(.,z):Q—>E is measurable for each zeE, 
(2°) f(x,y,.):E—>E is continuous for (x,y)eQ, 
(3°) Jf(x,y,z)(sG(x,y,|z|) for (x,y,z)6QxE, 

where —>R+ is nondecreasing in the last variable and 
such that (x,y) i->G(x,y,u) is locally integrable for any 
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fixed ueR+, and (x,y) h->G(x,y,\iix,y)) is measurable for 
every continuous bounded function u:Q—>R+, 

(4°) the scalar inequality 

x y 
g(x,y)*[ [ G(t,s,g(t,s))dtds 

Jo Jo 
has a bounded solution g Q existing on Q, 

(5°) a(f(PxZ)ssup{L(x,y,a(Z) s (x,y)eP} 
for any compact subset PcQ and each nonempty bounded subset Z 
of E, where L:R+—>R+ is a function such that 

(a) the mapping (x,y) i-^LiXjyjU) is continuous for each 

ueR, 

(b) L(x,y,0)=0 on Q, 

¡00 -00 

I L(t,s,u)dtdscu for all u>0. 
0J0 

Then there exists a solution z of the problem (+) such 
that 

||z(x,y) ||sg0(x,y) for (x,y)eQ. 

Proof. Denote by 3f the set of all zeC(Q,E) with |z(x,y)|3 
S90(X/Y) on Q and 

H z ^ / V i ) - z(x2,y2)|| s j s,gQ(t,s))dtds 

A for (Xj^^^ , (x2,y2)eQ, where A=[0(x1]x[0,y1] - [0,x2]x[0,y2]. 

The set X is closed convex and almost eguicontinuous 
subset of C(Q,E). 

We define a continuous mapping T:Jf—>1 as follows: 
x y 

(Tz)(x,y) = f f f(t,s,z(t,s))dtds for (x,y)eQ, zei. 
J0 J0 

Let n be a positive integer and Pn=[0,n]x[0,n]. Let Z be 
a nonempty subset of I and W=^J{Z(x,y) : (x,y)ePn>. 

Fix (x,y) in P n > For any given e>0 there exists S>0 such 

that u' ,u"e[0,x], v',v"e[0,y] with |u'-u"|<5 and |v'-v"|<i 

implies |L(u' ,v' ,a(W)) - L(u",v",a(W))|<e. We divide the 

intervals [0,x] and [0,y] into m parts 

x Q = 0<xi<...<xm = x, y Q = 0<yi<...<ym = y 
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i n s u c h a w a y t h a t l x i ~ x i _ 1 l < 5 a n d l y i ~ y i - l l < 5 f o r 

i = l , 2 , . . . , m . P u t P i j = [ x i _ 1 , x i ] x [ y j _ 1 , y j ] ( i , j = l , 2 , . . . , m ) . 

L e t b e a p o i n t i n P ^ j s u c h t h a t 

L ( x , y , « ( W ) ) i L ( < r i f T j f « ( W ) ) f o r ( x , y ) e P i : J . 

N o w , b y t h e i n t e g r a l mean v a l u e t h e o r e m , o u r c o m p a r i s o n 
c o n d i t i o n 3 ° a n d Lemma, we o b t a i n 

m 
a ( T ( Z ) ( x , y ) ) , a ( Y ~ m e s ( P i j ) S 5 ( f ( P i j x W ) ) ) s 

m 

* ) m e s ( P i j ) L ( ( r i , T j , a ( W ) ) s ) [ j j L ( u , v , a ( W ) ) d u d v + 

m 
+ ) J J l L ( u , v , a ( W ) ) - L » T j » a ( w ) ) I d u d v < 

i . D - 1 P< 

r x r y 

< I I L ( u , v , a ( W ) ) d u d v + e - x y = c - x y + 
J n J r> 

x y 
+ f f L ( u , v , s u p { a ( Z ( x , y ) ) : ( x , y ) e P } ) d u d v . 

