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AND STRONGLY UNIFORM BCK-ALGEBRAS 

Let U be a uniformity on a un iversa l a lgebra (A; F ) . 

(A; F ; U) is called a uniform a lgebra if each operat ion f e F i s 

uniformly continuous on A (with r e spec t to U ) . It i s shown that i s 

embeddable, a s a dense subalgebra , in a complete uniform a lgebra of 

the same type as Jt . If (A; I t ) i s Hausdorff , then has a Hausdorff 

completion Jt , which i s unique up to an isomorphism which f ixes A 

pointwise, and the embedding J t~~J i may be descr ibed a s a ca tegory 

re f lec t ion . 

Special considerat ion i s given to the c a s e of (Hausdorff) uniform 

BCK-algebras and to conditions under which the i r (Hausdorff) comple-

t ions a r e also BCK-algebras . 

0 . Introduction and pre l iminar ies 

We assume a familiari ty with the theory of BCK-algebras ( a s ge-

n e r a l r e f e r e n c e s , we recommend [2] and [3] ) . The binary operat ion 

on a BCK-algebra will be denoted by juxtaposit ion. 

Let (A; . , 0) be a BCK-algebra . We denote by Id (A) ( r e s p . 

Con(A)) the complete lat t ice of all ideals ( r e s p . all j . ,0 j -congruen-
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2 J . G . Raftery, T . Sturm 

ces ) of A. If l € Id (A) and 8^ - | (x ,y ) e AxA: x , y yx e l } then 8^6 

€ Con( A) and A/9^ i s a BCK-algebra ( see [ 3 , p. 12] ) . Conversely 

if 8 € Con( A) and 8 ( 0 ) - j x e A: ( x , 0 ) e e } then 9 (0 ) 6 ld (A) . If A i s 

a member of a j . ,o |-variety of BCK-algebras then the mappings 

I ' — 8 ^ , 8 i—— 8(0) are mutually inverse lattice isomorphisms between 

Id(A) and Con(A) [.2,p. 108]. It should be noted that the c la s s of all 

BCK-algebras i s not a { . ,o | -variety [ 8 ] and that there exist BCK-al-

gebras A for which Id(A) and Con(A) are not isomorphic £5, Re-

mark 9] . 

Throughout this paper, R shall denote the class ical linearly or-

dered group of real numbers and CJ the set of all non-negative inte-

ger s . 0 shall denote both the real zero and the zero element of a 

BCK-algebra. If S and T are sets then for each i e T , Jr. shall denote 
T 1 

the i-th projection map S — S . 

We assume a familiarity with the theory of uniform spaces . In this 

regard , our terminology accords with that of [4-]. If ( S , U ) i s a uni-

form space and U, Ve U , we define 

UoV . j (x ,y)e S x S : there exists zeS such that ( x , z ) € U and ( z , y ) e v j ; 

1U - U; (n+l)U - (nU) ° U ( 0 < n € c o ) . 

Recall that every uniformity has a "symmetric b a s e " , i . e . , a base 

consisting of sets TJ where U - U" 1 - j ( x , y ) e S x S : ( y , x ) e u } [4, Theo-

rem 6 . 6 ] . A uniform space ( S , 1 i ) i s Hausdorff ( i . e . the uniform to-

pology on S induced by It i s Hausdorff) if and only if H 11. idg -

- | (x ,x ) :x fc s } , if and only if Hoi - idg for any base ¿8 for U . 

Where products of uniform spaces a r i s e , it will be assumed that 

they are endowed with the product uniformity ( see pp. 180-184]). 

In particular, if ( S , d ) i s a pseudo-metric space and 0 < m 6co , then 

S m will be considered to have been endowed with the so-called "max-" 

pseudo - metric, also denoted by d, i . e . 
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Completions of uniform a lgebras 3 

d l x . y ) - m a x { d ( x ( i ) , y ( i ) ) : l s = i i m } ( x , y ) f e S m ) . 

The following notational convention wi l l be adopted: Let ( S , U ) be 

a uniform space with D 6 11 . If 0< m e go and f i s an m - a ry operation 

on S , we define 

f _ 1 ( D ) - { t x , y ) 6 S m Y S m : i f C x ) , f ( y ) ) £ d ) . 

Let t •» ( F ; a r ) be a "type" of a l gebras , i . e . F i s a set of ope-

rat ion symbols and a r : F—— o> i s the a r i t y function. We define 

F+ - { f 6 F : arCf) > 0} 

( i . e . , F i s the set of a l l non-constant operation symbols in F ) . 

A structure J . - (A ; F ; U) i s cal led a uniform a lgebra ( r e sp . a com-

plete uniform a lgebra ; a Hausdorff uniform a lgebra ) of type t i f : 

( i ) ( A ; F ) i s a universa l a lgebra of type t , 

( i i ) (A;1L) i s a uniform space ( r e sp . a complete uniform space ; 

a Hausdorff uniform space) and 
a r ( f ) 

( i i i ) for each f e F , the mapping f^ : A — » - A i s uniformly 

continuous in U . (In the absence of any possible confusion we shal l 

denote f^ by f ) . 

