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ON JETS OF INFINITE ORDER AND ON SMOOTH DIFFERENTIAL OPERATORS

0. Introduction

Let E :=R", F :=R" and N = {0,1,2,...}. For f e C(E,F)

« % “n
the partial derivatives are denoted 9 f := 81 ...an f, where
a = (al,...,an) e N We shall consider the map

n
B: EnCW(E,F) - EnFIN defined by

B(x,£) = (%, (3%E(x)) oy -

A well known theorem of E. Borel states the surjectivity
of the map B which will be called the Borel map. In Sec. 1 it
will be shown that B is even a C®-quotient-map in the sense of
[1]; see below. Using this result one obtains in Sec. 2 an
elegant description of the smooth structure of the space
J®(X,Y) of jets of infinite order between smooth manifolds X
and Y, and in Sec. 3 an intrinsic characterization of smooth
differential operators. For the notion of smooth structure we
refer to [1].

The intrinsic characterization of I%(X,Y) can be
generalized to the case of arbitrary smooth spaces X, Y; that
of smooth differential operators to the case of convenient
vector bundles (cf. [1]). Whether this is useful mainly
depends on possible generalizations of the properties of the
Borel map B. Surjectivity of B is known to hold for E = R" and
F any Fréchet space and to fail even for E =R if F is an

arbitrary convenient vector space.
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1. The universal property of the Borel map

A c®-quotient-map is a map q: x.———a Y between smooth
spaces which is surjective and has the universal property that
a map h: Y —— 2 into any smooth space Z is smooth iff h-q is
smooth.

If with respect to a smooth map g: X —— Y smooth curves
1ift (i. e. for each Ct:R— Y smooth there exist
€: R ——> X smooth with ¢ = gec), then q is certainly a
c®-quotient-map. In fact, surjectivity of q follows trivially.
And if hoq is smooth then for any smooth curve c: R —> Y
also hec: R —— 2 is smooth (since hoc = ho(gec) = (hoq)-sc),
and this implies smoothness of h. Remark: there exist
Cm—quotient—maps for which smooth curves do not even 1lift
locally, cf. (7.1.8) in [1].

Lemma. Smooth curves lift with respect to the (smooth)

n .
N defrilned by B_(f) = (8%£(0)) ,pn) -

Proof, Let c: R —— FN be a smooth curve. We want to

map Bo: Cm(E,F) — F

obtain c: R —— C”(E,F) smooth with B e c = c.

By cartesian closedness (cf. (1.4.3) in [1]) smooth curves
c: R — Cm(E,F) correspond to smooth functions 't RRE —— F
via c(t)(x) = I'(t,x). Putting c(t) = (ca(t))aewn the condition
Bec=c gives for I' the condition

8% ¥ r(t,0) = c_(t)
for t e R, a € N
Taking the derivative of order o with respect to t we get
from this

(x
a

o o ) (a

)
0,%2, ..., "0 g oy = (e 0

) (t)

n

o .o

1re
for t € R, (ao,...,an) € mn+1.

Thus we are looking for a smooth function TI': ReR® —— R™ for
which its jet of infinite order at all points of the closed
set A := Rn{o} c RR" is given. The Whitney extension theorem
[6] gives a necessary and sufficient condition for the
existence of such a smooth function I'. This condition is

simplified in our situation since on A all except the first
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variable are constant. In the formulation of [4] the condition
requires that for each M > 0 and each k € N one has

(a, +1)

) 07 (e Z e © ()t e

(c

al,...,an

+ o(|t—s|k

uniformly as |t-s|] —— 0, t,s € [~M, M].
That this is satisfied follows from Taylor’s formula.

The author thanks J. Mather for having suggested the use
of Whitney’s theorem for the above lemma. For our purpose it
would be enough that smooth curves 1lift 1locally, a result
proved in [2] (Lemma 2.5, p. 98) or [3] (Lemma, p. 5).

Theorem. Smooth curves lift with respect to the Borel map
N and thus B is a c®- quotient-map.

n
Proof, Let c: R — EnFIN be a smooth curve. We put

B: Enc®(E,F) —— EnF

c(t) = (cl(t),cz(t)) where c.: R ——> E and c,: R ——> FN are

1 2
smooth. By the Lemma c, lifts with respect to Bo’ i. e. there
exists 32: R —— c®(E,F) smooth with c, = BooEZ.
One then defines 7: R — C*(E,F) by 7(t) (%) =

= Ez(t)(x - cl(t)). By cartesian closedness 7 is smooth since
the associated map RTE —— F is smooth. One easily verifies
that ¢: R —— Encm(E,F) defined by c(t) = (cl(t),w(t)) is
smooth and lifts ¢ with respect to B.

