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CONTROLLABILITY OF THE NEUTRAL FUNCTIONAL-DIFFERENTIAL 

INCLUSION WITH M-DISSIPATIVE RIGHT HAND SIDE 

1. Notation and definitions 

Let C , (resp. AC , L ) denote the space of all continuous or r or or r 

(resp. absolutely continuous, integrable) functions x acting from the 

interval H-r, Oj to Rn with the standard norm: 

||x||c - sup |xCt)| 
-r«t*0 

Cresp. ||x||AC - xC-r) + J |xCt)|dt 

-r 

il,-1 ll*llT - J |x(0|dt). 

We introduce the following measur ability condition (M) : 

Let D be a nonempty open subset of R * — 

— » CompCR11) be a set-valued function such that: 

CM) For every interval I c R1 and sets Kc C , SCL with J or or 
IxKxScD and for every t >0 there exists a compact set E e l with 

such that the restriction of F to E*K*S is Borel measu-

rable. 

The space of all set-valued functions F:D—— Comp(Rn) satisfying 

condition CM) will be denoted by JL (D, CompCRn)). 
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2 M. Kisielewicz, J . Motyl 

For every x belonging to CC[5 ,6+ p], R11), x (6 ) •• 0 , every z 

belonging to LC[6 ,6+p], Rn) and $ from AC we define <£ @ x and 1 rtT 1 

§ 53 z by setting: 

$Ct-6) for t e [ 6 - r , 6 ] 
{ § @ x)Ct) -

$C0)+xCt) for t & [ 6 , 6 + p ] , 

iCt-6) for t 6 [ 6 - r , 6] 
C$ ffi z) CO •= 

zCt) for t e [<5,5+p]. 

A pair CD,£) of nonempty sets D c R x C xL and i?cRxAC r J or or or 
will be called conformable if for every ( t ,x ) , ( t , x ) ^(t,y) e £2 one has 

( t , x ,y ) € D. 

Given a conformable pair CD,S2), a set C c R x C xRxC and or or 
a set-valued function F:D—— CompCR51) we say that NFDlCD.F) is 

{Q,C) - controllable if there exist numbers <56 R , 9 > 0 and an absolu-

tely continuous function x : [6 - r , 6+9H—— Rn such that 

where x ^ s ) = xCt+s) for t 6 [ 6 , 6 + 9 ] , 3 6 [ _ r » 0 ] -

We say that CD,£2,C) lias a nonempty intersection property if the 
following conditions are satisfied: 

Ci) CD,Q) is a conformable pair, 
( i i ) CQxS?) D C is nonempty, 

Ciii) there are C6,§)e£> and a number p > 0 such that the set 
K$Cfi,C) X6 ACC[6 ,6+ 9 ] ,R n ) :xC6) - 0 , Ct,C$ @x) t )eS? for 
t € [ 6 , 6 + 9 ] and C 6 , x g , 6 + p , x is nonempty. 

xCt) e F C t , x t , x t ) 

Ct,xt) 

C6,x5 ,6+p,x ) e C 
6 + 9 

for a . e . t e [ 6 , 6 + 9 ] 

for a . e . t e [6,6+p] 
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Functional-differential inclusion 3 

F o r F : D — — Comp(R ) we define set-valued functions G~ and 
•p 

) by the formulas: 

G F C t , x ) - F C t , C $ © * ) t , ( i f f l for te [6 ,<5+p] and x e K$CO,C). 

y ( G F ) C x ) - { f e L ( [ 6 , 6 + 9 ] , ^ ) : f ( t ) e G F ( t , x ) for a . e . t e |>,<5+ 9 ] } 

Dom f ( G F ) x e is nonempty J . 

We will sa^ that 7 (G ) has strong-weak closed graph if for every 
sequence (x^) in Dom J (G ) and every sequence (u^) of 

LC[6 ,6+p] , f ? 1 ) such that u e ? " ( G F ) ( x ) for n - 1 , 2 x tending 
' n n n 

to x strongly and u tending to u weakly in L ( [6 ,6+ 9] , R ) we 
F n also have u 6 

D e f i n i t i o n . L e t £ c R * A C and C c R x C x R x C be given. c • or or 0 

A set-valued function F 6 D,Comp(R ) ) i s said t o be m-dissipative 

with respect to IQ,C) if C D , C) has a nonempty intersection property 

and the following hold: 
F F F Ci) for every x ,y € Dom ) , every u 6 f ( G H x ) , v e ^ C G K y ) 

and A•> 0 we have , 

Cii) R a n g ( l - ^ C G F ) ) - L([5 , (5+ 9] , R1 1), 

where I denotes the identity operator and || |L denotes the norm in Lg 

the space LC [ 6 , 6 + 9 ] , R11) . 

