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UNIVERSAL IDENTITIES

OVER AN ORTHOGONAL SYSTEM OF QUASIGROUPS

This paper deals with orthogonal systems of quasigroups
and identities over them. V.J.Dementjeva in [3] dealt with
closure conditions in k-nets, which she reduced to an
investigation of universal identities. We start from 3-basic
quasigroups and show a connection between universal identities
and identities over an orthogonal system of 3-basic
quasigroups.

1. 3-basic quasigroups

The quadruple (Q1'Qz'Q37 Aiz), where card Ql=card Qz=card

3 . .
Q3¢0 and A12 is a map of le Q2 onto QJ, is called a 3-basic

quasigroup if, in the equation Aiz(al,a2)=a3, any two of the
elements a1€Q1' azeQz, a,jeQ, uniquely determine the remaining
one. Similarly as in the classical case we define parastrophic
operations

m _ 3 =
(1) Aij(ai,aj) =a e Alz(al,az) = a,

for all permutations (i,j,m) of the set {1,2,3}.
If Q1=Qz=Qs=Q we get usual quasigroup. For example we have

two equivalent denotations for a quasigroup (Q;.) or ((Q;Aiz).

Key words: 3-basic quasigroup, k-net, orthogonal system of
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In detail:

x.y=z e A}, (x,y)=z, Y*(.)x=z & A (v,x)=z,
x\z=y e A3, (x,2)=y, 2°(\)x=y & A2, (z,%)=y,
z2/y=x e A}, (z,Y)=x, Y5 (/)z=x e AL (y,z)=x.

It is clear that A?j(x,y)=h?i(y,x) for all (i,3j,m).

2. k-nets and orthogonal systems of quasigroups

A system ¥ of objects of two sorts, called points and
lines, with an incidence relation between them is a k-net iff
(i) the set of all 1lines is partitioned into k disjoint

classes 21,22,...,£k, kz3,

(ii) two lines from different classes are incident to exactly
one point,

(iii) in every line class there is exactly one 1line incident
to a given point,

(iv) there are at least two points incident to every line.
A k-net is of order n if every line class 2i has exactly n

lines. In a k-net of order n there are exactly n2 points and
kn lines. If Qi' 1sisk, are sets such that card Qi=n, then

there exist bijections between Q; and Zi and maps
m .
Aij.Qix Qj — Qm such that every quadruple (Qi,Qj,Qm,Aij)

forms a 3-basic quasigroup for all i=j=m=i and 1i,]J,
me {1,2,...,k}. The geometric interpretation of the

operations A?j is the following: A?j(x,y) is the unique 1line
of Zm incident to the unique point incident to the line x of

ﬁi and the line y of Zj. The set
4 = {(Qileerl' Al:j s i#J+#m=*i; i,j,me{1,...,k}}

forms a so-called orthogonal system of 3-basic quasigroups
considering that every system

(2) A (y)=a,  Af (x,y)=b, p=aq,

has a unique solution for all a € Qp, b e Qq. This solution is
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x=A;q(a,b), y=qu(a,b). The system 4 1is also called a

coordinate system of the k-net.

If Q,=0,=...=Q, =0 and if we take the operations ATz,

only then we get an orthogonal system of quasigroups ¥ in the

mz3,

meaning of V.D.Belousov ([1]). If we take all A?j on Q, we
obtain a covering system ¥ ([1]).

Immediately we see that

m

(3) Al el oy = Al ad ey = AT xy)

for all x € Qi' y € Qp.

3. Isotopies

Let a line class Zi of the k-net ¥ be labelled by elements
of the set Qi' If we take any set Q&, with card Q1=card Qi and
a bijective map ;s Q — Q&, we obtain a new labelling of Zi

by elements of Q&, i=1,2,...,k, and new quasigroup operations
BTj defined on Q& x Q& such that from the incidence it follows
that

m _ m = V
Aij(x,y)—z s Bij(aix,ajy) o2 and

m _.~1 _m
(4) Aij(x,y)-—am Bij(aix'an) for all x e Qi’ y € Qj’
The system

B = {(Q},Q5,Q Biy)i i * 3 #m=i; i,5,me (1,...,k}}

J
is a new coordinate system of ¥. The k-tuple (a,...,a):= o
of bijective maps is called an isotopy of the coordinate

systems 4 and B. Thus we have

Lemma 1. Isotopic orthogonal systems of 3-basic
quasigroups are associated with the same Xk-net ¥ and
correspond to changes in the labelling of lines in the 1line
classes of X.

