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UNIPOTENT n-ARY GROUPS 

In the theory of binary quasigroups, so-called unipotent 
quasigroups, i.e. quasigroups with the identity aa = bb, play 
an important role. These quasigroups are connected with some 
Latin squares [3]. In the theory of Latin cubes, unipotent 
ternary quasigruops play a similar role. 

In this note we give a natural generalization of these 
quasigroups to the case of n-ary (n&3) quasigroups and groups, 
and we prove that every unipotent η-group (i.e. every 
unipotent n-ary group) is derived from some its binary 
retract. 

The termininology and notation used in this note is 
standard (see for example [2], [4], [6]). 

We recall only that an element ζ of an η-group (G,f), 
which satisfies the equation f(x,x,...,χ,ζ) = χ, is called the 
skew element to x, and is denoted ζ = χ. From the definition 
of an η-group follows that it is uniquely determined. More-
over , one can prove (see [4]) that 

f ( X f X j · · · f X f · · · f χ I ~ X f 

f(y,x,...,x,...,x) = y 

for every x,y e G, where χ can appear at any place under the 
sign of the function f. The skew element to χ is denoted as x. 

It is clear that an element χ of an η-group (G,f) is an 
idempotent iff χ = x. 

Let (G,f) be an η-group and let (G.·) be its binary 
retract ([6], [7]). The binary power of χ in (G,·) is denoted 
by χ . The n-ary power of this element (i.e. the power in 

<k> (G,f)) is denoted by χ and is defined as follows (see [9]): 
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x < k > 

χ for k=0, 
<k-l> 

f(x ,χ,χ,...,x) for k>0, 
<—k—1> z: f(z,x ,x,...,x) = χ for k<0. 

The exponential laws given below are easily verified: 
. <r>.<s> _ <rs(n-l>+s+r>, / - * 

f(x<k>, x < X > x < s >) = x<k+l+...+s+l> 

A minimal natural number (if exists) ρ such that x<^> = χ is 
called an n-ary order of χ and is denoted by ord (x). 

Definition. An n-ary quasigroup (group) G,f) is called 
unipotent iff 
(1) f(x,x,...,x) = f(y,y,...,y) 
for all x,y e G. If f(x,x,...,x) = b for all xeG and some beG, 
then an η-group (G,f) is called b-unipotent. 

Observe that in a b-unipotent η-group x=x iff x=b. This 
means that a unipotent η-group has only one idempotent. 

It is well-known (see [8], [2], [6]) that for any n-group 
(G,f) there exist an element beG, a binary group (G,-) and its 
automorphism θ-such that 

(2) f(xj) = χχ · ex2 · Θ2χ3 · ... · θ η" 2χ η_ 1 · θ " " ^ · b, 

where 0b = b and θ η - 1χ = b-x-b-1 for ail xeG. 

If an η-group (G,f) is unipotent, then putting χ̂ ^ = x2 = 
= ... = xn = e, in (2), where e is the identity of 
(G,·), we obtain f(e,e,...,e) = b. Thus (1) implies 
f(x,x,...,x) = b and, consequently, 

(3) χ·θχ·θ2χ· ... ·θη"2χ·θη_1χ = e 
for all X€G. Moreover, from the above remarks and (3) we 
obtain bn = e and 

χ·θχ·θ2χ· ... e n _ 2 x b x = b. 
Applying θ to the preceding equality and using (3) we get 
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x-1-b-8x = b, which gives θχ = b - 1 - x b . Thus 

f(x") = x 1-b~ 1-x 2-b~ 1x 3b~ 1· ... b ~ 1 - x n _ 1 b ~ 1 x n . 

Let xoy = x-b 1 -y. Then (G,«) is a group with identity b. 

Therefore 

(4) £(xj) = X l . x2« x3o ... .χη_ι0 χ η 

and x n = b in (G,»). 

Conversely, direct computations show that if (G,<>) is a 
group of a finite exponent dividing n, then an η-group (G,f) 
defined by the formula (4) is a unipotent η-group in which 
f(x,x,...,x) = e for all xeG, where e is the identity of 
(G,.). 

So we have the following theorem. 
Theorem. An n-groupoid (G,f) is a unipotent η-group iff 

the groupoid (G,°) defined by 

xoy = f(x,f(z,z,...,z),f(z,z,...,z),...,f(z,z,...,z),y) , 

where ζ is an arbitrary fixed element of G, is a group of a 
finite exponent dividing n, and (G,f) is an η-group derived 
(in the sense of Dornte) from this group (G,<>). Moreover, the 
constant value of f(z,z,...,z) is the identity of (G,°). 

Let χ be the skew element to χ and let be skew to 

x<s>, where s>0 and x^0^ = x. In other words: 

x ( 1 ) = χ, x ( 2 ) = χ, x ( 3 ) = χ, etc. 

It is easily verified that if a unipotent η-group (G,f) is 
<k> 1-k -iki 2k derived from a group (G,°), then χ = χ and xv ' = χ 

for all xeG. Thus the following proposition is true. 

Proposition 1. Let (G,f) be a unipotent η-group. Then: 

(i) x<k> = x < n " 2 k + 1 > , 

(ii) x ( n + 1 ) = χ, 

(iii) x < n > = χ, 

(iv) ordn(x) = ord2(χ), 
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(ν) if η is odd, then the operation χ —• χ is 
one-to-one and x ^ = χ for t = . 

