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A GOURSTAT PROBLEM FOR MANGERON POLYVIBRATING
EQUATIONINR", n2>3

Introduction

Goursat problems for partial differential equations in R"- space,
where n>3, have been extensively examined in the special case when
the boundary conditions are given on the planes of coordinates (see
(71, (8], L, 03], [14], [15) and the references in [19]). The
papers devoted to the other cases were less numerous and in almost
all of them the boundary conditions were given either on one surface
or on a set of characteristics (see [1], [9], [11] and [17]). The
much harder case of a greater number of non-characteristic surfaces
was examined in papers [3]-[6].

In the present paper we extend the results of [3] to the case
of Rn, n 23.

1. Let Q= {x(xl,... ,xn) e R": OsxisAi<oo; lsisn} be a pa
rallelepiped in R™-space (n e N*), n23), m an element of the set
N, (Y, lI‘H) a Banach space and ¢ :  —-Y a given function.

We consider the following partial differential equation

(1) L™Mulx) = clx), xe R,

*)

The symbol N denotes the set of all positive integers.
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2 A. Sadowski

where L = D....D_, with D = ;& , i = 1,2,...,n3 R N Tanta)
i

for 1sk<m; Lou = u. Equation (1) is called Mangeron's polyvibrating
equation of order nm with n independent variables.

By a solution of equation (1) in Q we mean a function u: Q@ —Y

"'Di Lkue Cm-k'1 for k = 0,1,...,m-1; 1<il<...<il<n;

1 1
1=1,2,...,n, satisfying equation (1) at each point xe 2.

such that Di

Admit the following notation

j for 1<j<i-1, 2<i<n,
L) -
j+1 for 1<j<n-1, l<isn-1,

-1
91 =S§ <0,AI (j)> for i = 1,2,...,n, and introduce the system
/. i

of surfaces Sl’ 52,. . Sn given by the equations
x, = f (x(i))
i i

. (1) i i i i
respectively, where x - (xl,xz,. .. ,xn_l) € 'Qi’ xj - xli(j) ,
i=1,2,.,.,n; j=1,2,...,n-1,
In this paper we examine a linear Goursat-like problem that con-
sists in finding a solution u of equation (1) in Q, satisfying on Si’

i=1,2,...,n, the boundary conditions of the form

(2) LTulx) =« N, (‘1)
i,r

(xe S x(l)eQ.), where N,  : 2 —Y (i =1,2,...,n; r=0,1,...
i i i,r i
...m-1) are given functions.
We make the following assumptions
1. The functions £ :_Qi—- <0’Ai> are of class cm-n+2 and sa-

tisfy the conditions
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Goursat problem for Mangeron equation 3

1 (i)
(3) Dli(j)f.(x Yy =0

1

(x(i)

e $2.31i=1,2,...,n; when x; = 0 for séme jeNs; jgn-1;

1 1-1
= 0 A - ? . = . . = $ -Z3
10 ,1, ,m-2), where Dli(l) DIi(J)DIi(J) for 1<1<n-2;
DIi(j)fi =5
Moreover, the surfaces Sl’ 52,. .ey Sn satisfy the relation
n ={e; =x =0}, p,g=1,2,...,n3 .
SpN Sy = qxefs x, = xg }pq n; pfq

. The functions N, _ :Q —= Yof class Cm-r+n-2’ satisfy the
conditions*
. . n-1
(4) N(.k)(x(l)) =0 for x(l)e QisTT x: =0,
LT ) t ]al

k=0,1,...,m-r¢m-3, i = 1,2,...,ny v = 0,1,...,m—1,

(5) NGy <k [ mn 7" for xPeg
i,r k 1 . ] 1
l<jsn-1
i=1,2,...,ny k =m-rm-2; r = 0,1,...,m-1, where Qis a positive

constant.