Every change of numbering of the 1line classes of N
corresponds to a permutation p of the numbers (1,2,...,K).
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An isotopy o = (1,1,a3,...,ak) is a torsion by [1] -it
changes the labellings of the 1lines in the 1line classes
23, 24,...2k, whereas an isotopy E=(a1,a2,1,...,1) is a

conjugation changing the 1labellings of the lines in

£ 22, i.e. changing the coordinates of the points.

1!

4., Identities over «

It is clear that an arbitrary term over a system & of
orthogonal 3-basic quasigroups need not make sense. We must
from terms carefully, respecting the places belonging to the
various Qi’s.

In what follows let XioYioZg0ees bz variables over Qi’

i=1,2,...,k and let tl,t; be terms over d, i=1,...,k;
n=1,2,... .It is easy to show that only terms of the following
forms are meaningful:

P n q m ,p
Aij (xilxj) ' qu(xprAsr(Ylerl)) ' qu(Aij (xilxj) qu)l
Ao (A% (x;,%5) AL (¥g,¥,s)), and so on.

if Agj(xi,xj)=x for all triples (i,j,p), then

P

m | q = all =
qu(Aij(xi,xj), Asr(xs,xr))- qu(xp,xq)—xm.

Now an identity w over 4 consists of the following subterms:

s

m P .4 m P A4
Bog(tirt) s Ap(YT,AL (t;

r m .p i 3 .q
5) 1£3)) s A (R4 (E1,E7) .85,

m ,.p i3 q s ,.r
qu(Aij(tlltl), L A R PR

where the length of the subterms t;, 1=i=<k, n=1,2, can be =1

. i i, i_
(written l(tn)=1). Note l(tn)—l = tn--xi for some x;€ Qi and

i i_,i g h
()22 e to=Ag (t1,,tp0).

It is clear that for all triples (i,j,m), i#j=#m=i, the
following trivial identities are true:
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m J -
Aij (X'Aim(x'Y) )=y,
p J =aP
(6) Aij(x’Aim(x'Y))_Aim(x'Y)'

q AP 3 - a9
Apj(Aim(x'Y)'Aim(x'Y)) = Aim(XIY) for all eri' YeQm-

Similarly for subterms tle Qi and t"e Qm:

t™,

m i3 i.m
Aij(t Ajp(t, 7))

P i3 i, m P iom
(7) Aij(t Ap(E,t)) Aim(t L),

d ,,P i m .3 iom, _ .q i m
Apj(Aim(t )AL (R, ET)) = AL (e, ).

If an identity w contains at least one the left terms from
(7), then it can be replaced by the corresponding right term
from (7) and we obtain a new identity w’' equivalent to w,
written w & W, with 1(w' )s 1l(w)-1. In this case the identity
w is called reducible.

Lemma 2. Let w be a non-reducible and non-trivial identity
over 4. Then w contains three different variables at least.

Proof. It 1is easy to verify that every iﬂeﬁgzty w
containing x;* x:.l only necessarily has among its subterms some
term from the left sides of (7) aus thus w is reducible. After
reductions we obtain a trivial identity w , w & w.

Lemma 3., The minimal 1length of any non-reducible and

non-trivial identity w over 4 is six.

Proof. By Lemma 2 every non-reducible and non-trivial
identity w contains three different variables at 1least and
every variable occurs two times at least, because any identity
has no isolated variables.

Let £ be an orthogonal system of wusual quasigroups. An
identity w over ¥ is said to be universal if the validity of w
over every X’ isotopic to £ follows from the validity of w
over Z. If we transfer this definition to an orthogonal system
of 3-basic quasigroups in the natural way, then we can
conclude:
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Theorem 1. Any identity w over an orthogonal system of
3-basic quasigroups is universal.
Proof. Let t™ be some subterm of w of the type
m_ ,m .p i3 q s ,.r
t qu(Aij(tl,tl), Asr(tz,tz)).

