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DECOMPOSITIONS AND EXTENSIONS OF HOMOMORPHISMS 
OF n-GROUPS 

In this paper we present necessary and sufficient condi-
tions for decompositions of η-groups determined by p-ideals to 
be semiselective and selective. Next, we apply these results 
to the theorems concerning extensions of homomorphisms of 
n-groups. 

We shall consider η-groups for n*3. Theorems, definitions, 
and notation related to the theory of η-groups are based on 
papers [1], [2], [4], [5], [6]. Definitions and theorems about 
decompositions of sets are based on the paper [3]. 

We begin with decompositions of η-groups. Let (A, f) be an 
η-group. A skew element for an arbitrary element aeA will be 
denoted by a. 

Let us quote an important theorem (cf[4]). 
Theorem 1. An n-groupoid (A,f) is an η-group if and only 

if 
f(x") = a(x2) • a2(x3) · ... · an"1(xn) · a , where: 

(i) (A,·) is a group, 
(ii) aeA is a fixed element, 
(iii) aeAut(A,·), a(a) = a, an_1(x) = a-x-a for xeA. 

The system (A,·,a,a) will be called a binary retract of an 
η-group (A,f) (this terminology is partly different from the 
terminology used in paper [2]). In the sequel the binary 
retract (A, ·, a, a) will often be treated as a group (A,·) 
and called simply the retract. 

Let us recall the useful method of constructing a retract 
(A, ·, a, a) for an η-group (A,f) (cf. [6]). 
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Namely, 

x y = f(x, ( np 2 ), Υ) , 

o(x) = f(p, χ, ( n? 2 )) , 

(D) 
a = ( ρ ) 

for an arbitrary fixed element peA and for all x, y e A. 

The set A with the operation · forms a group with an identity 

element p. In this case we shall say that (A, · , a, a) is a 

binary retract of an η-group (A,f) with respect to an element 

ρ and write (A, ·, a, a)p· I n t h e paper [2] the above (A,·) is 

called a binary retract of an η-group (A,f) with respect to an 

element p. 

Notice that the following statement results immediately 

from the definition of the operation · in the set A. 

Proposition 1. If σ is a congruence on an η-group (A,f), 

then σ is a group congruence on a retract (A, ·» a, a) , p«A. 

The converse theorem is not true as may be seen from the 

followin example. 

Example. We shall give an example of a group congruence on 

a retract of the form (A, ·, a, a)p of a 3-group (A,f) which 

is not a congruence on this 3-group (A,f). 

Consider the Klein group A - {e, a, b, c> i.e. 

It is easy to check that the mapping a: A —» A defined by 

a(e) = e, a (a) = b, a(b) = a, a(c) = c is an automorphism of 

the second order of the Klein group. Let us define the 3-ary 

operation on the set A as follows 

f(xx, x 2, x3) = χχ· ot(x2) · x 3 

for arbitrary x 1, χ-, x. € A. By Theorem 1 (A,f) is a 3-group. 
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Notice that the Klein group (A,·) is a retract of the form 
(A, ·, a, e)e of the 3-group (A,f). Let σ be a congruence on 
the Klein (A,-) determined by the normal subgroup {e,a}. 
Therefore, we have Α/σ = {{e,a>,{b,c>}. The relation σ is not 
a congruence on the above 3-group (A,f). Indeed, for 
f(e, e, e) = e and f (e, a, e) = b we have (e, b) < σ. 

Proposition 2 (cf. [2]). Let (B,f) be an η-subgroup of an 
η-group (A,f). Let peB be an arbitrary fixed element. Then the 
retract (Β, ·, a, a) is a subgroup of the retract 
(A, · , a, a)p. 

Definition 1 (cf. [5]). Let (A,f) be an η-group and peA. A 
p-ideal of η-group (A,f) is a set of the form ρ/σ for some 
congruence relation σ in (A,f). 