M. ¢ : —=Yis a function of class Cn-2-

In what follows we will use the notation

(6) M, = max max sup lDof.(x(l))l s
] X . i
Isisn |x| =j ‘Qi
j=1,2,...,mm-2, and o is the multi-index with n-1 components con-
cerniing the differentiation with respect to the coordinates of the point
x(l) and let
%)

Here and in the sequel, || -llk, k>1, denotes the norm in the
space Lk(Bl,Bz) of k-linear continuous functions, where B; and B,
are Banach spaces. The symbol || -llo is meant as the norm in B,.
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4 A. Sadowski

(7) M]’: =max (1, max M.), k =1,2,...,mm-2,
1gjsk

2. Auxiliary theorems
Lemma 1. (cf. Lemma 1 in papers [2] and [3]). Let a function

u :$2—=Y be given by

(8) u(x) = R_(x) +Z Z Gy D,

j=1 k=1
xe 2 x(k) e.Qk; k=1,2,...,n, where
X1 Xh n
(9) Rm(X)=[(m-1)!]-n ff ﬂ (xk-f]k)m-l C(Ql""’?n)dyl" d
0 0 k=l

(10)

, k k k k k
xI f (-9 P, m- ](?1’ PRY/NRL tRRR VA
0 0

for j = 1,2,...,m-1; wk,O - ?k,O’ where the functions g’k,m-j: QL--Y,
k=1,2,...,n; j=1,2,...,m, possess continuous derivatives

lsil<...<ils'n-1; 1=1,2,...,n-1, of

Pr ) PGP me g
class Cj-l, respectively. Under these conditions u is a solution
in §2 of equation (1) with ce C(Q).

Conversely, if u 1is a solution of (1) in$, then there are func-
tions Pe,moj .Q——Y k=1,2, ..,n: j=1,2,...,m, possessing the -
afore-said der1vatives of class C:| such that (8)-(10) are satisfied

at each point xe 52 .
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Goursat problem for Mangeron equation 5

Lemma 2. The following inequality

. An-1-|«f -
(11) IDin(x(l))lsM; 1( min xg , x(l) € 8,
" \l<kg¢n-1

i=1,2,...,n; || €n-2, is valid.

Lemma 3. For each number ?\f satisfying the condition

m+n-3+6 -1/g
(12) o<xf<[(m-1)((2n-3)M’l*) ]
there is a number 6= 6(_7\f), 0<6<min(l, min Ai), such that
1<i<n
(i) g o-2-le
(13) |D°‘fi(x IS Af( min x_) , |x| <n-3

1<jgn-1

holds good for x(l) € 2.3 min x}< 63 i=1,2,...,n.
1<jgn-1 °
Lemma 3 is a consequence of Lemma 2.

Lemma 4. The following inequality
, m+n-2-r-k+8

(14) ||Ni(j‘g(xfi))||ksxl[(m+n-z-r-knj'1( min  x) ,

1<j<n-1
x(l) € .Qi; i=1,2,...m3 k=0,1,...,mm-2-r; r = 0,1,...,m-1,
holds good.
We prove Lemma 4 by using relations (4) and (5) and on applying
the Taylor formula.

Now let us introduce the functions a; j : .Qi—- R given by
’

j

r

x for r ¢ i,

(15) a 'y o
Tl (i)
fi(x ) for r =i,

(i)

when i<j, r= 1,2,,..,n-13 x e.Qi; l<i,j<n,
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6 A. Sadowski

xJ for r ¢ i-1,
i (1) T
(16). a (x
£l (1)
fi(x ) for r =i-1,
(1)

when j<i, r = 1,2,...,n-13 x e.Qi; l<i,j<n.

We consider the function sequences {zi—(a)} defined by

(17) & = ] gy N T
where

(18) 2 Ty ) ak" e 1y )

for o= 2,3,...3 r =1,2,...,n-1, and

(19) z:’-lz(l) ) - .k (1( )y

for r = 1,2,...,n-1 (k(x) = (kp,... k)3 1<kj<n; &y 4 k3
1=1,2,...,05 ky =3 «eo,; va1,2,...m

Lemma 5. There is a number qoe N such that if N 30(>0(o or

min x’< &, then 2

l<rgn-1

o 9 n-2
< const{A,) ( min x)
l<rgn-1

(20) max min y =)
k() 1<ren-1 Zr k(a)

The validity of Lemma 5 results from Assumption 1, Corollary 1
in {181 and Lemma 3.

