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ON THE DIMENSION OF THE TANGENT DIFFERENTIAL SPACE

In this paper we investigate the dimension of the tangent
space to the tangent differential space ([1]). In section 2 we
show some relations between singularities of a differential
space of class Do ({91,[{10])) and singularities of its tangent
differential space.

1. Main results

Let (M,C) be a differential space ([6],([7]).(8]1), Pp € M,
v e TpM and let wm: TM — M be the natural projection of the
tangent bundle TM on M ([1]).

Proposition 1.1. The kernel of the tangent mapping (dn),
is isomorphic to Tv(TpM).

Proof. Let ¢: TpM — TM be a imbedding, for any w e TpM,
t(w) = w. The tangent mapping (dL)v: Tv(TpM) — TV(TM) is a

monomorphism, because ( 1is one to one. Then Tv(TpM) is

isomorphic to the image of the tangent mapping (dL)v. It will
be proved that the image of the tangent mapping (dL)v is equal
to the kernel of the tangent mapping (dm)

v
( 1m(dL)V = ker(dn)v ).
Let @ € C and w € Tv(TpM). Then
(dn)v((dL)vw)a = ((dL)vw)(aon) = wWw(aenot) = w(a(p)) = 0.
Now it is obvious that im(dl.)v < ker(dn)v.
Now, we prove the inclusion ker(dn)v < im(dL)v. Let

u € ker(dn)v. Then, for any a € C, u(aem) = 0.
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The set {dpa: a € C} generates differential structure on
TpM, where dpa is a function given by

(dpa)v = v(a), for any v € TpM.
Let us define a mapping Wyt {dpa: x € C} > R as follows
wo(dpa) = u(da), for any a € C .
We will check the correctness of the above definition. Let us
assume d_a = 0. Then there exist functions ¢1,...,¢n € C,

w e Cm(Rn) and a neighbourhood U of the point p in M such that
aIU = U°(¢1,---:¢n)|U: 3iw(¢1(P),---,¢n(P)) = 0,

for any i = 1,...n ([3]).
One can see that

wo(dpa) = u(da) = u(d(alu)) = u(d(w°(¢1""l¢n)lu)) )
n
= 1 g oo ey ° d .
u(iglalw((¢1 ¢n) nln_l(U)) (¢11U))
n
n n 2
+ igl(jglajiw(¢1(p)I°-'l¢n(p))W(¢jon))d¢i(v) =0 .

Let a,8 € C and dpa = de. Now, one can easily see that
wo(dpa) = wo(de), which proves the correctness of the

definition of W,- Moreover, the mapping LA is linear, because
the mapping u is linear.

Now, we will prove that W, can be extended to a vector

W € Tv(TpM)' Let w € Cm(Rn) and ¢1,...,¢n € C such that

we(d,$,, .., dg) = 0.

Let us assume that dp¢1,...,dp¢n are linear independent. Then
there exist vectors Vireeo vy € TpM such that
vi¢j = aij, for any i,j = 1,...,n.

For any y¢vc-,a, € R,
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n
(we(dp¢1,...,dp¢n))(v + iElaivi) = u(v¢1 + al,...,v¢n + an).

Now it is obvious that w(v¢1+a1,...,v¢n+an) = 0 for any
@jre-0,a, € R. Then aiw(v¢1,...,v¢n) =0, for any i = 1,...,n.
Let us assume that, for ksn, dp¢1,...,dp¢k are linear
independent and dp¢k+1""’dp¢n are their linear combinations
k

de¢. = b..d ¢.

p%i j§1 139p%5
where bij eR ,forany i =k +1,...,n, j =1,...,k .
Now, let us define a function 6 € Cm(Rk) as follows

k k

e(xl,...,xk) = w(xl""'xk’jglbk+1,j xj""’jglbnj xj),

k
for any (xl,...,xk) € R .
It is .obvious that e(dp¢l,...,dp¢k) = 0. Since dp¢l,...,dp¢k
are linear independent, aie(v¢1,...,v¢k) =0, for any
i=1,...,k. On the other hand, for any i ='1,...,k,
k k
aie(xl,...,xk) = aiw(xl""’xkig bk+1,jxj""€§ bnjxj) +
j=1 j=1
n k k
+ b,. 8,0(x,,...,X b  Xigeee b . x
1£k+1 1i 71 ( 1’ ’ k'jgl k+1,3 3¢ 'jgl nj ])'
aiw(v¢1,...,v¢n) =
n
= -3 b,. 8. 0(Ve.,,...,VP ).
1=k+1 1i "1 1’ *"¥n
Then
n
iglaiw(v¢l’ .o :V¢n)w0 (dp¢i) =
n
= ¥ (-F b.. 3.w(vd.,..., Vo ))w. (d ¢.) +
i=1  1=k+1 1i "1 1’ 'n 0'"'p'i
n k
+ d.w(v Y w b..d ¢.) =
Ly 210001 Vo) 0(j§1 139p%3)
k n

"L GE, Pri 2190V oo Vo) g (dpdy) +
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k n
+ jgl(igkﬂbijaim(wl, cee Vo) )W (dds) = 0.

Thus, there exists a vector w e Tv(TpM), such that, for any
a € C,

w(dpa) = wo(dpa) = u(da) .
Then, for any a € C,
(dc)vw(da) = w(daot) = w(dpa) = u(da)
and

(dL)vw(aon) = w(aemot) = wW(x(p)) = 0, u(aem) = 0.