Let I be a p-ideal of an η-group (A,f) and let σ c AxA be 
a relation defined in the following way 

xcry f(x, y, (ny3), Ρ) « I 
for arbitrary x,y e A. Theorems 2.5 and 2.6 of [5] imply that 
the relation σ is the only congruence on the η-group (A,f) for 
which the p-ideal I is its equivalence class. Therefore, we 
shall say that the p-ideal I determines the congruence σ on 
the η-group (A,f). The decomposition of the set A designated 
by the congruence σ is actually determined by the p-ideal I. 

In the sequel we shall need the following definitions 
(cf. [3]). Let A be an arbitrary set, Β an arbitrary subset of 
the set A and let {At>t€T and ÍB

S}S6S be decompositions of the 
sets A and B, respectively. 

Definition 2. We shall say that {Bo}· _ is the subdecompo-
S S€ o ^ 

sition of the decomposition iA
t}teT if the following condition 

holds 
(1) V seS 3 teT : Β c A. . 

S u 

Definition 3. We shall say that the decomposition {B } 
S S€S 

is semiselective for the decomposition iAt*t€T t h e 

condition (1) holds and 
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(2) V t€T V β1(·2 « S : [(Bs^ c At λ B c At) = B^] . 

Definition 4. He shall say that the decomposition {B_}_ _ S S€d 
is selective for the decomposition ^ ^ e conditions 
(1) and (2) hold and 

V teT 3 seS : B_ c A. . s t 
Let (A,f) be an η-group and peA. Consider subsets X and Y 

of the set A. Farther on we shall use the following notation 

f(X, (np2), Y) = {f(x, (np2), y) « A: X€X, y«Y}. 
Theorem 2. Let (B,f) be an η-subgroup of an η-group (A,f) 

and peB. If (resp. Dß) stands for the decomposition of the 
set A (resp. B) determined by the p-ideal AQ (resp. p-ideal BQ) 
of (A,f) (resp. (B,f)). Then 

1° D ß is a subdecomposition of D^ iff 
(3) B0 c A0 ; 

2° Dg is semiselective for DA iff 
(4) B0 = Β n A0 ; 

3° D_ is selective for D. iff the condition (4) holds and 0 A 

(5) A = f(B, < V \ A0). 

Proof. Let us consider the retracts (A, ·, a, a)ρ and 
(B, ·, a, a)p of the η-groups (A,f) and (B,f), respectively. 
The skew element ρ is an identity element of the groups 
(A, ·, a, a) and (B, ·, a, a) . Therefore, by Proposition 1 

R R 

Aq and Bq are normal subgroups of the groups (A, ·, a, a)p and 
(B, ·, a, a)ρ , respectively. The normal subgroups AQ and BQ 

dictate the decompositions D^ and Dß, respectively. Notice 
that under these assumptions the condition (5) is equivalent 
to the condition A = Β · AQ. Now, it is enough to apply 
Theorems 1-3 of [3]. 

The above results will be used to solve some problems 
related to extensions of homomorphisms of n-groups. 



Decompositions and extensions 51 

Theorem 3. Let (B,f) be an η-subgroup of an η-group (A,f) 
and peB. Let h: Β » C be a homomorphism from the n-group 
(B,f) into an n-groupoid (C,f). Let BQ be a p-ideal determined 
by the congruence kerh on the η-group (B,f). Then the homomor-
phism h: Β * C from the η-group (B,f) into the n-grupoid 
(C,f) can be extended to a homomorphism h: A • C from the 
η-group (A,f) into the n-groupoid (C,f) under the assumption 
that In h - In h if and only if there exists a p-ideal AQ of 
the η-group (A,f) such that the conditions (4) and (5) are 
satisfied. 