2. The smooth structure of the jet-space Jm(X,Y)

We consider smooth manifolds X and Y. The space Cm(X,Y) of
all smooth maps X —— Y has by cartesian closedness a natural
smooth structure. on Xnc®(X,Y), equipped with the product
structure, we consider the equivalence relation defined by

(xllfl) ~ (lefz)

iff x, = x, and (¢of1oc)(i)(0) = (¢of2oc)(i)(0) for each

ieN, each c: R——> X smooth with c¢(0) = Xy and each

¢: Y —— R smooth. We put:

I°(X,Y) := (xnc”(X,Y))/~
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this set being provided with the quotient smooth structure.
The elements of J”(X,Y) are the jets of infinite order.
Obviously the map pr,: chm(x,Y) —— X factors over the
canonical projection m: xnc®(X,¥Y) — J®(X,Y) inducing a map
o: J°(X,¥Y) —— X. From oem = pr, and since n is a
c®-quotient-map we deduce that o is smooth.

We next consider the evaluation map ev: XHCm(X,Y) — Y.
Sincem(xl,fl) ~ (xz,fz) implies ¢(f1(x1)) = ¢(f2(x2)) for all
¢ € C (Y,R) we deduce ev(xl,fl) = ev(xz,fz) and hence the
smooth map ev also factors over n inducing a map
T: Jm(X,Y) —— Y which by the sare arguments is a smooth map.

For ¢y e Jm(X,Y), o(yY) 1is called the source, <T(¥) the
target of y.

Let u: U —— E and v: V —— F be local coordinates for X
resp. Y. For simplicity we assume u and v to be surjective.

Then if x; €U and fi e c¥(X,Y) with fi(xi) e V for 1i=1,2

. _ n
one has (xl,fl) ~ (xz,fz) iff X, = x, and for each a € N

8% (vef ou™d) (u(xy)) = 8% (vef ou"t) (u(x,))

n
One therefore gets a bijection between EnFIN and

Iy ¢ (X Y) = {¥ € I7(X,¥); o(¥) € U and T(¥) € V}

These bijections form an atlas making Jm(X,Y) a smooth Fréchet
manifold.

Theorem. The smooth structure considered on Jm(x,Y) is
the same as the one coming from its structure of Fréchet
manifold.

Proof. It is enough to prove the result for X = E, Y = F.
For (xi,fi) € Encm(E,F) we have, using Borel map B:

(xl’fl) ~ (x2,f2) = B(xl,fl) = B(xz,fz)'

Thus the surjective map B induces a bijective map B making
commutative the diagram
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Enc®(E,F) —— EnF

!Nn

B

J%(E,F)

Since B is smooth and m is a Cc®~-quotient-map,

Sincen is smooth and B is a

B is smooth.
5 -1

Cm-quotient—map, (B) is smooth.

3. Smooth differential operators

Let X, Y be
w: X—— Y a c®- quotient -
vector bundles
I'(X,V) of smooth sections X
(4.6.24) in [1].

A map ¥: I'(X,V) ——> I'(Y,W) is called w-local

depends only on the germ of
special case is the case X

The notion of w-local operator was used by Slovak

where he proved,

smooth manifolds

with finite

using Whitney’s

with Lindeldf property,
map; V—— X and W —— Y smooth
The

space;

fibers.

Fréchet

dimensional space

— V is a cf.

if  (9f) ()
f at w(y). The most important
Id. N
(5]
that

Y and w =
in

extension theorenm,

w-localness implies the following stronger property:

(®£f) (y) only depends on the o-jet of f at w(y).

Theorem.,

(%f) (y) depends smoothly on
Proof. it is enough to
V = EnF is a product bundle
there ¢ =RP, H =RrY.
¢: ¢®(E,F) —— c®(G,H). By
iff the associated map
(y,f) = (¥f)(y) is smooth.

We further consider the
maps
0
GnC” (E,F)

(Y, £) —— (w(y), 1)

Let ¢&: I'(X,
operator. Then ¢ is smooth iff expressed in local

‘ w n Id
_—

V) —— I'(¥,W) be an w-local

coordinates
the o-jet of f at w(y).

consider the case where X = E and
and similarly Y = G and W = GnH,
In this case we obtain
cartesian closedness ¢ is smooth
§: enc®(E,F) — > H defined by
map ¥ which is the composite of
® B N
EnC (E, F) ———— EnF

— (W(y) . (3%E(w(y))) ) -

The fact that (%f) (y) only depends on w(y) and the o-jet of f
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at w(y) is expressed by the property

Y(y . £)) = ¥(y,,£)) — ¥(y,,£;) = ¥(y,,£,).

We therefore get a unique map ¢ making commutative the diagram

Gnc®(E,F) —2 , H
¥ ¢
n
EnF"

which means that (¥f) (y) = ¢(w(y),(aaf(w(y)))a).

If we suppose & to be smooth, then % is smooth and using

that ¥ = Bo (wnId) is a Cm-quotient—map the smoothness of ¢

follows. Conversely ¢ smooth implies § and thus also & to be

smooth.

(1]

(2]

(3]

(4]

(5]

[é)
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