From the Hosszú theorem it follows that all n-groups 
defined on a given group are isotopie. In general, these 
η-groups are not isomorphic [2]. Moreover, an η-group isotopie 
to a unipotent η-group may not be unipotent. For example, the 
5-group (Zg, f) defined by the formula 5 
f (x^) = + 2x2 + 4x3 + 3x4 + x5) (mod 5) and a unipotent 
5-group (Zg, g), where g(x^) = (Xĵ  + x2 + x3 + x4 + x_) (mod 5) 
are isotopie. This isotopy has the form (ε, θ, θ2, θ , ε, ε), 
where θχ = 2x(mod 5) and ε is the identity mapping of Z,.· 
Since a 5-group (Z5, f) is idempotent, then (Z5, f) and (Z5, 
g) are not isomorphic. 

Proposition 2. Unipotent η-groups are isomorphic iff are 
isotopie. 

This fact follows immediately from the following two 
lemmas. 

Lemma 1. Retracts of isotopie η-groups are isomorphic. 

Proof. Let η-groups (G,f) and (G,g) be isotopie. Then 
there exist bijections a^, a2, <*n+1 of G such that 

en+lf(*ï> " 9<«ixi' a2x2' ·'·' anxn>· 
Thus an+1(x*y) ™ ai x a an y f o r = f(x»b»b'···«b»y) a n d 

xay = g(x,b2,b3, ' b
n-l' y )' w h e r e bi " aib» i=2,3,...,n-l. 

Hence the retract (G,·) = retb b(G,f) and (G,o) = 
= ret. . (G,g) are isotopie. This completes the proof 

2' " ' ' n-1 
since isotopie groups are isomorphic [1] and all retracts of a 
given η-group are isomorphic (see [7] and [5]). 

Lemma 2. Let η-groups (G,f) and (G,g) be derived (in the 
sense of Dörnte) from groups (G,») and (G,a), respectively. 
Then η-groups (G,f) and (G,g) are isomorphic iff are isotopie. 

Proof. If η-groups (G,f) and (G,g) are isotopie, then by 
Lemma 1 all retracts of (G,f) and (G,g) are isomorphic. Hence 
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(G,») and (G,•) are isomorphic too. Obviously any isomorphism 
φ: (G,®) —* (G,o) is an isomorphism of η-groups derived from 
(G,») and (G,a). 

The converse is clear. 

Corollary 1. Unipotent η-groups are isomorphic iff are 
isotopie, i.e. iff some their retracts are isomorphic. 

Proposition 3. Let an η-group (G,f) be b-derived from a 
group (G,·). Then a subset H containing the identity of (G,·) 
and an element b is an η-subgroup of (G,f) iff it is a 
subgroup of (G,·)· 

Proof. By the assumption an η-group (G,f) has the form 
f (x") = x1'x2·...·xn"b, where b and the identity e of (G, · ) 

are in H. If (H,f) is an η-subgroup, then beH. Hence b = b 1 n 

and b - 1 = f(b,b,...,b,e,e) e H. Thus xy = f(x,y,e,...,e,b-1)eH 

for all x,y e H. Moreover, for every xeH the equation 

e = f(x,z,b_1,e,e,...,e) = χ·ζ has a unique solution zeH, 
which proves that Η is a subgroup of (G,·)· 

Conversely, if Η is a subgroup of (G,·), then for all 

x,,x_,...,x e Η we have f(χΓ) = χ,·x_·....·x„·b e H. Similar-1 2 η 1 1 2 η 
ly, χ = x 2 _ n · b - 1 e Η for all xeH. Thus (H,f) is an n-sub-

group of (G,f). The proof is complete. 
The proposition just proved and the Theorem imply the 

following 

Corollary 2. Let (G,f) be a unipotent η-group derived from 
a group (G,<>). Then a non-empty subset Η of G is an n-subgroup 
of (G,f) iff it is a subgroup of (G,»). 

According to [4] an η-subgroup H of η-group (G,f) is 
called semi-invariant iff 

f (χ, H, H, . . . , H) ~ f (H, H, . . . , H, X) 

for all xeG, and it is called invariant iff 

f(x,H,H,»..,H) ~ f(H,...,Η,Χ,Η,...,Η) 
> • * 

î-l η-i 
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for all xeG and i=l,2,...,n. Obviously, every invariant 
η-subgroup is semi-invariant. 

Proposition 4. If an η-group (G,f) is b-derived from a 
group (G,·), then a subset H containing an element b and the 
identity of (G,·)is a semi-invariant η-subgroup of (G,f) iff 
it is an invariant subgroup of (G,·). 

Proof. Let H contains b and the identity of (G,·). In view 
of Proposition 3 H is an η-subgroup of (G,f) iff it is a 
subgroup of (G,·). 

Suppose that an η-subgroup H is semi-invariant. Since for 
every yeG there exists xeG such that y = x b , 

y-H = y b - 1 H = x-H = X - H n - I b = f(x,H,...,H) = 

= f(H,...,H,x) = H n - 1 x b = H x b = H-y. 

Thus H is an invariant subgroup of (G,·). 
Conversely, if H an invariant subgroup of (G,·), then 

f(y,H,H,...,H) = y-H n _ 1-b = H y H n " 2 - b = ... = 

H
n _ 1 . y b = f (Η,Η, . . . ,H,y) 

for all yeG, which completes our proof. 

Corollary 3. If an η-group (G,f) is b-derived from a group 
(G,·), then an η-subgroup Η containing an element b and the 
identity of (G,·) is invariant iff it is semi-invariant. 

Corollary 4. Let (G,f) be a unipotent-group derived from a 
group (G,·). Then for any subset Η of G the following 
conditions are equivalent: 
a) H is a semi-invariant η-subgroup of (G,f), 
b) H is an invariant η-subgroup of (G,f), 
c) H is an invariant subgroup of (G,·). 
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