In par t i cu l a r , if U i s the (pseudo-) metric uniformity induced by 

a (pseudo-) metric d on A £uid (A; F ; Ii.) i s a uniform algebra of 

type t then (A; F ; Ii) wi l l be cal led a (pseudo-) metric a lgebra of 

type t . Such a lgebras and their completions were studied in [ 6 ] . n 

1. In this paper , we consider uniform a lgebras and their comple-

t ions. While the r e su l t s a r e quite genera l , they a rose out of a consi-

derat ion of uniformities on BCK-a lgebras : a uniform BCK-algebra 

(A ; . , 0,11) wi l l be ca l led a strongly uniform BCK-algebra if it sa -

t i s f i e s the following condition: for any Cauchy nets (x_; and 
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4 J.G. Raftery, T . Sturm 

(y^; 3-6 r ) m A such that the nets (x^-yj.; 3*6 P) and (y^x ? ; ^ e T ) 

each converge to 0, the net ( (x j - ,y j - ) ; f e T ) in A* A is eventually 

in every element of 11 . Note that such an algebra also satisfies 

( x y , 0 ) , ( y x , 0 ) e n i l = > C x , y ) e n u 

for all x , y e A . We cite some examples. 

1.1. A structure (At 0; n ) is called a pseudo-normed BCK-al-

gebra if ( A ; . , 0) is a BCK-algebra and n is a pseudo-norm on A , 

that is , a real valued function on A satisfying n(0 ) = 0 and n (x ) ^ 

g n ( x y ) + n ( y ) for all x , y e A . We call n a norm (and ( A ; 0; n) 

a normed BCK-algebra) if in addition, x =» 0 whenever n ( x ) - 0. 

(Pseudo-) normed BCK-algebras were introduced and studied in [ 6 ] : in 

particular if A is interpreted as an algebra of sets and • as the ope-

ration of set difference then a pseudo-norm on A has some of the pro-

perties of a measure; on the other hand if A is an implicational calcu-

lus and xy denotes the propositional formula y — x then pseudo-norms 

on A may be interpreted as "falsity-valuations". A (pseudo-) norm n 

on a BCK-algebra A defines a (pseudo-) metric d^ on A : we set 

d ( x , y ) = n (xy ) + n ( yx ) , x , y e A. In [ 6 , Lemma 2] it was proved that 
n 2 the BCK-operation • : A —— A is a uniformly continuous mapping, so 

( A ; . , 0; d^) is a (pseudo-) metric BCK-algebra. The set 

<0 - j { ( x , y ) 6 AxA : d n ( x , y ) < c} : 0< e 6 r | 

is a symmetric base for the (pseudo-) metric uniformity 11 on A in-

duced by Now if (x^; y e P ), (yj-; j r e T ) are Cauchy nets in A 

and the nets (xj-y^.; 3* fc f* ) converge to 0 then for 0 < t £ R , and suffi-

ciently large f e P we have 

dnCx3-yr'0)' dn{yrxr>0) < e/2> 
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Completions of uniform algebras 5 

hence 

n { x T y r ) + n { y T x T ) < 6 , 

i . e . 

V * ^ ^ £ • 
It follows that (A; . , 0 ; U) i s a strongly uniform BCK - algebra. • 

1 .2 . In [ l ] , Alo and Deeba showed that if (A; . , 0) is a BCK-al-

gebra then - 1 l e l d t A) | is a base for a uniformity on A. Actu-

ally is a base for the discrete uniformity on A, since id^ -

6 V. . However, nontrivial uniformities on A may be obtained in the 

same way if we replace by any non-empty subset ¿8 of Con(A) 

which is closed under finite intersections. We prove a more general 

proposition. (F i rs t recal l that a universal algebra (A; F ) (of given 

type) is said to be subdirectly reducible if 0 Con.p(A)\ j i d ^ j » id^ , 

where Con_(A) is the complete lattice of all F-congruences on A, in r 
which case (A; F) may be decomposed nontrivially as a subdirect pro-

duct of algebras of the same type. It can be shown that a BCK-al-

gebra (A; . , 0) is subdirectly reducible (as an algebra of type ( 2 , 0 ) ) 

if and only if fl 

l d ( A ) \ { { 0 } } - { o } ) . • 

1 .3 . P r o p o s i t i o n , ( i ) Let (A; F ) be an algebra of type t 

and let «6 be a subset of Conp(A) which is closed under finite inter-

sections. Then «4 i s a base for a uniformity U on A and (A; F ; U) 

is a uniform algebra of type t . If (A; 11) is Hausdorff but It is not 

discrete then (A; F ) is subdirectly reducible. 

( i i) Let (A; . , 0) be a BCK-algebra and 06 a non-empty subset 
of 3. which is closed under finite intersections. Then «6 is a base A 
for a uniformity It on A and (A; . , 0 , I t ) is a strongly uniform 

BCK-algebra. 

P r o o f . ( i ) Each element 0 of o0 , being an equivalence re la-

tion on A, satisfies i d ^ c Q " ^ - 9 - 29, where A is a base for a uni-

formity U on A. If f e F + with ar ( f ) - m, then 
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6 J .G . Raftery, T . Sturm 

Q - n j j 7 \ H 9 ) : i - 1 m} 

is an element of the product uniformity on A m , and since 8 is a con-

gruence relation, we have, for x , y e A m , 

Cx,y)e 9 = s * ( f (x) , f (y) ) e 9 

whence f is uniformly continuous. If the uniformity on A is not dis-

crete then D C o n F ( A ) \ j i d A J c < 0 • fl U and the last assertion follows. 

