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CONTROLLABILITY OF THE NEUTRAL FUNCTIONAL-DIFFERENTIAL
INCLUSION WITH M-DISSIPATIVE RIGHT HAND SIDE

1. Notation and definitions

Let C_, (resp. AC__, L ) denote the space of all continuous
or or or
(resp. absolutely continuous, integrable) functions x acting from the

interval [-r,0] to R® with the stendard norm:

Ixllg = swp_Ix(o)]
-rgt€0

o
(resp. ""“AC = x{-1) +f | %(t)}|ae
-r

0
and IIxIlL -f [%(t)] de).
r
We introduce the following measurability condition (M):
Let D be a nonempty open subset of RxcorXLor and F:D—
—« Comp(R®) be a set-valued function such that:
(M) For every interval 1 C R! and sets Kc C,.+ SCL__ with
IxKx SCD and for every & >0 there exists a compact set EC1 with
Q(INE)< ¢ such that the restriction of F to ExKxS is Borel measu-
rable.
The space of all set-valued functions F:D —-Comp(Rn) satisfying
condition (M) will be denoted by Jl (D, Comp(R™)).
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2 M. Kisielewicz, J. Motyl

For every x belonging to C([§ ,6+9],Rn), x(8) -+ 0, every z
belonging to L([5,6+p],Rn) and ¢ from Acor we define § ®x and
é B8 z Dby setting:

#(t-8) for te[6-r,6]

(@ x)(t) =
$(0)+x(t) for te[8,5+¢],

. #t-8)  for te 5-r, 8]
(dm z)(t) =
z(t) for te [6,6+9:|.

A pair (D,9) of nonempty sets DCRXCorxLor and QC RxAcor
will be called conformable if for every (t,x), (t,x),(t,y) e £ one has
(t,x,y) e D.

Given a conformable pair (D,%), a set CCRXCoerXCor and
a set-valued function F:D—= Comp(R") we say that NFDI(D,F) is
(£,C)-controllable if there exist numbers &€eR, ¢>0 and an absolu-

tely continuous function x: [6-r,8+¢] —— R" such that

*x(t) € F(t,xt,w’ct) for a.e. tel[6,6+9]
(t,xt) for a.e. te[6,5+¢]
(6,x5,6+p ,x6.+9) eC

where xt(S) = x(t+s) for te[6,6+¢], se [-r;O].

We say that (D,,C) has a nonempty intersection property if the
following conditions are satisfied:

(i) (D,?) is a conformable pair,

(ii) (RxQ)N C is nonempty,

(iii) there are (6 ,.@69 and a number ¢>0 such that the set
Kg(2,0) ={ xe AC(6,6+¢], RN 1x(6) = 0, (1,08 @) )eR for
te [6,6+0] and (6,xg ,6+9,x6+?)e Ct is nonempty.
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Functional-differential inclusion 3

L
For F:D-—-—Comp(Rn) we define set-valued functions G~ and
$(GF) by the formulas:

cFle,) = Fle,(6@ ), (dm %)) for te[6,6+p] and xe Ky(®,C).
#(6F) (x) -{fgL( [6,6+¢), RM) : f()eGT (t,x) for a.e. te[&,&q]}
Dom F(GF) -{xe KQ(Q,C):?(GF)(X) is nonempty}.

We will sa, that f_(GF) has strong-weak closed graph if for every
sequence (xn) in Dom f(GF) and every sequence (un) of
L([6 ,6+9],Rn) such that u e .?'(GF)(xn) for n = 1,2,..., x tending
to x strongly and u tending to u weakly in L([6,5+9] ,R™) we
also have ue ¥ (GF)(X).

Definition. Let QCRXACC _and CCRx CoerX C,r be given.
A set-valued function F € 4(D,Comp(R™)) is said to be m-dissipative
with respect to (2,C) if (D,Q2,C) has a nonempty intersection property
and the following hold:

(i) for every x,y € Dom ?(GF) , every u € ."r’(GF)(x), ve F(GF)(y)
and 2> 0 we have ||x-y]]L6s]]x-y-?\(u-v)”LG,

(i) Rang(1-#(cF)) = L([5,6+¢],R™),

where | denotes the identity operator and || denotes the norm in

I
6
the space L([<5,¢5+9],Rn).

2. Main result

Let us collect together some known consequences of m-dissipati-
vity in the following Lemma 1 {see e.g. [1]).

Lemma 1. Let F be m-dissipative with respect to (R,C). For

every A>0 let us define the following operators

1,6) = (127 (6FN ),
H) = 2 Uy - D0,
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4 M. Kisielewicz, J. Motyl

Then:
(i) J, and % are well defined single-valued operators acting from

whole space L([6,6+ p],Rn) to itself.
(1) % (x) e F(GTI, 0.

