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SATURATION FOR FOURIER SERIES BY MATRIX OPERATOR 

Let f(x) be periodic function with period 211 integrable in 

the Lebesgue sense over (-tt,tt) and let S n(f,x), n=l,2,3,..., 

denote the n-th partial sum of conjugate Fourier series 

associated with f(x), i.e. 

t n+1 . . TT COS -z — COS — t 
V ? ' X > = I S [f(x+t)-f(x-t)] r dt. 
n " 0 2sin | 

We call 

(1) f(x)= ^ S[f(x+t)-f(x-t)]cot | dt 

the conjugate function of f, if the integral in (1) exists and 

converges absolutely for all (f) e K Q, where K Q is a class of 

all continuous functions f such that f € Lip 1. 

Let (A .) (n=0,1,2,...; k=0f 1,2,... ,n; A n = 1) a 

JJ f Jv XI f U 

triangular matrix of real or complex numbers. We define the 

matrix operator 

(2) L n ( x ) = L n ( f , X ) = J o A n k A k ( x ) 

and the norm of f as 

||f 1 = sup |f (x) | . 

0 —X—27T 

Given a positive non-increasing function <{>(n) and a class K of 

functions, we say that a matrix summability method L (x) is 
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saturated with the order $(n) relative to K, if 

|f (x)-Ln(x) y=o(4>(n)) + f(x)»constant, 

|f(x)-Ln(x)|=0(^(n)) <-• feK. 
The problem of determining the order of saturation by CesSaro 
means operator of the Fourier series of f(x) has been 
considered in [3]. In [1], [2] was simultaneously discussed 
the saturation problem for Norlund and generalized Norlund 
means operators, and obtained the same order of saturation, 
i.e. (Pn/Pn) and (rn/Rn), respectively. The main purpose of 
this paper is to determine the order of saturation of the 
sequence Ln(x) relative to the class KQ of all continuous 
functions f for which f e Lip 1. Our result generalizes that 
of Zamansky, Khan and Sahney. 

Theorem. If k}k=0 non-negative and 

non-decreasing sequence with respect to k, then the order of 
saturation of sequence {Ln(f,x)} relative to the class K Q is 
given by AAn where AAn is a positive non-increasing 
function of n. 

Proof: By (2), we have (cf.[l]) 

- 7T it n 
iF S Ln(X> C O S <IX d x = if S E V M x ) C O S <3X d x = 71 -71 n 71 -11 k=0 n' K K 

= 5 J / n , k S aq c o s k x c o s W d x = A n , q ' V k=0 -71 i l l 
Therefore, 

I aq _ An q a q l = l j S i x ) _ Ln { x )^ c o s d x l S 
' -71 

s ff I f ( x > - V x > » = ° < A V o > 
r s-i -i a |1-A = a I I AA I = o (AA n), q' n,q" q[ f; n,pj n,0" or 

q-1 
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Taking the limit as n—*», we see that a^=0 for each q-lso. 

Similarly (cf.[l]) b g=0 for each q-l^O. Hence, f(x)= ^ a Q is 

constant. 

Let Qn(x)=f(x)-Ln(x), and |Q n(x)(=0(AA^ Q). Now, taking 

the N-th arithmetic mean »'„rxiQ 1 of the series n n 

° n ( x ) " J ^ ' V ^ V * ) ' 
we get 

(3) V ^ f 1 " ^ , * ) t 1" Nil) V x > ' 

We have H Qnl
>ll0'N(

x'*Qn) II
 a n d s o 

' j j ^ v M ( ' " N T l l ^ W "=0(D for Nsn. 

Upon taking limit as n-»oo, we get 

I X imc)l = 0 ( 1> 
GO 

which is the (C,l) means of the Fourier series £ [-kA. (x)]. 
k=l 

Since -kAk(x)=BJc(x) , we have ¡^(f) ||< M (ij,(f) being the (C,l) 

means of the conjugate series). Applying Lagrange's mean value 

theorem, we get 

|iN(f,x+t)-?N(f,x) |=0(|t|) as t-»0. 

Finally, 

|f(x+t)-f(x)|s|f(x+t)-£N(f,x+t)|+|aN(f,x+t)-aN(f,x)|+ 

+|aN(f,x)-f(x)|=o(l)+0(|t|)+o(t)=0(|t|). 

Therefore f e Lip 1. 
To prove the converse part, we consider 

. n cos ^ — cos ^ ^ t 
§ n ( f ' x ) = 2S 5 [f(x+t)-f(x-t)] s r — dt 

o 2sin j 

and 

L n(S n(f,x))=^ oAA n f kS k(f,x) = 
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" E A X n k h S [ f ( x + t ) " f C - t ) ] I d t ~ 
k=0 n , K z n 0 2 

n i 71 c o s (k+o^t 
- £ A x n k h X [f(x+t)-f(x-t)] = - £ — dt. 
k=0 n , K 271 0 sin | 

~ 1 « Since f € Lip 1 and -f+ ^ a 0 i s identical to f, we see that 

. 7 1 n cos (k+^)t 
|f(x)-L (x)| = ||- J [f(x+t)-f(x-t) ] I AX . f — = — dt|s 

n 271 0 k=0 n ' K sin | 

. 7i/n n cos (k+^)t 
a i - J |f(x+t)-f(x-t) | £ AX r-ii— dt+ 

271 0 k=0 n , K sin | 

+ iff S |f(x+t)-f(x-t) | 1 I AX k-|cos (k+|)t|dt=I +1 . 
2n/n sin | k=0 n,JC 2 1 2 

Since |f(x-t)-f(x-t)|sM|t|, M being a constant, we have 

t| n n/n 2 M 

V i A X n k J H T 1 k=0 n ' K 0 
If we write 

dt = 0(AX n f 0) 

then 

Since 

n n cos (k+^)u 
Fn(t) = X I AX du, 
n t k=0 n , K sin H 

+ k 5 a E[i(*+t)-f(x-t)]F n<t)dt-i 2 1 +i 2 2. 
n/n 

n n 
F n ( t ) = $ T I T E A X n k sin(k+l)u du+o(l) , 
n t 2sin | k=0 n ' K 

the second mean value theorem gives for ts£s7T, 

1 C n 2 Fn(t) = t^-rr- X E A X sin(k+l)u du+o(l) 
n 2sin | t k=0 n ' K 

and, consequently, 
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. 11 |A2A„ . | 
F n ( t ) S t E K+l M 12 - H 4 2 

2 sin ~2 K=0 t 

M being a constant. Hence, we have the estimates 

I = ofi • A V ° n2l-0fA.\ ) 

21 (tt n n n2) * n, 0'' 

tt rr AA X22- " J | F n ( t ) l d t = M J n " ^ d t = ° ( A Xn,0> 

TT/n Ti/n t n 

implying fl f (x) -L n(x) ||=0 (AAr Q), which completes the proof of 

the theorem. 
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