( i i ) It follows from (i) that 06 is a base for a uniformity It on A 

such that (A; . , 0 , U) is a uniform BCK-algebra. Now let ) 

and Cyj.; J - e D be Cauchy nets in A with Cxj-y^.; y e P ) and Cyj-x^; j-eP) 

each converging to 0. Let 9^ 6 <& . For sufficiently large tf we have 

(xj-yj., 0 ) , Cy rxy ,0) e S j , whence (xy,yy) e (since A/9^ is a 

BCK-algebra). We deduce that (A; . , 0 ; U) is a strongly uniform 

BCK-algebra, a 

1 .4 . A complete Hausdorff uniform BCK-algebra (A; . , 0 ; U) is 

strongly uniform. Indeed if Cxy.; J- e P) , Cyj-; 3* e P) are Cauchy nets 

in A, then they converge, say to x and y respectively. Since • is 

uniformly continuous, the nets Cxj-yj-; jtF), Cyj-xy; j-fcP) converge 

to xy and yx respectively. If these latter nets also converge to 0 , 

then since (A; It) is Hausdorff, we have xy « 0 « yx, hence x = y. 

Therefore the net ( (x j . ,yy) ; fre D is eventually in every element 

of U . n 

Another class of strongly uniform BCK-algebras will be identified 

in Corollary 14-. In section 15 we shall present examples which show 

that neither a complete uniform BCK-algebra nor a Hausdorff uniform 

BCK-algebra need be strongly uniform, and that a Hausdorff strongly 

uniform BCK-algebra need not be complete. 

TJA shall denote the category of all uniform algebras of a given 

type t , where for Jt - (A; F ; It) and J8 - ( B ; F ; Y ) in UA, 

a map h: Jt —-A is a UA-morphism if and only if 
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Completions of uniform algebras 7 

(i) h: (A; F) — ( B ; F ) is a homomorphism of algebras, and 
til) h : (A; U) —"-(B; T ) is a uniformly continuous function. 
We shall also consider the following full subcategories of UA: 
HA, whose objects are the Hausdorff uniform algebras of type t ; 
CA, whose objects are the complete uniform algebras of type t ; 
CHA, whose objects are the complete Hausdorff uniform algebras 

of type t . 

2,. L e m m a . Let Jt - (A; F ; U) be a uniform algebra of type t . 
Then H U is a congruence relation on (A; F ) . If A* - A/DU , and 
ll*= {u* : U 6 u } where U* = {(X,Y) € A**A*: (x,y) e U for all x e X, 
y e Y} then the canonical surjection ^ » : A—»- A* is an HA-re-
flection of Jk onto Jt** (A*; F ; li*). 

P r o o f . Let <3> be a symmetric base for U . Then H oO » f l U . 
For each D 6 <Sb , we have id^C D - D ^ s o f l i t if reflexive and sym-
metric . Transitivity of 0 U follows from the fact that each D e <C con-
tains 2E for some Ee<fi , while the uniform continuity of each f e F 
ensures that OU is an F-congruence relation on A. There is no dif-
ficulty in checking that is also a uniform algebra of type t and 
since f i l l*» i d A # , we have HA. Clearly Hom^Coi,^*) • 

If 3 - (B; F ; T ) 6 HA and <$e HOIIL^U , 3 ) , define A* — B 
by -$>(x) , where x e X e A*. is properly defined since $ is 
uniformly continuous and ( B , Y ) is Hausdorff. Since $ is a XJA-mor-
phism, it follows that is an HA-morphism, unique such that - <p. 
Thus * is an HA-reflection. • 

Note that in case ^ is a pseudo-metric algebra, J t* is the me-
tric identification of Jt and the above result specializes to [6, Lem-
ma 3j . 

The following result is an algebraic variant of the "Metrization 
Lemma". 
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8 J .G. Raftery, T . Sturm 

3_. L e m m a . Let J i - (A; F ; U) be a uniform algebra of 

type t . Let (D^; n e c j ) be a sequence of elements of U such that : 

(1) Dq - A*A, 

(2) 3D , £ D and n+1 n 

(3) 0 ( J r 1 " 1 ^ n + 1 ) : i -1 m } c f _ 1 C D n ) 

for all n e cj and all f e F + with a r ( f ) - m. Then there exists a pseudo-

- metric d on A such that 
Ci) D n c j u , y ) fe AxA: d(x ,y) < 2 ~ n } c Dn l for 0 < n e w 

Cii) (A; F { d) i s a pseudo-metric algebra of type t . 