Proof, (i) It is easy to notice that kerh c kerh. Let AQ 
be a p-ideal determined by the congruence kerh on the n-group 
(A, f ) . Hence BQ c Β π AQ. Now take an arbitrary χ e Β π Α^. 
Since χ e AQ, we have h(x) = h(p) = h(p) . But xeB, so 
h(x) » h(x). Hence h(x) = h(p), i.e. xeBQ. Thus the condition 
(4) is fulfilled. Since Im h = Im h, for an arbitrary c«A 
there exists a be Β such that h(c) = h(b) . Hence h(c) = h(b). 
Thus (b,c) e kerh. Consequently, the decomposition of the set 
Β determined by the p-ideal BQ is selective for the decomposi-
tion of the set A which is determined by the p-ideal AQ. Thus 
using Theorem 2(3°) we get (5). 

(ii) Let us assume that there esists a p-ideal AQ of the 
n-group (A,f) such that the conditions (4) and (5) hold. Thus, 
the decomposition iB

s}seS
 o f t h e s e t B determined by the 

p-ideal BQ is selective for the decomposition {A^}^^ of the 
set A which is determined by the p-ideal AQ. Let σ be a 
congruence on the n-group (A,f) determined by the p-ideal AQ. 
Define the mapping h: A > C by 

h(x) = h(b) 
for an arbitrary xeA, where beΒ is an arbitrary fixed element 
such that (x,b) e σ. Let us notice that Im iï = Im h. Take 
arbitrary elements x1# x2, ..., xn € A. There exist elements 
b1# b2, bn e Β such that (x1# bx) e σ, (x2, b2) e σ, 
..., (x

nfb
n) e σ· Since σ is a congruence on the n-group (A,f) 

we have (f(xlf x2# ···» xn) > f(b!» b2' ···» bn) ) e σ· Hence 
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h(f(xlf x2, xn)) = h(f(blf b2, bn)) = fihfb^, 

h(b2),...r h(bn)) = f(hfx^ , h(x2), ..., h(xn)). Thus h is a 
homomorphism from the η-group (A,f) into the n-groupoid (C,f). 

Theorem 4. Let (B,f) be an η-subgroup of an η-group (A,f) 
and peB. Let h: Β • C be a homomorphism from the n-group 
(B,f) onto an η-group (C,f). Let BQ be a p-ideal determined by 
the congruence kerh on the η-group (B,f). The η-group (C,f) 
can be extended to an η-group (C,f) in such a way that there 
exists a homomorphism h: A > C from the η-group (A,f) onto 
the η-group (C,f) which is the extension of the homomorphism h 
if and only if there exists a p-ideal AQ of the η-group (A,f) 
such that the condition (4) holds. 

Proof. To prove (4) it is enough to take as AQ the p-ideal 
determined by the congruence kerh on the η-group (A,f) and to 
apply the same argument as in the proof of the condition (4) 
in Theorem 3. Let AQ be a p-ideal of the η-group (A,f) such 
that the condition (4) holds. It follows from Theorem 2 (2°) 
that the decomposition of the set Β determined by the p-ideal 
Bq is semiselective for the decomposit an of the set A deter-
mined by the p-ideal AQ. Put Bfc= h_1({t}) for any teC. In this 
manner the elements of the quotient η-group (B/BQ,f) are 
indexed one-to-one by means of the elements of the n-group 
(C,f). Let C be an arbitrary set such that CcC and 
carde = cardA/AQ. With the aid of the elements of the set C we 
index one-to-one the elements of the A/AQ in such a way that 

V t x « C V t 2 e c : [Bti c A t 2 ~ t x = t2] . 

In the set C we define an n-ary operation f as follows: 
f (t. , t_,..., t ) = t . <=» f (A. ,A. ,... ,A. 

η 1 2 n+1 
for arbitrary t^, t2> ..., t n + 1 e C. It is easy to notice 
that (C,f) is an n-group isomorphic to the quotient n-group 
(A/AQ,f). Moreover, (C,f) is an η-subgroup of the n-group 
(C, f) . The function h: A • C defined by 

h(x) = t <=» χ e At 
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for an arbitrary xeA is a homomorphism from the η-group (A,f) 
onto the η-group (C,f). The homomorphism h is the extension of 
the homomorphism h. The proof is complete. 
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