The set {da: a € C}u{aem: a € C} generates a differential
structure on TM. The tangent vectors u,(dL)vw € TV(TM) are
equal on these sets, then u = (dL)vw. Since the vector
u e ker(dn)v, ker(dn)v < im(dL)v. Now, in view of this
inclusion and the first part of this proof, one can easily see
that ker(dn)v = im(dc)v. On the other hand, the vector spaces
im(dl.)v and Tv(TpM) are isomorphic. Then the vector spaces

ker(dn)v and Tv(TpM) are isomorphic too.

Now, we will prove

Corollary 1.2. Let (M,C) be a differential space such that
dim TqM is finite for any q € M. Then

dim TV(TM) = dim Tv(TpM) + dlm(lm(dn)v),
for any p e M, v € TpM.

Proof. The tangent mapping (dn)v: T, (TM) —e{TpM is linear,
then
dim TV(TM) = dim(ker(dn)v) + dim(im(dn)v).
Now, in view of Proposition 1.1, one can easily prove this
corollary.

Let N be a differential subspace of M.
Proposition 1.3, If a tangent vector v e TpM can be

extended to a smooth vector field on N then
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dim(im(dn)_) =z dim T_N.
v P
Proof. Let a smooth vector field X € X(N) be an extension
of the vector v € TpM ( X(p) = Vv ). For any q € N, the tangent

space TqN is a vector subspace of the tangent space TqM,

because N is a differential subspace of M. Let us consider the

mapping LI TN — N.
TN

The vector field X is a section of the tangent bundle TN, then

14 oX = id,,.
ITN N
Let us notice that
(d(m °X)), = (d(m )),e(dX) = (dm) o (dX) .
| on p lon’ v p VITV(TN) P
Oon the other hand, one can see that
(idg)y = idp y -
P
Then it is easy to see that
(dm) o(dX) = id,, ..
v|T (TN) P T N
v
Now, one can see that the mapping (dn)vI is "onto" the
T, (TN)

tangent space TpN. It means that TpN < im(dn)v.

Corollary 1.4. Let (M,C) be a differential space such that

dim TqM is finite for any q € M. If a tangent vector v e TpM
can be extended to a smooth vector field on M then
dim TV(TM) = dim Tv(TpM) + dlm(TpM).

Proof. This is an obvious consequence of Proposition 1.3
and Corollary 1.2.

2. Singular points of the tangent bundle of differential

spaces of class D,

Let (M,C) be a differential space of class Do. Then one
can prove that the tangent differential space (TM,TC) is a
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differential space of class Do [(10].

Definition 2.1. A point p € M is a regular point of (M,C)
of class Do if there exists a neighbourhood U of this point in
M such that, for any q € U, dim TqM = dim TpM.

Remark 2.1. It is easy to prove that if the above
condition is satisfied, then (U,CU) is a differential space of

class Do of constant differential dimension (([(7],(8]).
Definition 2.2. A point p € M is a singular point of (M,C)
of class Do if this point is not regular point of (M,C).

Now, we will prove.

Proposition 2.4, Let (M,C) be a differential space of
class Do. The following conditions are equivalent:
(i) the point p € M is a regular point of (M,C),
(ii) there exists a vector v e TpM, which can be extended to a

smooth vector field on M, such that the vector v is a regular
point of (TM,TC),
(iii) every vector v e TpM is a regular point of (TM,TC).

Proof. (ii) » (i) Let a vector v e TpM satisfies the

condition (ii). Then there exists an open neighborhood V of
the vector v in TM such that, for any vector w € V,

dim TV(TM) = dim Tw(TM).
Let X be a smooth vector field on M such that X(p) = v. The

set X_l(V) is open in TM, because the vector field X: M — TM
is a smooth mapping. The point p € X‘l(V), because the vector
v € V. Thus the set x-l(V) is a neighbourhood of point p in M.
Now, let q € X_l(V), then

dim T _(TM) = dim Ty (q) (T -
Oon the other hand, for any s e M and u € TSM, a vector space

T M is isomorphic to Tu(TSM). In view of Corollary 1.2, we
have

dim TV(TM) = 2 - dim TpM,
and analogously,
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dim Tx(q)(TM) =2 - dim TqM.

Then, for any q € x" ),
dim T M = dim T _M.
P q
Therefore the point p is a regular point of M.
(i) » (iii) The point p is a regular point of M, then, in
view of Remark 2.1, there exists a neighbourhood U of the
is a

point p in M such that the differential space (U,CU)

differential space of class Do of constant differential

dimension. Then évery vector field v e n-l(U) can be extended

to a smooth vector field on M ([7],(8])]). The set n-l(U) is

1

open and TPM s w (U). In view of Corollary 1.2 we have

dim T_(TM) = 2 - dim T M,

for every w € n-l(U).Therefore every vector w € TpM is a

regular point of TM.
(iii) » (ii) We should prove that there exists a vector
vV € TpM, which can be extended to a smooth vector field. This

vector is the zero vector 0 € TpM.

Now one can easily prove.

Corollary 2.5. Let (M,C) be a differential space of class
Do. The following conditions are equivalent:
(i) the point p € M is a singular point of (M,C),
(ii) every vector v e TpM, which can be extended to a smooth
vector field on M, is a singular point of (TM,TC),
(iii) there exists a vector v e TpM, which is a singular point
of (TM,TC).

If a point p € M is a singular point of M, then it is

possible that there exists a vector v e TpM, which is a

regular point of TM. Let us cosider the following

Example 2,1, Let M= { % :ne N\{O}} v {0} and

c = (c”(n))n. Then
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dim T M =
p

{ 0 for any p # 0,

1 for any p o,

thus 0 € M is a singular point of M. Let v € TpM, then

1 for any v = 0,
dim T (TM) =

2 for any v = 0.

It is easy to see that every v e TpM, which is not equal to

the zero vector 0 € TPM, is a regular point of TM.
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