P r o o f . The conditions of the Metrization Lemma C4-, Lemma 6. 12] 

hold so there exists a pseudo-metric d on A satisfying Ci). Let 

f e F + with a r ( f ) - m and let 0 < £ e R be given. Choose n e w such that 

2 - n < 6 . Let 6 - For x , y e A m , we have 

d ( x , y k ( 5 = i > d ( x ( i ) , y ( i ) ) < 6 ( i -1 m) 

= > (x( i ) , y ( i ) ) 6 D n + 1 U - l , . . . , m ) 

= > ( f C x ) , f ( y ) ) e Dn 

d ( f U ) , f ( y ) ) < 2 ~ n < t 

so f i s uniformly continuous in d , and Cii) follows. • 

If (A, I t ) i s a uniform space and Q i s a family of pseudo-metrics 

on A, we define V ( d , £ ) C A * A by 

V(d , 6 ) - { t x , y ) f e A x A : d ( x , y ) < e } 

for d 6 Q and 0 < £ e R . The set 

{ v ( d , 0 : d e Q, 0 < £ e R} 

is a subbase for a uniformity U (Q) on A. If U - U ( Q ) , we say that 

i s generated by Q. 
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Completions of uniform algebras 9 

U. C o r o l l a r y . Let A « (A; F ; II) be a uniform algebra of 

type t and suppose F + i s finite. Then U is generated by the family Q 

of all uniformly continuous pseudo-metrics d such that 

fy. ( A a r C f \ d ) — (A,d) is uniformly continuous for each f e F . 

P r o o f . If d e Q and 0 < e e R then V(d ,e ) contains an element 

of U by [4, Theorem 6.11, p. 183]. On the other hand if D e U , 

define 

Dq - AxA, D 1 - D 

and choose E e U such that 3 E c D . Noting that for each f e F + (with 

ar ( f ) = m), f ^(D) is a member of the product uniformity on A m , we 

may choose G. . . . . . G. e U such that J f , l f ,m 

n { j r [ 1 ( G f .) : i = l , . . . , m } c f _ 1 C D ) . 

Let D2 = E n ( n { G f , : i - l a r ( f ) ; f e F + } ) . Then for each f e F + , 

n | ^ 1 ( D 2 ) : i=l a r ( f ) } c f ' 1 l D ) , and 3 D 2 c 3 E C D . 

Continuing in this fashion, we obtain a sequence (D^; n e w ) satisfying 

the conditions of Lemma 3. It follows from Lemma 3 that there exists 

d€ Q such that V(d, | - ) c D , hence the result. • 

If <A - (A; F ; It) is a uniform algebra of a given type and (B ; F) 

is a subalgebra of (A; F ) , we call J3 = (B ; F ; l i_) a uniform sub-D 
algebra od A , where 

U B - { U n (BxB) : U e l i } . 

J5. T h e o r e m . Let A - (A; F} "U) be a uniform algebra of 

type t. Then Jt is isomorphic to a uniform subalgebra of a product 

of pseudo-metric algebras of type t . If A i s Hausdorff and F + is 

finite then A i s isomorphic to a uniform subalgebra of a product of me-

tric algebras of type t . 
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10 J . G . Raf tery , T . Sturm 

P r o o f . Let Q be as in Corollary A. For each d e Q, set = 

= (A; F ; d) and let ^ —^ o?* be the metric identification of 

Let J t ' " n ( j i d ; d 6 Q ) , T1 U * ; d e Q ) . Define Jt — - j? ' by 

jr<f>{x) - x ( x e A , d 6 Q ) . 

<P is c lear ly a one-to-one F-homomorphism and since It contains each 

V(d , 6 ) , It i s the smallest uniformity on A making each Jr^ <p (and 

hence <t> i tsel f ) uniformly continuous. Now suppose Jf is Hausdorff 

and F + i s finite. Then the map y> : Jb—~Jl" defined by 

jrdY>(x) . >dCx) ( x f c A , d e Q ) 

is one-to-one (s ince by Corollary 4-, any two distinct points x , y e A 

must satisfy d ( x , y ) / 0 for some d e Q ) , and an F-homomorphism. 

Since each is uniformly continuous, so is y>. • 

It is not c lear whether the res tr ic t ion on F + in the latter assert ion 

of Theorem 5 may be dropped. We consider Theorem 5 to be of interest 

in i ts own r ight : in particular it implies that any uniform BCK-algebra 

is uniformly BCK-embeddable in a product of pseudo-metric BCK-alge-

b r a s . As a c a s e of special interest we may consider the strongly uni-

form BCK-algebras whose uniformities are induced by sets of ideals . 

Let A, «¡8, U and Jt - (A; . , 0 ; It) be as in Proposition 1 . 3 ( i i ) and let 

Q - { ^ n ! n i s a pseudo-norm on A anc d^iAxA—»-R is uniformly conti-
nuous 

We may show that tl i s generated by Q. If d ^ e Q then 

J - J n - | x e A : n ( x ) - o } 

i s an ideal of A [6« Lemma l ] and it i s easy to see that V ( d n > £ ) 

for each r e a l t > 0 . Conversely, given Qj 6 «8 , define n : A—»-R by 
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Completions of uniform algebras 11 

f 0 if x e J 
n (x ) - J 

[ 1 otherwise . 