Using formula (1.43) in [17] one can prove the following lemma
(ef. Corollary 1.3 in [17])

1)

Here and in the sequel const denotes a positive constant.
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Goursat problem for Mangeron equation 7

Lemma 6. The inequality

(21) |l zk(o:) L) < 1B en-a Tty T,

x(v)e.Qv; Ve 1,2,.,.,m3 1 =1,2,...,mm-2; = 1,2,..., holds
good. :
Let Rv’k(x(v)) = [R x)], ,fp(x(v)), ) €25 v = 1,2,...m5
k =1,2,...,m, with Rk defined by (9) with the replacement of m
by k.
Lemma 7. The inequality

(22) IR

y

{ (v kin-1-r
NG g

< const( min X,
1<jsn-1

v
x( )e_Q,, s V=1,2,...,n3 r = 0,1,...,k+n-25 k = 1,2,...,m, is

valid.

We omit an inductive proof of this Lemma.

Let
(23) Ky s -{cp:szk ~Y 5l NI <
<C(@) min x‘k j+n-2-'r+6}.
1€l<n-1

for x(k) € .Qk; k=1,2,...,n; r = 0,1,...,j4n-2; j = 1,2,...,m,
where C(@) is a positive constant depending in general on the func-
tion ¢.

For a fixed positive integer s such that 2<s<m and fixed func-
tion P m-i e m-j’ ke=1,2,...,n3 j=1,2,...,s-1, we consider

the functions
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8 A. Sadowski

k k
n *1 *n-1n-1 s-jel
(24) Q0 = ) G [ f [Tk
k=1 0 0 1=1

k k k k
x¢k,m-j(?1""’Qn-l)d?l"'d?n-l’ Xe R

»
(25) QVys’j(x ) - I:stj(X)]xV'fv(x(v)) ’

)

x ey 3 v=1,2,...,n; j=1,2,...,s-13 s = 2,3,...,m.
We have the following lemma whose inductive proof will be also
omitted .

Lemma 8. 1If Pk m- j exX m-j’ then

(r) (X(V))

26 il <
(26) 19,5, [
sin-2-r+8
< const max C(gok ,)( min x‘i) ,
1<ksn M1 \1<1¢n-1

(»)

X €8y v=1,2,...,n3 j=1,2,...,8-13 v = 0,1,...,s4n-2;

s = 2,3,...,m,

3. Solution of the problem (1), (2)

Let us observe that if u 1is a solution of (1) in Q, then by I.em-

ma 1, we have

n

(27) L™ %u(x) = R:(x) + Z ;ok’m_s(x(k)), xeQ,
k=1

(x) 2)

x € _Qk; ka&l,2,...,n; s =1,2,...,m, where

— A

2) As usual, we set Za.k = 0 for B<u,
k-q
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Goursat problem for Mangeron equation 9

s-1 -1 n
(28) R’;(x) = Rs(x) + Z {(s-r)![(s-r-l)!] n-l} Z(xk)s-rx

r=1 k=1

k

xl xk

f e m-j-1 k K K k

X v k k 1
A f ]_ (xj- Qj) ¢k,m-r(?1""’?n-l)dgl"’d?n-l'
0 j=1

Imposing on the function u (see (8)) the boundary conditions {2},
we obtain a system of linear functional equations, with the unknown

functions Pk m-s’ k=1,2,...,n3 s=1,...,m, of the form
,m-

n
(29) ¢i,m—s(x(i)) = Wi,m-s x(i) - Z P mes k(l\( (1)))
kl=1 1
k1¢i
x(i)e _Qi; i=1,2,...,n3 s=1,2,...,m, where
(30) w, Gy on Gy lre G,
i,m-s i,m-s i,s
(i) . .
(31) R:’s(x Yy - [R:\x)] x, = (x(l))
and z‘(l)(x( )) - (z1 k(l)(x(l))’ h 1,701 (1))) are given by
formula (19). Let us denote
o (i) (1)
(32) Vi,m-s(x ) - Z Wa,m s(zk(q)(x N,
ko)

x(i) € R;1i= 1,2,...,n3 s = 1,2,...,m; kla) = (kl,...,kq);
lskl<n; l(l # k1_1; l=1,2,...,08 k0 =i a=1,2,...
We will solve (29) by using the iteration method (see [12]).