(iii) ¥ dist(O,?’(GF)(x)) - inf{[]y]]LG tye ?(GF)(x)} is bounded
by K for each x then

lim §J5(x) - xllLG = 0 uniformly with respect to x.
-0

(iv) ]]fz(x)llL = dist(0, ?(GF)(X)) for x e Dom ?‘(GF).

Lemma 2. Let Fe u{D,Comp(R" )) be bounded and such that
#(GF ) has a strong-weak closed graph. Then for every p>0,

L([6,6+¢,R™)

?(Gg):Dom ?(GF)—- 2 with Gg(t,x) - GF(t,x) +pB

(where B is a closed unit ball) has also a strong-weak closed graph.

Proof. Suppose (x ) and (v ) are arbitrary sequences in

Dom ~¢(GF) and L([5,5+0],R") respectively and such that v e
ef(G )(x ) for n = 1,2,... ,]lxn-x"LG——O and vy tends weakly to v
in J..([5,6+9],Rn .
. F . F
Since v, € }'(G,2 (xn)) then dlst(vn(t),G (t,xn))s p for a.e.
te [6,6+¢] and n = 1,2,... . It is known ([2]) that for every
n=1,2,... there exists u € Y(GF)(xn) such that

v, (8) - u ()] = distlv_(1), GTt,x < p for a.e. te[5,6+¢].

By the boundedness of F the set U s(cF )(x ) is uniformly in-
tegrable on [§,6+¢]. n=1

Therefore, by Duntérd Theorem the set {un}:-l
compact in L((6,6+9],Rn). Thus there exists u and a subsequence,

is relatively weakly
say (u, ) of (un) such that u,_tends weakly to u as k tends to oo.
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Functional-differential inclusion - : 5

We have of course IVK(t) - uk(t)ls p for k=1,2,... and
a.e. te[5,5+¢].

By Banach-Mazur Theorem there exists a set of real numbers
N
C_ 20, k=1,2,...,N, N=1,2,... with ), C_ = 1 and such that
Tk k=1 :
N
C I:v (t) - u
k=1 ™k "k Tk

as N—= oo . But for every N = 1,2,... and a.e. te[6,6+p] we have

N N
Z an[vnk(t) - unk(t)] < Z an?' .

k=1 k=1
Then we obtain |v(t) - ult)]<p for a.e. te [6,6+9].

(t)] tends to v(t) - ul(t) for a.e. te[6,6+¢]

Now by the assumption on the graph of ¥ (GF) we have
a4 € ?(GF)(X), i.e. ult)e GF(t,x) for a.e. t. Therefore for a.e.
te [6,6+9] we have v(t)e GF(t,x) +pBi.e. ve f(G;zF)(x).

Before formulating our main result we introduce the following no-

tation
Ao = { ueL([6,6+0] LR slult)l<o  almost everywhere} '
K, = 7(Ay) where 7 is an operator defined by the formula

t
Tu) (1) = f ult)at;
6

T (u)-m m U l'(H-u)+t:B]
H h
£>00>0 O<h<x

is Bouligand’s contingent cone to H at ue H.

The following viability theorem given in [3] will be used in the
proof of our main result:

Viability Theorem ([3], Th.4): Let & e AC__ and a compact
set HC R™ be such that T(u)(t) e H - §(0) for every te[6 ,6+p] and

ueA, with some constant & = 1+M,
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6 M. Kisielewicz, . Motyl

Let F : [6,6+gxC_xL__—= Comp R” be such that:

a) there exist a constant p>0 and a continuous function
q ¢ Ko —=L([5,6+},R™) such that q(x)(t)e G,zF(t,x) for a.e.
te [6,6+9], x € Kx and such that a function g : [6,6+p]xKo,->Rn defined
by g{t,x) = q(x)(t) has Volterra’s property with respect to x € K,

b) GF([5,6+9]AK§(Q,C))C MB,

c) for every x€ Ko and a.e. te[§,56+0] we have
F
G l,x)eT [(d@ x) (0)] + pB.

Then for a yiven p>0 there exists x?e¢ K, such that x?(t) € H - §(0)
and x?(t) e GF(t,x?) for a.e. te [6,5+¢].
Theorem. LetQcRxAC_, CcRxC_xRxC__ and
Feu (D,Comp(R™)) be such that the following conditions (i)-(iv) hold:
(i) F is bounded and m-dissipative with respect to (Q,C),
(ii) F(GF) has a strong-weak closed graph,
{iii) there exist numbers 1>0, M>0
and a compact set HC R™ such that
(a) 7(u)(t) e H - $ (0) for every te [5,6+¢] and ue Ay with
a=1+M, ‘
(b) GF([5,8+01xK4(0,0)) € MB,
(e) KoC Ky(2,C).
(d) for every p>O0 there exists &§,>0 such that for every x € Kq

and y € Kg($,C) satisfying ||x-yj|; < ) we have

Flt,(§@ y),.(§@ 7T, [(§® %) (0)] + 5B for a.e. te[6,6¢5],
(iv) for every x,ye Ké(Q,C) , every A>0 and u e }"(GF)(x),

ve %’(GF)(y) we have for all te [_5,6+9]

sup | x(r)-y(z)]| < sup | x(z)-y(r)-Alulr)-v(T))}.
Setst SsTe t

Then NFDI{D,F) is (£,C)-controllable.
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Functional-differential inclusion 7