By C6, Lemma l ] , n i s a pseudo-norm on A and 

d^Cx ,y) < 1 n(xy) - n(yx) - 0 
<=> * y , y * e J 

so , 1) = 8 j . Hence d^e Q and XL i s generated by Q. It follows 

in the spirit of Theorem 5 that Jt i s uniformly embeddable in 

FI( (A; . , 0 ; d ) s d € Q ) . Furthermore the metric identification n n 
( A * ; . , 0 , d * ) of a pseudo-normed BCK-algebra (A; . , 0 , d^) i s 

a normed BCK-algebra [ 6 , Theorem 10(i i ) ] so if (A; II) i s Haus-

dorff ( i . e . D c6 = i d ^ ) , the method of Theorem 5 may be applied to 

prove that Jf is uniformly embeddable in IK ( A * ; . , 0 ; d * ) s d^e Q ) . 

In summary: a uniform ( re sp . Hausdorff uniform) BCK-algebra whose 

uniformity i s induced by a set of ideals i s isomorphic to a uniform 

subalgebra of a product of pseudo-normed ( r e s p . normed) BCK-al-

gebras . 

At the same time the purely topological counterpart of Theorem 5 

[4 , Theorem 6 . 1 6 , p . 188] plays a key role in the construction of 

completions of uniform spaces . Indeed, if (A ; 11) i s a uniform space 

embedded in a product of (pseudo-) metric spaces (A^;d^) then the 

c losure of (A; "U) in a product of (pseudo-) metric completions of the 

( A ^ j d J i s a uniform completion of (A ; U) E4, pp. 196-197]. Natu-

ra l ly we would like to be able to embed Hausdorff uniform algebras 

(A; F ; U) into complete Hausdorff uniform algebras in a similar man-

ner without imposing restr ict ions on the cardinality of F + , but Theo-

rem 5 will not lead to such a general resu l t . Fortunately we may still 

obtain a general embedding theorem if we f i r s t consider a (purely to-

pological) completion (A; U) of the underlying uniform space (A; U) 

and extend each operation f to a uniformly continuous operation on A. 
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12 J.G. Raftery, T. Sturm 

Recall that the closure B of a subset B of a uniform space (A, It) 

consists of all points x € A to which some Cauchy net (x^: j e T ) in B 

converges [A, Theorem 6 . 2 1 ] . If A - B then B i s called a dense sub-

set of (A, U ) . 

6. L e m m a . Let 3 « ( B ; F ; U g ) be a uniform subalgebra <A-

= (A;F; U ) . Let f e F with ar ( f ) = m and suppose that for i - l r . . . ,m 

there exists a (Cauchy) net Cxq,; ot e r \ ) in B which converges to x^e A. 

Then there exists a (Cauchy) net (z^; j-6 T ) in B which converges 

to i J t K U 1 , . . . , x m ) . 

P r o o f . Let / " . n C / ^ : i - l , . . . , m ) and define, f o r $ , T , 

yc^r'iff j ( i ) < j'Ci) for i - l , . . . , m . 

Then P is a directed set . For j e T , define 

Let D € U and choose E 6 U such, that njjr~ 1 CE): i - 1 , . . . , m | c 
_ i 1 

£ f » CD). For i - 1 , . . . ,m, choose a . 6 r . such that « . < x £ r . ^ " i i 1 1 
(x~ ,x.) e E. Let a - ( a . . , . . . , a ) . Then " I i m 

a < 3 * € r = > Cxy ,x) e n j j r ' k E ) ; i - l , . . . , m j 

Czj-.f^Cx)) 6 D, 

and it follows that the net Czy; ;f 6 T) converges to f Cx). • 

]_• C o r o l l a r y . Let 3 - ( B ; F ; l / g ) be a uniform subalgebra 

of Jk <* CA;F;Ii) and let £ - (C.;F;T) be a Hausdorff uniform algebra 

of the same type. Let <p : CB;tig) — ( C ; Y) be a uniformly continuous 

function. 
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Completions of uniform algebras 13 

( i ) B » C B ; F ; U is a uniform subalgebra of Jt . 
JD 

( i i ) If <P I g i s an F-homomorphism then so i s (|>. 

( i i i ) If C is complete then every UA-morphism form 3 to C may 

be extended uniquely to a UA-morphism from £ to C . 

(.8 will be called the c losure of ® in J l ) . 

P r o o f , ( i ) follows immediately from the previous lemma. 

Cii) Let f e F with arCf) - m and let x - Cx, , . . . ,x ) 6 i ) m . F o r 1 ' m 
1 = 1 , . . . ,m, choose a Cauchy net ( x a ; a. e /"•.) in B converging to x ^ 

S ince <pi i s uniformly continuous, the net (<£(.xa); cx e r\) converges to 

<J>(x.) for each i . Let f be the directed set IT r . . F o r r e T , i I 0 ' 
define x j . and z j- as in Lemma 6 , and also 

y<r = W x r c i ) ) " f c ^ 

By the proof of Lemma 6 , y e O converges to f^Cx) add (wyiyeT) 

converges to W>(xj) , . . . ,<J>(*m)). S ince ct> i s uniformly continuous, 

the net (<KzgO; y e T ) must converge to (fcCf̂  ( x ) ) . Now since <f>|B i s 

an F-homomorphism, we have 

<Mz r) <i»Cf3Cxy)) - f ^ t y , . ) 

( J 6 r ) . S ince C i s Hausdorff, it follows that 

O l f j U M - f ^ U j ) , . . . , c p u j ) 

and so <p is an F-homomorphism. 

