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SATURATION FOR FOURIER SERIES BY MATRIX OPERATOR

Let f(x) be periodic function with period 2T integrable in
the Lebesgue sense over (-m,m) and let §n(f,x), n=1,2,3,...,
denote the n-th partial sum of conjugate Fourier series
associated with f(x), i.e.

t n+1
- . 1T . . cos 3 — cos —= t
Sn(f,x)= T § [£(x+t)-£f(x-t)] T dt.
0 2sin =
2
We call
= 1 7 t
(1) f(x)= 3 SLE(x+t)-f(x-t)]cot 3 dt
0

the conjugate function of £, if the integral in (1) exists and

converges absolutely for all (f) e Ko, where K0 is a class of

all continuous functions f such that f e Lip 1.

Let (A (n=0,1,2,...; k=0,1,2,...,n; A 1) be a

n,k) n,o=
triangular matrix of real or complex numbers. We define the
matrix operator

k

(2) L (x) =Ly, (£,3) = £

=0An,kAk(x)

and the norm of f as

[£f = sup |f(x)].
O=x=2m
Given a positive non-increasing function ¢(n) and a class K of

functions, we say that a matrix summability method Ln(x) is
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saturated with the order ¢(n) relative to K, if
|f(x)-Ln(x)u=o(¢(n)) #» f(x)=constant,
|f(x)-Ln(x)|=0(¢(n)) « feK.

The problem of determining the order of saturation by Ceséaro
means operator of the Fourier series of f(x) has been
considered in [3]. In [1], [2] was simultaneously discussed
the saturation problem for N&6rlund and generalized N&rlund
means operators, and obtained the same order of saturation,
i.e. (pn/Pn) and (rn/Rn), respectively. The main purpose of
this paper is to determine the order of saturation of the
seqguence Ln(x) relative to the class KO of all continuous
functions f for which f € Lip 1. Our result generalizes that
of Zamansky, Khan and Sahney.
n

k=0
non-decreasing sequence with respect to k, then the order of

Theorem. If {AAn k} is the non-negative and
’

saturation of sequence {Ln(f,x)} relative to the class Ko is

n.o’ where AAn 0 is a positive non-increasing
’ !

function of n.

given by A

Proof: By (2), we have (cf.[1])

4 T , mon
= (L(x)cosgxdx== § T 2a A, (X) cos gx dx =
T _, N T & k=0 n,k “k
1 B n
== A a_cos kx cos gx dx = A -a__.
7 Ltk 3 2% d n,q %q
Therefore,
n
=11 -
laq_hn,q aq|—|ﬁ_£ (£(x)-L,(x)) cos gx dx| =
1
= 21 £00- L 00f = o, o)
q-1
-2 = =
or aq]l n,ql aq[ pgo Axn,p] o(AAn'o),

gq-1

L My
aq[ L ] = o(1).
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Taking the limit as n—w, we see that aq=0 for each g-120.

Similarly (cf.([1]) bq=0 for each gq-1z0. Hence, f(x)= % a, is
constant.

Let Qn(x)=f(x)-Ln(x), and IQn(x)ﬂ=0(Ahn,°). Now, taking
the N-th arithmetic mean o, [%xiQ,) of the series
@
Q, (%) “kgl(l'ln’k)Ak(x),

we get

We have | Qnu>H0N(x;Qn)l and so

| k=1 ( n 0 ] [ N+1]Ak(x)| 0(1) for N=n.

Upon taking limit as mw, we get

N
|5, oo (o 1 - o

which is the (C,1) means of the Fourier series ) [—kAk(x)].
k=1

since -kA, (x)=B; (x), we have |0y (f)|< M (d5(£f) being the (C,1)
means of the conjugate series). Applying Lagrange’s mean value
theorem, we get
|EN(f,x+t)-5N(f,x)|f0(|t|) as t-0.
Finally,
| (x+t) = (x) | 5| E(x+t) =0 (£, x+t) | +| T (£, %+8) =0 (£, %) |+
+|5N(f,x)-f(x)|=o(1)+0(|t|)+o(t)=0(|t|).

Therefore f e Lip 1.
To prove the converse part, we consider

- 1 T - cos £ — cos Dilt
S (F,x)= 52 § [(E(x+t)-F(x-t)) t at
] 2sin i

and

n
Ln(sn(f,x))=k£0AAn,kSk(f,x)=
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n n _ t
=k§ Akn,k n g [E(x+t)- £(x-t)] cot 3 dt-
1 T . cos (k+%)
- ): Ak 5= § [E(x+t)-f(x-t)) ——— adt.
k=0 ok 2m (o] sin %
Since f € Lip 1 and -f+ % a, is identical to ¥, we see that
1 7 n ~ cos (k+%)t
|£(x)-L (%) |=]|55 § [ F(x+t)-F(x-t)) ¥ AA  ——— dt|s
o k=0 M sin 3
1 n/n cos (k+%)t
s 5= § |E(ert) -E(x-t) | z By ——¢—— dt+
0 k=0 sin 3
+ L 131 |E(x+t)-F (x-t) | ——— ; AA_ .- |cos (k+I)t|dt=I +I
20 cin £ k2o M.k 2 17+ 2
2

Since lf(x-t)-f(x—t)|5M|t|, M being a constant, we have

n/n
2M |t _
I Skg Al n,k (S) —‘-%-i'—l dt = O(Aknlo).

If we write

m n cos (k+%)u
F (t) =§ I A ——=— du
t k=0 n,k sin % ’
then
1 x+n L4
1 Ta .= -
+ 5 n§na€[f(x+t)-f(x-t)]Fn(t)dt=121+122.
Since
n 1 n
F (t)= § ——— T A sin(k+1)u du+o(1l)
n t 2sin? % k=0 n,k '

the second mean value theorem gives for ts€sm,

1 ¢ n o,
Fn(t) = — § T a AL sin(k+1)u du+o (1)
2sin 3 t k=0 nk

and, consequently,
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2
n |A°a_ .| Ax
Fo(t) s —3— % K+?'k vo(1ys M 1 M0 4o(y),
2sin 3 k=0 t
M being a constant. Hence, we have the estimates
Ar 2
—_ l . E. n’o-_n =
1= o[n n Tn 2] 0(Arp, o)
n AAn 0
1225 M S |F (t)|dt-M S —;5:— dt= O(Ah )

implying ||f(x)—Ln(x)||=0(AAn 0), whlch completes the proof of
[

the theoren.
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