J 0 J 0 n 

A s c>0 i s a r b i t r a r y , t h i s i m p l i e s 
( * ) s u p { a ( T ( Z ) ( x , y ) ) : ( x , y ) e P n } =s 

r x r y 

a s u p I I L ( u , v , s u p { a ( Z ( x , y ) ) : ( x , y ) e P ) d u d v 
( x , y ) € Q j 0 j 0 

D e f i n e 
$ ( Z ) = ( s u p a ( Z ( x , y ) ) , s u p a ( Z ( x , y ) ) , . . . ) 

( x , y ) e P x ( x , y ) e P 2 

f o r n o n e m p t y s u b s e t Z o f I . E v i d e n t l y S f Z J c S ^ . B y t h e c o r -
r e s p o n d i n g p r o p e r t i e s o f a t h e f u n c t i o n $ s a t i s f i e s c o n d i t i o n s 
( 1 ) - ( 4 ) l i s t e d a b o v e . F r o m o u r a s s u m p t i o n o n L a n d i n e q u a l i t y 
( * ) i t f o l l o w s t h a t t ( F ( Z ) ) < i ( Z ) w h e n e v e r i ( Z ) > 8 . T h u s a l l 
a s s u m p t i o n s o f S a d o v s k i ' s f i x e d p o i n t t h e o r e m a r e s a t i s f i e d , F 
h a s a f i x e d p o i n t i n I a n d t h e p r o o f i s c o m p l e t e . 

R e m a r k . T h i s t h e o r e m e x t e n d s t h e r e s u l t o f [ 4 ] . 
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3. Existence Theorem for hyperbolic differential inclusion 

Recall that a set-valued map F from a metric space Z into 
nonempty subsets of a metric space Y is lower semicontinuous 
if z^—>zQ in Z and yQ6F(z0), then there are y)ceF(zjc) s o 

that y k—»y Q in Y. 
We say that F:Z—>2Y is an M-mapping if the restriction 

of F to Z^ has a continuous selection whenever the restriction 
of F to Z^ is lower semicontinuous. 

Z. Artstein and K. Prikry proved the following theorem [2] 

Theorem 2. Let P be a separable complete metric space and 
let u be a finite measure on P. Let E be a separable complete 
metric space, equipped with its Borel structure. It is assume 
that F:PxE—>2 is an M-mapping and 

(i) F(t,.) is lower semicontinuous for each fixed teP, 
(ii) F(.,.) is measurable on PxE. 

Then F has a Caratheodory selection i.e. there exists a 
function f:PxE—>E such that 

(.) f(.,z) is measurable for each fixed zeE, 
(..) f(t,.) is continuous for each teP, 
(...) f(t,x)€F(t,x) for (t,x)ePxE. 

Remark. Above theorem is true if P is separable complete 
CO 

metric space such that P=l_JPn/ where P is closed, meas-
n=l n 

urable and fi(Pn)<co for neN. 

Proof. By Theorem 2 for any neN there exists a Caratheo-
dory selection f of F on P . We define 

n n 
f(t,z) = f (t,z) if teP and t*P„ for m<n. n n m 

Clearly f is a Caratheodory selection of F on P. 
Now, let F:QxE—>2E. By (++) we shall denote the problem 

of finding a solution of the hyperbolic differential inclusion 
z"xyeF(x,y,z) 

z(x,0) = z(0,y) = 0 for (x,y)€Q. 
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Theorem 3. It is assumed that 
(1' ) F(x,y,.) is lower semicontinuous on E for each fixed 

(2' ) F is measurable on QxE, 
(3') F is an H-mapping, 
(4') ||F(x,y,z) | s G(x,y,|z|) for each zeE, (x,y)eQ, 
(5') a(F(PxZ)) s sup{L(x,y,a(Z)) : (x,y)«P> for any compact 

subset PcQ and each nonempty bounded subset ZcE, where 
the functions G,L:R+—>R+ satisfy the conditions 3°, 4°, 
5° of Theorem 4. 
Then there exists a solution z of (++) such that 

|z(x,y)Q s gQ(x,y) for (x,y)eQ. 

Proof. By Theorem 2 and Remark there exists a Caratheodory 
selection f of F on Q. It is easy to see that f satisfies 
assumptions l°-5° of Theorem l. The solution of (+) is a 
solution of (++). 
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