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FREE P-BILATTICES 

Introduction 

In a number of papers [Gil], [Gi2], [Gi3], M.L. Ginsberg 
introduced algebras called bilattices having two lattice 
structures and one additional basic unary operation acting on 
both lattices in very regular way. Bilattices originated as an 
algebraization of some non-classical logics that appeared re-
cently in investigation on artificial intelligence. The struc-
ture of P-bilattices (bilattices satisfying some additional 
identities) was described in [RT]. 

The purpose of this paper is to characterize free 
P-bilattices. 

In section 1 we collect some useful facts about bilat-
tices. Free P-bilattices are investigated in section 2. In 
section 3 the theorem about free P-bilattices is specified for 
distributive bilattices. Finally, in section 4 we discuss 
cardinality of free distributive bilattices on η generators 
and in section 5 we give two examples of free distributive 
bilattices. 

1. Preliminaries 
A bilattice is an algebra Β = (Β,λ,ν,01#1^,°,+,02,12,') 

such that 
(Bl) ^ = ( Β , Λ , ν , 0 χ , a n d § 2 = (Β,.,+,02,12) are 

bounded lattices, 
(Β2) ' :Β —» Β is an unary operation satisfying the 

following identities: 
(i) x"=x, 
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(ii) (xvy) ' =x'Ay' , 
(XAy) ' =x' vy' , 

(iii) (x+y) ' =x' +y' , 
(x®y) ' =x' «y' . 

Let L = (L,a,v,0,1) be a bounded lattice and let B(L)= 
=LxL. On the set B(L) we define four binary operations a, v, 
» and + in the following way: 
(1) (B(L),a,v) := (L,A,v)x(L,A,v)d, 
where (L,A,v)d is the dual of (L,a,v), 
(2) (B(L),®,+) := (L,a,V)X(L,A,V), 
and one unary and four miliary operations as follows: 
(a,b)' := (b,a), 
0^(0,1), 
^s-ίΐ,θ) , 
02:=(0,0), 
12:-(1,1). 
It was shown in [RT] that the algebra 
B(L) - (B(L),Α,ν,01,11>·,+,02,12,') is a bilattice and it was 
called a product bilattice associated with the lattice L. 

For more information about bilattices see [Gi] and [T] and 
for basic facts concerning universal algebra and lattice 
theory (specially free lattices) [G] and [CD]. 

2. Free Padmanabhan bilattices 
A bilattice satisfying the following identities: 

(2.1) ((xAy).z)A(y.z) = (xAy).z, 
(2.2) ((x«y)AZ)»(yAz) = (x.y)AZ, 
(2.3) ((XAy)+z)A(y+z) = (XAy)+z, 
(2.4) ((x+y)λζ)+(yAz) = (x+y)Az 
is called a Padmanabhan bilattice or briefly a P-bilattice. 
The following representation of P-bilattices was presented in 
(RT]. 

Theorem 2.1. [RT] An algebra B = ( B , a , ν , · , + , 0 2 , 1 2 ) 
of type (2,2,0,0,2,2,0,0,1) is a P-bilattice if and only if 
there is a bounded lattice L=(L,a,v,0,1), such that Β is 
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isomorphic to the product bilattice B(L) associated to the 
lattice L. • 

In this section we give a characterization of free 
Padmanabhan bilattices on η generators. A free bounded lattice 
on η generators is denoted by Z L( n) a n d a free bounded 
distributive lattice on η generators is denoted by HD(n). 

Theorem 2.2. Let F^(2n) be a free bounded lattice on 2n 
generators. A product bilattice B(FL(2n)) associated with 
the lattice FT(2n) is a free P-bilattice on η generators. —JL> 

Proof. Let G={g1»g2'''',gn'gn+l'* * *,g2n} b e a s e t o f 

free generators of the lattice FL(2n). 
Let S be the following n-elements subset of the set 
B(FL(2n)): 

S = {<9ι'9„+ι>'<*2.9„+2> < gi' gn +i>'--"<V g2n>>· 
The proof is made in two steps. 

Step λ. Note that elements (1,0), (0,1), (0,0), (1,1) are 
in B(FL(2n)), and 

( gi' gi+n ) v ( 0' 0 ) = <gi'°>' 
(g i fg i + n)A(o,o) = (o,g.+n), 

(gif0)' = (0,gi), 

(o,gi+n)' = (gi+n,o), 

(g i fg i + n)v(i,i) = d , g i + n > , 

( gi' gi+n ) A ( 1' 1 } = ^i' 1)' 
d , g i + n ) ' = < g i + n , D , 
(gi#l)' = (l,g.) 