2. Main result 

Let us collect together some known consequences of m-dissipati-

vity in the following Lemma 1 ( s e e e . g . 

[ 1 ] ) . 

L e m m a 1. Let F be m-dissipative with respect to (S2,C). For 

every ^ > 0 let us define the following operators j^cx) = ci . ¡ m c ^ r ^ x ) , 

- i ^ h -
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T h e n : 

( i ) J^ and ^ a r e w e l l def i i ied s i n g l e - v a l u e d o p e r a t o r s act ing from 

whole s p a c e L ( [ 6 , 6 + p ] , R1*) to i t s e l f . 

( i t ) J ^ ( x ) 6 * ( G F ) ( J * ( x ) ) . 

( i i i ) Tf d i s t ( 0 , M G F ) ( x ) ) - inf[||y||L^ : y e ^ ( G F ) ( X ) } i s bounded 

b y K f o r e a c h x then 

lim || J^Cx) - x|L - 0 u n i f o r m l y wi th r e s p e c t to x . 

U v ) | | V x ) l l T « d i s t ( 0 , ^ ( G F ) ( x ) ) f o r x e D o m J ( G F ) . 

L e m m a 2. L e t F e ¿ ¿ ( D , C o m p ( R n ) ) be bounded and such that 
F \ 

y ( G ) h a s a s t r o n g - w e a k c l o s e d g r a p h . Then f o r e v e r y q > 0 , 

? - ( G £ ) ! D o m f ( G F ) 2 L C [ S , 6 + p ] , R n ) w . t h G F ( t x ) _ G F ( t f X ) + ? B 

( w h e r e B i s a c l o s e d unit b a l l ) h a s a l s o a s t r o n g - w e a k c l o s e d g r a p h . 

P r o o f . S u p p o s e (x^) and (v^) a r e a r b i t r a r y s e q u e n c e s in 

Dom y ( G F ) and L ( [ ¿ , 6+ p] , R n ) r e s p e c t i v e l y and such that v e 
F n 

€ j r ( G ? K x n ) f o r n - 1 , 2 , . . . , | | x n - x | | L ^ — - 0 and v n tends v/aakly to v 

in a [ 6 , 6 + p ] , R n ) . 

S i n c e v 6 then d i s t ( v ( t ) , G F ( t , x f o r a . e . 
n 'c n n n t € [ 6 , 6 + 9 ] an<^ n " . It i s known ( [ 2 ] ) that f o r e v e r y 

n - 1 , 2 , . . . t h e r e e x i s t s 6 ?(G H x ) such that 

•p 
Iv ( t ) - u ( t ) | - d i s t ( v ( t ) , G ( t , x n f o r a . e . t e f ' s S + p ] . 

n n n n t 1 

00 p 

B y the boundedness of F the s e t K * n ) i s uni formly in-

t e g r a b l e on [ 6 , 6 + 9 3 . 

T h e r e f o r e , b y Dunfórd T h e o r e m the s e t { u n } n j i s r e l a t i v e l y w e a k l y 

compact in L ( ( 6 , 6 + 9 ] , R ) . T h u s 

t h e r e e x i s t s u and a s u b s e q u e n c e , 

s a y (u^) of (u^) s u c h that u^ tends w e a k l y to u a s k tends to 00. 
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We have of course - uk(t)|s££ for k - 1 ,2 , . . . and 

a.e. te [6 ,6+9]. 

By Banach-Mazur Theorem there exists a set of real numbers 
N 

C 5*0, k - l , 2 , . . . , N , N -1 , 2 , . . . with C - 1 and such that 
k-1 V 

M 
T" . C [v ( t ) - u ( t ) l tends to v ( t ) - u(t ) for a.e. t e [6,6+0] 
fcl ° k L n k nk J 

as N — 0 0 . But for every N - 1 ,2 , . . . and a.e. t e [ 6 , 6 + 9 ] w e have 

, N N 

LC [v ( t ) - u ( t ) l < ) C Q - Q . 
. , , nk "k nk J I (-r? "k k-1 k-1 

Then we obtain |vCt) - u(t)|a£ £> f o r a - e - * € [ 6 , 6 + 9 ] . 
•p 

Now by the assumption on the graph of (G ) we have 

u e ^ ( G F ) ( x ) , i . e . u ( t ) e G F ( t , x ) ."or a.e. t. Therefore for a.e. 
F F 

t e [ 6 , 6 + p ] we have vCt) e G ( t , x ) + ? B i . e . v e F{Gq)M. 