Then under an isotopy « we have

m_ ,m P i j q s r X
amt qu(Aij(aitl,ajtl),Asr(astz,artz)), where if
el - al (¢d th) then under a we get « el o al (« t9,a th) and
1 gh' 3’737/ inl gh'"g"3’"h"3

. i i
so on. In the end we obtain for some n subterm tn— Adf(xd,xf)
. i_ i . .
for which aitn = Adf(adxd,afxf). Thus from the identity w we

obtain under a the identity a(w) which is of the same form as

.40+ there occur

w, where instead of individual variables xi,yJ

variables aixi,ajyj,... .Thus w is universal.

Now let &4 be an orthogonal system of 3-basic quasigroups
(Qi,Qj,Qm;A?j), i,j,me{1,...,k} and let B be an orthogonal
system of usual quasigroups (Q,B?j) with card Q=card Q.

ie{1,...,k}. We shall investigate the connection between
corresponding identities over 4 and over 8.

Theorem 2. Let Wa be an identity over 4 and let wp arise

from Wy by substitutions between subterms

m e T =
(8) { t1A= Aij (x,y):= Bij (x,y) tlB'

_ .m .= gl -
t3a= Aj5(t1artan) = Biy(tpityp) = t3ps

where at least one of t t2A has length >1. Then w is a

1A’ B

universal identity over 8.

Proof. The identity wg as well as L/ consists of subterms

of the types (5) only. Then similarly as in Theorem 1, from v
under any isotopy B = (Bys++-4B8y) we obtain the identity E(WB)
which is of the same form as w,. Thus w is a universal

B B
identity.
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Corollary. Conversely, let L be an identity over 8. Then
wg is universal if the corresponding expression Wa arising
from L by (8), is an identity over 4, i.e. Wa has a meaning

over 4.

5. Positions of terms

The question as to when an identity w over an orthogonal
system B of usual quasigroups is universal can be investigated
independently of multi-basic systems. For this we shall define
positions of subterms.

Let tl'tz'ta be terms over B and let

m —
By (. ty) = tg.

Then we say that terms tl and t2 are in inner positions i and

., written:

j with respest to B?]

om _ s —m = 3
posij (tl) =1, Posij (tz) 3.
and the term t3 is in an outer position m with respect to BTj,

written: pos?j(t3) = B6§(B?j(t1,t2)) = m.

Illustration: Let

2 .1 o2 4
313(324(XIY)IZ) = B31(YIB23(XIZ))'

Then we have

I
N
I

pos;, (x) §3§§3(xi, Bos;,(y) = 4 * posa (y) = 3,
pos2,(z) = 3 = oS, (2),

pos2, (B3, (x,y) = 1 = Bos (B, (x,¥)),

Pos3, (Bjy(x,2) = 1 » P6s(By;(x,2)) = 4,

P68 (B2, (B, (x,¥),2)) = 2 = §o8(B2, (v,B5,(x,2))).

Position condition (P): Every subterm of a given identity

occurs always in the same position, independently of whether
this position is inner or outer.
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Theorem 3. If an identity w over 8 satisfies (P), the w is
universal.

Proof. If w satisfies (P), then w consists of subterms of
the types (5) and w makes sense over an orthogonal system of
3-basic quasigroups 4 with card Q; = card Q for all
ie{1,...,k}. By Theorem 2 w is universal.

Theorem 4. Let w be an identity over 38 satisfying (P).
Then 8(w) is universal for all permutations & of {1,...,k},
where & (w) denotes the identity arising from w by replacement

8 . s
of B?j by Bs?,sj for all i #+ j #+ m # i; i,j,me{1,...,k}.

Proof. From the assumption that w satisfies (P) it follows
that every subterm of w occurs in one position only. Then also
every subterm of §(w) occurs in one positon only, because 3§ is
a permutation of {1,...,k}. So &(w) satisfies (P),” and
therefore §(w) is universal for all permutations §.
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