for lsi<n. Moreover (g^,0) + (0,g1) = (g^g^) for lsk,ls2n. 
In this way we received all elements of the set GxG from 

elements of the set S. 
Let (a,b) be in the set F^(2n)xF^(2n). Then elements 

a,b are in FT(2n). Since G is the set of free generators of Ju 
the lattice FT(2n), the elements a, b can be expressed by —i-i 
elements from the set G. It follows that the element (a,b) 
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can be built up from elements in the set GxG. 
Step B. Let Β be a P-bilattice and let f:S —* Β be a map-

ping. By Theorem 2.1, there is a bounded lattice L=(L,a,v,0,1) 
suchthat Β * B(L). Put f((9i»9i+n)) = <ki/ki+l)» w h e r e 

(k.,ki+1) is in B(L). Let f^: G —> L be a mapping such that 
fi(gi) - ki' 
f l « W - ki+l-

Since Fl is a free lattice on the set G, it follows that the 
mapping f^: G —• L can be extended to a homomorphism 
hl: I L — k-

Let h: B(Fl) —• B(L) be the following mapping 
h((x1,x2)) := (h1(x1),h1(x2)). 

The mapping h is an extension of f, because 
h((gi,gi+n))=(h1(gi),h1(gi+n))=(f1(gi),f1(gi+n))=(ki,ki+1). 

Moreover h is a bilattice homomorphism, since 
h((Xl,x2)') = h((x2,xi)) = (^(χ2) ,h1(x1)) = (h1(x1),h1(x2))' = 

= (h((x1,x2)))', 
h((x1,x2)A(y1,y2)) - h( (XjAy^x2vy2) ) = (h^XjAy^ ,h1(x2vy2) ) = 

= (h^x^Ah^y^ ,h1(x2)vh1(y2)) = 
= (h^x^ ,h1(x2))A(h1(y1) = h( (χ1,χ2) )Ah( (y1#y2) ), 

and similarly 
h((x1,x2)v(y1,y2)) = h((x1#x2))vh((ylfy2)) , 
h((x1,x2)o(y1,y2)) = h((x1#x2))«h((y1,y2)), 
h((x1,x2)+(y1,y2)) = h((χχ,χ2))+h((Y1,y2))· 
Let the greatest and least elements of Z L be denoted by 
and 0_, respectively. Then we have that 
M(0F,1F)) = (hiiOp) » W ) - (0, 1) 
M(iF,oF)) = ( V V = (1, 0) 
h((lp,lp)) - ( W = (1, 1) 
h((0p,0p)) = (hitOp) /^(Op)) = (0, 0) 

λ free Padmanabhan bilattice on η generators will be 
denoted by EEL(n). 
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For n=0 and n=l FT(n) is finite and it is easy to see •Li 
that | B F L ( 0 ) | = | F L ( 0 ) | 2 and ! B F L ( 1 ) | = | F L ( 2 ) | 2 . 
Since ZL(n) for n*3 is infinite (see [CD]) i'; is clear that 
the bilattice BFT(2) is infinite. 

Li 

3. A free distributive bilattices 
A bilattice in which each basic binary operation distri-

butes over each other is called distributive bilattice. 
The structure Theorem 2.1. may be formulated in the case 

of distributive bilattice as follows: 
Theorem 3.1. [T]. An algebra Β = (Β,λ, ν, 0 ^ °, + , 02,12,' ) 

of type (2,2,0,0,2,2,0,0,1) is a distributive bilattice if 
and only if there is a bounded distributive lattice L = (L,A, 
ν,0,1) such that Β is isomorphic to the product bilattice 
B(L) associated with the lattice L.· 

The following result is an easy corollary of Theorem 3.1. 
and Theorem 2.1. 

Theorem 3.2. Let £D(2n) be a free bounded distributive 
lattice on 2n generators. A product bilattice Β(F^(2n)) 
associated with the lattice Fp(2n) is a free distributive 
bilattice on η generators.· 

A free distributive bilattice on η generators will be 
denoted by BFp(n). 

Since free distributive lattices on finite set of genera-
tors are finite [G], it follows easily that each BFD(n) is 
finite and |BFD(n)| = |FD(2n)|2. 

By the result of K. Yamamoto [BD] the free distributive 
lattice on an even number of generators has even cardinality 
and |BFD(n)| = |Fd(2n)| is even, too. 

By the recent result obtained by A. Kisielewicz [K] for 
free distributive lattices we know that the number of elements 
of the free bounded distributive lattice on η generators is 
equal to 
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2 2° 2»-l log2i 

|BFD(n)| = ( 1 Γ T I ( l - b Π (l-bi+bjbj))) , 

k=l j=l i=l m=0 

for any nsl, where b* = [k/2i]-2[k/2i+1]. 

The exact values of |BF^(η)| can be computed for n«3. 

For example: 

|BFd(0)I = 4, 

|BFd(1)I = 36, 

|BFd(2)I = 28224, 

IBF_(3)1 = (7828354)^ « 6,13·1013. 

For n~4, |BF_(4)| is known to be greater than 2 140 

4. Examples of free distributive lattices 

A. £Bd(0) 

B. £ B d ( 1 ) 
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