Before formulating our main result we introduce the following no-

tation 

A « » ! u € L t [ 6 , 6 + 9 ] , R n ) ! | u U ) | c « almost everywhere} , 

Ka = ^"CAQ,) where T is an operator defined by the formula 
t 

( ruUt ) - f u l O d t ; 
6 

t h u ) - n Pi U + £ B ] 
¿>0a>0 0<h<<* 

is Bouligand's contingent cone to H at u e H. 

The following viability theorem given in [ 3 ] will be used in the 

proof of our main result: 

Viability Theorem ( [ 3 ] , Th.4) : Let § 6 AC and a compact 

set HC R n be such that J"(u)(t) e H - §{0) for every t e [ 6 , 6 + 9 ] a n d 

ueAn, with some constant a - 1+M. 
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6 M. Kisielewicz, J. Motyl 

Let F : [.6,6+p]xC xL —Comp R n be such that: 1 or or 
a) there exist a constant 0 and a continuous function 

q : Ko<—- L ( [ó ,Ó+p],Rn) such that q (x ) ( t ) e G F ( t ,x ) for a.e. 

te [fi »6+9]) x e K^ and such that a function g s [6 jS+pJxKo,-* ^ defined 

by g(t,x) - q (x ) ( t ) has Volterra's property with respect to xeKg,, 

b) G F C [6 ,6+9]^K # ( S ? , C ) )cM B , 

c) for every x e KQ, and a.e. t 6 [6,6+9] w e ^ a v e 

G F f . t , x )CT H [ ( í i© x) t(0)J + ?B. 

Then for a given Q >0 there exists x^ £ K^ such that x?(t) e H - $(0) 
and x?Ct) e GF ( t ,x? ) for a.e. te [6 ,6+9] . 

T h e o r e m . Let Í2C RxAC , C c R x C xRxC and or or or 
Fe/i (D,Comp(R ) ) be such that the following conditions ( i ) - ( i v ) holds 

( i ) F is bounded and m-dissipative with respect to (£?,C), p 
Cii) F(G ) has a strong-weak closed graph, 

( i i i ) there exist numbers 1>0, M>0 

and a compact set H e such that 

(a) 3"(u)lt) eH - §{0) for every t€ [6,6+9] ^ w i t h 

« • 1 + M, 

(b) GF([6,Ó+p]xKg(Q,C)) c MB, 

(c) KQ,c K|CO,C), 

(d) for every p>0 there exists 6Q>0 such that for every x e KQ 

and y e K^CS?,C) satisfying we have 

F(t,C$© y) t ,C| a y ) t ) C T H [ ( $ ® x ) t (0 ) ] +2B for a.e. t e [6 ,6+p ] , 

F 
Civ) for every x,ye Kj(i?,C) , every A>0 and u e T (G Hx) , 

we have for all 16 [6 ,6+ 9] 
sup I x(r)-y(x")| « sup | x ( 0 - y ( 0 - * ( u ( r ) - v ( r ) ) | . 

6 «rrs t 6«r«t 

Then NFD1(D,F) is (52, C)-controllable. 
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P r o o f . L e t J^ and ^ be operators defined i n Lemma 1 . F o r 

e v e r y f ixed a > 0 we define f ^ : [6 ,<5+p]xK # ( f i ,C) —— R 1 1 by setting 

f ^ C t , x ) - ^ C x ) C t ) . We have f * C - , x ) - F^Cx) e LCCfi , 6 + 9 ] , R n ) for 

e v e r y x 6 K^CfiJ.C) . 