Ciii) Let t be complete and let q : 5 — - Z be a UA-morphism. 

By [ 7 , Theorem 3 9 . 1 0 ] , q : ( B ; U g ) — - ( C ; X ) may be extended uni-

quely to a uniformly continuous function q : ( B ; U g ) —— ( C ; T ) and 

2 is a UA-morphism by ( i i ) . • 

.8. T h e o r e m . Let J t be a uniform algebra of type t . Then 

A i s isomorphic to a dense subalgebra of a complete uniform algebra 

A of type t . 
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P r o o f . By Theorem 5 , <fi i s isomorphic to a uni"<-<rm subalgebra 

of a product of pseudo-met r ic a lgeb ra s of type t , each of which i s i somor -

phic to a uniform suba lgebra of a complete pseudo-met r ic a lgebra of 

type t [ 6 , Lemma 4 ] . The product C of these complete a lgeb ra s i s a 

complete uniform a lgebra of type t and contains the c lo su re Jh of the 

image of i a s a complete uniform subalgebra (by Coro l l a ry 7 ( i ) ) . • 

9_. T h e o r e m . Let Jt be a Hausdorff uniform a lgebra of type t . 

Then Jl i s isomorphic to a dense suba lgebra of a complete Hausdorff 

uniform a lgebra J l which i s unique in the sense that if -3 i s any com-

plete Hausdorff uniform a lgeb ra containing Jl a s a dense uniform sub-

a lgebra then the identi ty map on -A extends to a unique isomorphism 

f rom i to 3 . The embedding Jl —— ji i s a simple CHA-ref lec t ion 

of Jl . 

P r o o f . Let Jl = ( A ; F ; l i ) . By [ 4 , Theorem 6 . 2 8 ] , (A;U) i s 

uniformly isomorphic to a dense subspace of a complete Hausdorff un i -

form space (A;1 i ) . F o r each f € F (with arCf) = m, s a y ) , f ^ i s a 

uniformly continuous funct ion f rom A m to A (with r e s p e c t to U) . S ince 

(A ; U ) i s a complete Hausdorff uniform space containing A a s a 

dense subspace , it follows f rom [ 7 , Theorem 39 .10] that fyj. may be 

extended uniquely to a uniformly continuous funct ion f j : A m —«- A, so 

we obtain a CHA-object Jl = (A;F;XL) and an HA-embedding Jt—^Jt. 

If 3 e CHA and <t> : J 2 i s an HA-morphism then by Coro l l a ry 7 , 

<f> may be extended to a unique CHA-morphism y> : Jl -—A , so Jl >— M-

i s a simple CHA-re f l ec t ion . In p a r t i c u l a r , if Jl i s a dense suba lgebra 

of 33 then i d ^ extends to CHA-morphism y : Jl—.-Jand q: 2 

Since $ *P\jf ° i • id j j | ^ , it fol lows f rom Coro l l a ry 7 than £ y = i d ^ 

and s imi la r ly TfiQ« id^ . Thus y> is an isomorphism. • 

If M> i s a c l a s s of u n i v e r s a l a l g e b r a s of type t , then a uniform 

a lgebra Jl •» ( A ; F ; 2i) wil l be ca l led a uniform Ji - a l g e b r a if ( A ; F ) e Ji . 

Bear ing in mind the cons t ruc t ion of the (Hausdor f f ) uniform completion 
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of a (Hausdorff) uniform space described in Theorem 8 and the re -

marks following Theorem 5 , the following theorem is an obvious con-
„ A 

sequence of Lemma 2 and Theorems 8 and 9. The symbols Jt , Ji and Jb 

are used in the sense of the statements and/or proofs of these three 

resul t s . 

10. T h e o r e m . Let JL be a c l a s s of universal algebras of 

type t and let be a uniform JL-algebra. 

( i ) If JL i s closed under the formation of homomorphic images 

then j f * i s a Hausdorff uniform Jl-algebra. 

Cii) If JL i s closed under the formation of direct products, iso-

morphic images and subalgebras then i i s a complete uniform Jl -a l-

gebra. 

(iii) If JUL i s closed under the formation of direct products, ho-

momorphic images and subalgebras and Jt i s Hausdorff then J? i s 

a complete Hausdorff uniform Jl-algebra. • 

We shall now consider c l a s se s of BCK-algebras and obtain a 

BCK- analogue of Theorem 10. Having already noted that the 

. ,oj-quasi-variety of all BCK-algebras i s not a variety, we should 

not expect the Hausdorff completion of every Hausdorff uniform BCK-al-

gebra to be a BCK-algebra. The situation i s better in the case of 

strongly uniform Hausdorff BCK-algebras. 

11. L e m m a . Let J8 - ( B ; . , 0 ; Ug) be a strongly uniform 

BCK-algebra and a uniform subalgebra of the Hausdorff uniform alge-

bra Jh - ( A ; . , 0 ; U) of type ( 2 , 0 ) . Then the closure & of J in A 

sat i s f ies the quasi-identity 

X y - 0 - y X = > x - y . 