10 _ A. Sadowski

Theorem 1 (cf. Theorem 1 in [3]). 1f Assumptions -1l are
satisfied then for each l<slem the system of functions {wi m s} ’
,m-~

i=1,2,...,n; s =1,2,...,1, given by

[~
(1) (1) x (1)
(33) g’i,m-s(x ) - Wi,m-s(x ) +Z Vi,m-a’.(x )
o =]
is a solution of the system of functional equations
n

(i) (i) i D
(34) ?)i,m-s(x ) = Wi,m_s(x ) - Z‘ ¢k1,m-s k(l) ty,

k,=1
1,:
k1#1

x(i)e .Qi; i=1,2,...,n3 s=1,2,...,1, in the set$. This is the
unique solution of system (34) in the class 9(1 of all systems of func-
tions {‘Pi,m-s}’ such that ¢i,m-s € ‘xi,m-s for i = 1,2,...,n;
s =1,2,...,1 (see (23)).

Proof.  Apply mathematical induction with respect to 1. Let
l=1, We will ﬁrove the uniform convergence of the series

Ot(r) (x (1))

1m1

Ma

(where i = 1,2,...,n3 r = 0,1,...,n-1) in the set

-

GB
§2. In virtue of formulas (30), (31) and Lemmas 4 and 7, we have

(]‘) (i) ] i n-r-1+e
(35) lw (x )||r < const{ min X ,
i

i,m-1 .
1<ign-

,.4

x(l) € Qi; i=1,2,...,m3r =0,1,...,n-1.

f «>a, or min x' < &, then the relations (20) , (21) and
I<jgn-1 :
(35) imply the inequality

cx(r) G (l)ﬂlrgconst [(n-l)(7\f)n'r'1+e((2n-3)M’1‘)r]°‘x

i n-r-1+6
x( min  x, ,
1<jen-1

- 500 -
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Goursat problem for Mangeron equation 11

i=1,2,...,m3r =0,1,...,n-1. If « so(o and min x;>6 , then
l<jen-1

\n-r-1
(37) v’ "(‘” LD < const< min xén roi+8
1 1

<jsn-

i=1,2,...,n35r =0,1,...,n-1.

As 0< (n-1)(Af)“""l‘“e((zn-s)M’{)Q 1 (ef. (12)) for
r = 0,...,n-1, the series appearing in formula (33) with s = 1, as
well as the series obtained by its differentiation of order r=1,2,...,n-1,
are uniformly convergent in %, whence and by (33), (36) and (37)
the functions ® m.qr 1=1,2,...,n, given by (33) for s = 1 belong
to the classes xi m-1 respectively. We will show that { ?; _1}

’
i=1,...,n, satisfies the system of functional equations

(i) (1) (i)
@8 g e ew e Z i m- l(zk(l)(x ).
=1

ki#l
Setting kg = lg.q and a-1 =pu for a>2 in (32), we get (cf. (18),
(19))

. k

i (1) 1 (i (1)

- ( =

T T o\ ™ ))’

where 1(u) =~ (11,...,1#); 1], ) lj-l; i= 1,200, 1 = k;.
Basing on this relation and using (32), (33), we obtain the follow-

ing sequence of equalities

n
(1) 1)y i (1)
Soi,m-l(x ) - Wi.,m-l(x ) - Z {wkl,m-l(zf(l)(x )>
k1-1
kj#i
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12 A. Sadowski

oo k °
By (L (i)> } _
DI le,m-1<zl’(m 2y )> -

u=1 1)
- {
(1) i 1)
= . - - ( ’
Wi,m-l(x ) Z §0k1 ,m-1<zk(1) x )>
k,=1
klﬁi

which imply that the system of functions {goi m 1}, i=12,...,n,
, M-

given by (33) satisfies (38) in the set £, as required.
Now we shall prove that (38) has exactly one solution such that