Now let z 1 - J^Cx) and - J ^ ( y ) for f ixed x , y e K g C Q , C ) . B y 

the def init ion of J^ we obtain z ^ , a 2
6 and x e z ^ - ' A - M G ^ ) C z ^ ) , 

y e z 2 ^ F C G F H z 2 ) . S e l e c t now u ^ F ( G ^ C z j ) and u ^ J C G F ) C z 2 ) 

such that x - z^ - ^ u ^ , y « z 2 -

B y Civ) for f ixed t 6 £ 6 , 6 + 9 ] we obtain 

sup | z 1 C r ) - z 2 C r ) | ^ sup | z 1 ( r ) - z 2 t r ) - ' H u 1 ( r ) - u 2 ( r ) ) | 
fisrst dsTst 

i . e . s u p | J x C x ) C r ) - J ^ C y ) C r ) | ^ sup | x C O - y C r ) | . 
5< T«t 6«r«t 

H e n c e , by the definit ion of ^ i f fol lows that 

sup | i > C x ) C r ) - ^ C y ) C r ) | - i | L j A C x ) ( r ) - j ^ y ) C r a - [ x t r ) - y C r ) ] N 

2 
^ T sup | x C r ) - y C r ) j for t e [ 6 ,6+ 9] . 

A fisrst 

T h e r e f o r e 

| f ^ U , x ) - f A U , y ) k y | x - y | where | x - y | - sup | x C O - y C r ) | . 

Hence, i n p a r t i c u l a r i t fol lows that f^ i s for e v e r y f ixed 0 

continuous and has V o l t e r r a ' s p r o p e r t y with r e s p e c t to i t s second v a -

r i a b l e Cit means that for e v e r y u , v e K ^ C i ? , C ) and t 6 [6 ,6+p] s u c h that 

u C r ) - v C r ) for r e [ 6 , t ] we have f > C t , u ) - f ^ C t , v ) ) . p 
B y v i r t u e of Lemma 1 Ci i) and Civ) we have f ^ C * , x ) e ? CG K j ^ C x ) ) 

and | f ^ C t , x ) | ^ K for x e K g C i P , C ) and a . e . t € [ 6 , 6 + p ] . B y assumption 

C i i i )Cb) we c a n u s e Lemma 1 C i i i ) to obtain that for e v e r y 6 q > 0 there 
i s * > 0 s u c h that | | j , C x ) - x | L s£ 6 for x t K - g C S ^ C ) and ? l t C 0 , A ) . O L j j o f o 
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Now let t > 0 be given and suppose ^ > 0 is such taken that 

F ( t , ( $ © y ) t , ( $ f f l y ) t ) c T H L C ^ ® x)tCO)] + eB 

for a . e . te[<5,6+p], every x e Ka and y€K^t i? ,C) satisfying 

||x-y||L^«o . Then we have GF(t , J>U)) c TH[C x ) t ( 0 ) ] + eB and 

fytt.x) t T h ft$ © x)tCO)] + eB for every x e K a , AeCO,?^) and a . e . 

t e 16,6+ p]. 

Now by Viability Theorem 4- given in £3] we obtain that for every 

£>0 and every A 6 there i s x^ £ K such that 

) + £B for a . e . te[5,<5+p]. 

I l k 
Let A = and select N such that < for k ^ N . We put x » x j y k 

for k ^ N . Since K^ is bounded, closed and uniformly absolutely con-

tinuous in AC then it is compact in C and therefore in L^ too. Since 

| x(t)| <1+M for almost all t and k » N then the set j x ^ j i s uniformly 
1 

integrable so by Dunford's theorem L -relative sequential weakly com-

pact. Therefore there exists x£ eKQ and a subsequence, say again 

(x k ) of (x^) such that || x^-x£ || ^ —— 0 and x k — - x £ weakly in 
UL<5,<5+pLRn). 5 

We have i k e ^ ( G f ) ( x k ) for k - 1 , 2 , . . . where G^U.x) -
•p 

= G ( t , x ) +eB for ( t ,x ) £ IxK. 

By virtue of Lemma 2 it follows that x£ e 7 (Gg ) ( x g ) for every 

e >0. 
Taking t tending monotonically to zero we can again find x e KCT 

and a subsequence of (x£ ) say (x ) such that ||x -x||- —»- 0 and n n L<5 
x£ — x weakly in L( [<5,6+p] ,R n ) . Since e F ( g J Hx£ ) for 

n n n n p 
every n - 1 , 2 , . . . then x e T (G ) ( x ) for every 6 • Therefore & n n 
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Functional-differential inclusion 9 

x e F ( G ) ( x ) . Put now y = <p © x . We have y ( t ) e F ( t , y t , y t ) for 

t e [ 5 , £ + p ] , C t , y t ) e i ? and C<5 , y 5 .fi+p.y^ ) e C because x e KWCK# (f?, C ) . 

Then N F D I ( D , F ) is (£?,C)-controllable. 
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