P r o o f . Let x , y e B with xy - 0 « yx. Choose nets ( x a ; « 6 ^ ) 

and (y^ ; ft 6 P^) in B , converging to x and y respectively. Let 
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P " F l * r 2 d e f i n e Ca'»y3') iff a < a ' and #</>' . Define 

* a /} a x a ' y« /} " y>3 Ca € Tj , ^ e r ^ ) . Then the nets Cxy; y e D and 

(y^; 3*e r ) converge to x and y respectively, and by the proof of 

Lemma 6, the nets (x^y^; p e T ) and (yj-x^; ¡ f e T ) each converge to 0. 

Since 3 is strongly uniform, the net C(xj.,yy); y e f ) is eventually 

in every element of Kg Chence in every element of U g ) . For D € U 

choose E e U g such that 3 E c D , and y ' e T such that for y ' c ^ e T, 

t x , x y ) , C x r , y y ) , C y r , y ) e E . 

Then (x,y) e 3 E C D, and so (x ,y) 6 HUg - idg , i . e . , x - y. • 

We omit a routine proof of the following lemma. 

12. L e m m a . If UA i s the category of all uniform algebras of 

type (2 ,0) then the c lass of all strongly uniform BCK-algebras is 

closed under the formation of UA-direct products, UA-subalgebras 

and UA-isomorphic images. • 

13. T h e o r e m . Let Jt « ( A ; . , 0 ; U ) be a uniform BCK-algebra. 

U) Ji i s a complete uniform BCK-algebra. A i s strongly uni-

form if and only if A i s . 

(ii) If A i s a strongly uniform then i f i s 1 Hausdorff strongly 

uniform BCK-algebra. 

(iii) If Jt i s Hausdorff then the following conditions are equivalents 

Cl) Jt i s strongly uniform; 

(2) A is a uniform BCK-algebra; 

(3) i i s a complete Hausdorff strongly uniform BCK-algebra. 

P r o o f . U) The c las s of all BCK-algebras i s closed under di-

rect products, subalgebras and isomorphic images, so the first a s se r -

tion follows from Theorem 10(i i) . The second assertion follows from 

Lemma 12. 
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(ii) Let (Xj-; g-e T) and ( Y y ; j-e T) be Cauchy nets in ¿f* such 

that CXyYj-; r ) and (Yj-Xy; j - e T ) each converge to in U*. 

Choose Xy 6 Xj- and yj-6 Yy for each 3*6 T. Then (x^y^-; j -eT) and 

Cy^Xj.; T) each converges to 0 in . Since J? is strongly uniform, 

the net CCxy, y y ) ; J* e D is eventually in every element of UL, whence 

the net ( (Xy, YjO; y e D is eventually in every element of 1i*. In 

pa r t i cu la r , for X , Y e i * , we have 

XY = = YX = > (X,Y) e n U* =S» X = Y. 

Hence J f * i s a strongly uniform BCK-algebra. Jh* i s Hausdorff by 

Lemma 2. 

( i i i) (. 1) =£> (2 ) . A product of homomorphic images of BCK-alge-

b ra s is a universal algebra of type (2 ,0 ) satisfying the four defining 

| . , o | - iden t i t i es of a BCK-algebra. Jt i s the c losure in such an al-

gebra of an isomorphic image of Jt and so , by Lemma 11, sa t i s f ies 

the quasi-identity 

Xy = 0 = yx = > x = y 

also. It follows that Jh i s a uniform BCK-algebra. 

(2) = > ( 3 ) . Let i lie a uniform BCK-algebra . Jt i s also complete 

and Hausdorff by Theorem 9. There fo re <A i s strongly uniform by 1 .4 . 

(3) (.1) follows from Lemma 12. • 

14. C o r o l l a r y . Let Jt = ( A ; . , 0 ; l l ) be a Hausdorff uniform 

BCK-algebra and suppose ( A ; . ,0) i s a member of some | . , o | - v a r i e t y 

of BCK-algebras . Then Jt i s a strongly uniform BCK-algebra. 

P r o o f . By Theorem 10(iii) i i s a (complete Hausdorff) uni-

form BCK-algebra. Now by Theorem 13( i i i ) , is strongly uniform. • 

In the next section we show, inter a l ia , that we may not drop 

from the above corol lary the condition that ( A ; . ,0) i s a member of 

a BCK-variety. 
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15. Examples 

15 .1 . We exhibit a complete uniform BCK-algebra which is not 

strongly uniform. (Hence, in 1 . 4 , the condition that (A; . ,0 ; "U) be 

Hausdorff may not be dropped). We exploit WroAski's example from 

[ 8 ] . Let B and C be countably infinite sets such that the sets B , C 

and co are mutually disjoint. Order B and C into one-to-one sequences 

(b^; i € co) and (c^; i e w ) respectively. For i , j e c o , define 

i j - i i j o maxji ± j , o J 

ib-j « i . - 0 J C] 

b.i - b. c . j - c. . l i+] l l+j 

b.b, - c . c . - 1 - i i j i 3 
b.c . «. c.b. - (i+1) i i . l ] I ] 

Let A - BU CUco. By [ 8 ] , (A; . , 0) is a BCK-algebra and 9 -
2 2 2 

- b u c r u u € Con(A). By Proposition 1 . 3 , { e } is a base for a uni-

formity U on A and j? « ( A ; . ,0 . ,U) us a uniform BCK-algebra. 