Proof. Let ], and ¥ be operators defined in Lemma 1. For
every fixed A>0 we define f;:[6,6+p]xK§(Q,C) —=R" by setting
f2lt,x) = F(x)(t). We have fp(-,x) = !;(x) eL({s ,6+9],Rn) for
every x e Kd,(Q,C) .

Now let z; = Jo(x) and z, = Jaly) for fixed x,yeKé(Q,C). By
the definition of ], we obtain zZ,,3,¢€ K,;(.Q,C) and x ¢ zl-'/\}'(GF)(zl),

ye 22-29’(GF)(22). Select now u € ¥ (GF)(zl) and u, € .?"(GF)(ZZ)
such that x = z, -7\u1, y =2z, - 7\u2.
By (iv) for fixed te [§,6+¢] we obtain

sup |z (D)-z,(D)] < sup |z, (f)-z (T)-AMu, (D)-u ()]
octst 1 2 Ostet 1 2 1 2

i.e. sup |Ja(x)(T) - TL(y)(r)] < sup |x(T)-y(r)].
Octst GsTsat

Hence, by the definition of %, if follows that

sup |[H (x)(7) - F(y)(r)] = %—l[]l(x)(t)-h (W] -[x()-y(e) =
O«Tst

g% sup Jx(7)-y(r)]| for te[6,6+p].
Sstst

Therefore

lf)(t,x)-f;‘(t,y)ls%Ix-ylt where |x-y|t = sup |x(0)-y(7r)].
6<Tst

Hence, in particular it follows that f, is for every fixed A>0
continuous and has Volterra’s property with respect to its second va-
riable (it means that for every u,ve K5($,C) and t €[6,6+¢] such that
ulr) = v(r) for Te[6,t] we have f5(t,u) = f(t,v)).

By virtue of Lemma 1 (ii) and (iv) we have f3{(*,x) e ¥ (GF)(])(x))
and |f,(t,x)| <K for x¢ K¢(Q,C) and a.e. te[6,6+¢]. By assumption
(iii)(b) we can use Lemma 1 (iii) to obtain that for every G°>O there
is 2> O such that ”h(x)-xllLds 60 for x ¢ Kg(Q,C) and 2 e(0,7\°).
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Now let £ >0 be given and suppose 6°> 0 is such taken that

Flt,(§@ y), (ém N )T [ @x) (0)] +¢B

for a.e. te[6,56+¢], every x e Ky and yeK5(2,C)  satisfying
Ix-yll < 6, Then we have ¢ e, e T, (@ x),(0)] + ¢B and

f(t,x) e Ty (le® x)t(O)] + eB for every x €K, A 6(0,7\0) and a.e.
te [6,6+¢].

Now by Viability Theorem 4 given in [3] we obtain that for every
€>0 and every A€(0,2 ) there is x5 € K such that

i}(t)eGF(t,xx) +&¢B for a.e. te[§,6+9].

Let A = Tl(— and select N such that %<?\° for k=N. We put xk = Xy
for k 2N. Since Ky is bounded, closed and uniformly absolutely con-
tinuous in AC then it is compact in C and therefore in I.1 too. Since
| x(t)] < 1+M for almost all t and k>N then the set {xk} is uniformly
integrable so by Dunford’s theorem L™ -relative sequential weakly com-

pact. Therefore there exists x; ¢ K, and a subsequence, say again

(x*) of (x*) such that ] x*-x, ], —=0 and XX —=%, weakly in
L([5,6+¢],RT).
.k Fy/ .k F
We have x € (G ){x") for k = 1,2,... where Gg (1,x) =

= GF(t,x) +¢B for (t,x)elIxK.
By virtue of Lemma 2 it follows that x; € ¥ (G;F)(xs) for every
€ >0, ‘ |
Taking ¢ tending monotonically to zero we can again find x e K,

and a subsequence of (x;) say (xen) such that ||x8n-x||L6—-0 and

is —=x weakly in L([6,6+9],Rn). Since ’.‘5 e ¥ (GeF )(x£ ) for
n n n n

every n = 1,2,... then x € ¥ (Gf )(x) for every ¢,- Therefore
n
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Functional-differential inclusion 9

% e 7F(GF)(x). Put now y = ®x. We have y(t) e F(f,yt,jrt) for
te[6,6+0], (t,y)eQ and (6,y5,6+9,y6+9) € C because x e K, K4 (2,C).

Then NFDI(D,F) is (£2,C)-controllable.
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