P ome1€ % ool i = 1,2,...,n). To this end let us note that if
g H4l= g L=

{%’.,m-l}’ i=1,2,...,n, is a solution of (38), then

s-1
(1) (1) & (i)
gDi,m-l(x ) = Wi,m-l(x )+ Z Vi m-l(x )+

A=)

+ (-1)° Z P m 1<zi (x(i))> , s>=1.
s’

k(s) k(s)

As, by assumption, P me1€ in me1’ Lemma 5 implies that
b ? -

I

—o-

i
o Z_g
ki) ks’m'l k(s)
Thus, the functions P me1’ i=1,2,...,n, are expressed by for-
mula (33) for s = 1, which ends the proof of Theorem 1 for 1 = 1,

ma 1.

—= 0, when s —= o,

Let us assume that m>2 and that Theorem 1 is valid for lslslo,
where 1s10<m. We will prove that it is also valid for 1 = 10+1, i.e.

that
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(1) 1)
(39) cpi,m-(lo+1)(x ) = Wi,m-(lo+1)(x ) +
n
i (i)
) Z_¢k1,m-(10+1.) <z].<.(1)(x )> ’

k1=1

k™ 4i
x(i)

e _Qi: i=1,2,...,n, possesses exactly one solution {¢i,m-(lo+l)}’

i=1,2,...,n, such that ¢ 1)° with the functions

i,m-(10+1) € xi,m-(lo+

1) 8iven by formula (33) for s = 1.+1.

¢E,nn-(1o 0

By the inductive assumption, definitions (30), (31) and Lemmas 4,

7, 8, the inequality

(r)

i,m- (1O+1

/ i 10+n-1-r+6
(40) Itw )

)(x(i))ll sconst( min  x
r )
l<jen-1

j b
(1) .
x € _Qi; i=121,2,...,n31r = O,1,...,1O+n-1, holds good.

f x>x, or min x. <&, then inequalities (20), (21), (40)
. lgjen-1
imply

. 1. +n-1l-r+8
) 17, D 0yl < cons [(a-1y (2 °

Alain-lar+8
. i\o
X< min x,> ,
l<jen-1 J

((2n-3)M’{)“]°‘x

ia1,2,...,n;r=0,1,...,.10+n-1. And if xgax~ and min xi.ad,

Igjen-.1 ]
i=1,2,...,n3 1 = 0,1,...,10+n~1, holds true.
Io+n-1-r+8 -
Since 0<(n-1)(7\f) ((Zn-S)Ml) <1 (cf. (12)) for
r=20,... ,10+n-1, we can conclude, analogously as in the case s = 1,

that the functions ¢,

£,m-(1+1) (i =1,...,n) defined by formula (33)

- 1
(for s lO+1) belong to the class :ki,m-(10+1

- 503 -
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14 A. Sadowski

Using an argument analogous to that for 1 = 1 one :an prove that
the system of the said functions is the only solution of (39) such that

‘pi,m-(loi-l) € xi,m-(lo+1)' Hence and from the inductive assumption

we can conclude that Theorem 1 is valid for 1 = 10+1. Using the in-
duction principle we end the proof of Theorem 1.

Lemma 1 and Theorem 1 imply the following theorem.

Theorem 2. If Assumptions I-III are satisfied then the Goursat-like
problem (1), (2) possesses a solution (8), where the functions wk,m-
are defined by (10) with P, m-j & given by (33) and satisfying the system
of functional equations (29), The solution (8) is unique in the set of all
solutions u of equation (1) such that the system of functions { Pk, m- } ,

k=1,2,...,n3 j=1,2,,..,m, appearing in (10) belongs to the class %m'
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