( Jl is not Hausdorff since OK - 9 ) . Now if ( x y ; ye D is a Cauchy 

net in (A;Zl) then there exists ^€ T such that 

3 -<a ,y3er = > ( x a . x ^ e 9 . 

Hence there exists X e | B , C , i o J such that 

7<<x € T Xo, e X . 

This implies that the net (xy; j e f ) converges to any given element 
of X . We conclude that Jl is complete. However, for any i , j e c j , 

we have 
(1) (b. ,b . ) , ( c . , c . ) e 0 , l j 1 3 

(2) (b.c. ,0) = (c.b. ,0 ) - ( 1 , 0 ) e 9 , 1 i 1 1 ' 
(3) ( b ^ c . ) ^ 9 . 
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Now Cl) implies that (b. ; i eco) and ( c . ; i e w ) are Cauchy sequences 

in (A;U) while (2) implies that the sequences (b^c^; i e w ) and 

(Cjb^; i €co) each converge to 0. However, by ( 3 ) , the sequence 

CCb^.c^); i €CJ) is never in 8 , so J i is not a strongly uniform BCK-al-

gebra. • 

15 .2 . We show that a Hausdorff uniform BCK-algebra need not be 

strongly uniform. Let B , C, A, and 8 be exactly as in 15 .1 . Let 

( E , . ,0 ) be the direct product BCK-algebra FT ( ( A ; . ,0) : ieco) . For b 
each n € co, define 

®n " { ^ x » y ^ e E x E : " y d ) f o r 0 s ? i « n and 
(x( i ) , y ( i ) ) e 8 for all but finitely many ieco} . 

It i s easily checked that Q^e Con(E) for all n e u , that db — | n 

is closed under finite intersections and that H 4> m id„ . It follows E 
from Proposition 1 . 3 ( i ) that <£) is a base for a uniformity U on E 

and that S - ( E ; . , 0 ; U ) is a Hausdorff uniform BCK-algebra. Now 

consider the sequences (x^; ieco) and (y^; ieco) defined by 

x.Ck) - bQ , 

bQ for 0=sk«ii 

CQ for k > i 

( i ,keco) . The constant sequence Cx ĵ ieco) is obviously Cauchy, while 

for any n , i , j e c o with n ^ i c j , we have 

y.Ck) + y.(k)-s=i» i c k < j , 

and hence Cy^iy^G It follows that (y^; ieco) is also Cauchy. Now 

if n , i e co with « i , we have 

0 for O ^ k ^ i 
(x.y.Hk) - (y .x .Uk) o-

1 1 for k > i 
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(keco) and since ( 0 , l ) e 8 , it follows that ( x . y . , 0 ) , ( y . x . , 0 ) e S . Thus i > ' •'i i ' n 
the sequences (x^y^; i eco) and (y^x^; i eco) each converge to 0^,. How-

ever (b^, CQ) 4 Q and therefore there are no n , i e CO such that 

(x^ 6 9 n - This implies that 8 is not a strongly uniform BCK-alge-

bra . (Note that by 1.4-, ( E , l l ) is not a complete space; more explici-

tly» (y t i ifico) does not converge) . • 

1 5 . 3 . We conclude with an example of Hausdorff strongly uniform 

BCK-algebra which is not complete. Let p (co) denote the set of all 

subsets of co. Then (p(co), \ , 0 ) i s a BCK-algebra (and, in fact , 

a member of every variety of B CK-a lgebras ) . F o r each n e w , define 

I (n) = j z e p ( c o ) : z i s finite and 0 , 1 , . . . , n £ z j , 

9 n = 9 I ( n ) = { ( * , y ) e ? ( " ) * 9 t a ) : *\y> y \ * . £ Kn)}, 

06 = |8n : n e co| . 

'it is easi ly checked that l ( n ) is an ideal of p(co) for each neco, that 

j l ( n ) : neco} (and hence o5 ) i s closed under finite intersections «aid 

that 0 { l ( n ) : n e c o } = { 0 } (whence CldO = i d ^ ^ ) . It follows from 

Proposition 1 . 3 ( i i ) that d5 is a base for a (Hausdorff) uniformity U 

on p (co) and that = (p (co), \ , 0 , 11) i s a Hausdorff strongly uniform 

BCK-algebra . Consider the sequence (x^; neco) defined by 

* n = { 0 , 1 , . . . ,n| ( n e w ) . 

Given n , m , k e c o with n < m < k , we have 

x m \ x k •> 0 e I ( n ) ; 

} e U n ) , 

and it follows that- ( * n ? neco) i s Cauchy. Suppose ( x n ? n e w ) converges 

to some y e p (co). F o r any m eco and for a sufficiently large integer 

k > m , we must have x, \ y e I ( m ) , whence m € y . Thus y must beco. 
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But for each m e u , the set u \ x ^ , being infinite, cannot be an ele-

ment of any U n ) . Thus (x ; neco) does not converge toco, and hence n 
does not converge. • 
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