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BV-SOLUTIONS OF NONLINEAR FUNCTIONAL EQUATIONS
OF HIGHER ORDER

Introduction

n [1] we have considered BV-solutions of the nonlinear functional
equatiéns of firet order, i.e. the case m = 1. In this p&per we shall
be concerned with BV-solutions of a nonlinear functional equations of

the order m3» 2, i.e.

(1) @(x) = hix,p[f, (x)],...,0[f ],
(2) o[f™(x,] = g(x,;q[_fm'l(x)] veooplf)] L)),

where ¢ is an unknown function and £ denotes i-th iterate of the func-
tion f.

Let (X,d) be a metric space. By P(1) we denote the set of all the

finite partitions p: X <X < ...<x of an interval ICR, where xiel,
i=0,1,...,s. Similarly as in [1], for the function ¢:1 —=X we de-
fine
s
(3) Ver gt sup ) dlplx), plx, ).
1 P i3

By BV(1) we denote the set of all functions @:l —=X such that

Var gp<oco.
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2 Cz. Dyjak

1. In this section we assume that
(1) (X,d) is a complete metric space,
(ii) h:Ime—-—-X,

(iii) there are a function He BV(I) and a positive constants L,

m
i=1,2,...,m, such that 0 <) 1, <1 and d(hix,y;,...,y ),

il
m
h(i,il, - ,ym)) éizl, 1id(yi,§i) + d(H{x),H(x)), for (x,yl, cen ,ym) )
(i,g_rl, ees ,?m) e Ixxm,
(iv) fi:I —1,i=1,2,...,m, are continuous and strictly in-

creasing in 1,
Theorem 1. 1f hypotheses (i)-(iv) are fulfilled then the equa-
tion (1) has a unique solution @eBV(l) given by formula ¢= lim 9,

(uniformly in 1), where e

gom_l(x) - h(x,(pn[fl(x)],...,5on|:fm(x)]), xel, n=0,1,...

and ¢ €BV(1) is arbitrarily choosen. Moreover

Var H
(&) Var g < ! m
! 1-3.1
4 i
i=1
Var H
Proof. Let us take an arbitrary M}————I—m——- and define
1-2.1
i=1

with the metric 9(?1&2) =

Ay = {?eBV(I): VIar gosM}. The set A,

2= sup dlg, (x),0,(x)), @),p, €A}/ is a complete metric space. In the

xel
space AM let us consider the transformation ¢@-—T [_(p] defined by the
formula
(5) Tlplx) = h(x,(p[fl(x)],...,go[fm(x):]) , xel.
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Nonlinear functional equations 3

We shall prove that (5) maps A, into itself. By (iii) and (iv),
we have

s
Var T[¢]= sup dhlx,off. (x )], 00 (x3]),
1 P(l)j_z1 L Pons

,h(xj_1 Lty (x]._l)] yeos ,9)[fm(x]._1)] <

s m

é;ﬁ) Zl‘ Zl lid(qn[fi(xj)] ,g)[fi(xj_l)]) + d(H(xj), H(xj_l))J$
jel | im

m

éz L D alpl e gl e, D) +
i=1
S

j=1

m

+ sup Zd(H(x.),H(x. )) = Z 1. Var @+ Var H<
G A S WAL

m m m
éE I.Var§D+VarH$MZI.+M-MZI.-M.
iy 1 : i i

i=l i=l i=]

Further, we shall prove that (5) is a contraction map. Let us take

arbitrary @,,9, € Ay- Taking mmto account (iii) and (iv), we have

(T[], Tp,]) = supd(hlx,q [f,x)],...,¢[f ()],

xel

,h(x,goz[fl(x)] yeno ,¢2[fm(x)])) <

m

m
éz L, sup d(gol(x),goz(x)) = 0p,9,) Z L.

i=1 xe[ i=1
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4 Cz. Dyijak

Thus, in virtue of the Banach principle there exists a unique fixed

point of (5) in the space A In other words there exists a unique

M
solution @ € AM of the equation (1), Because M is arbitrarily large,
this is a unique BV(1) solution of equation (1).

Next, we shall prove that estimation (4) holds. Using successively

hypotheses (iii) and (iv), we have

S
Var ¢ = sup Zd(h(x.,go[f x)],...,0lF (x)]),
L e ™

,h(xj-l,go[_fl(xj_l)] oo ,go[fm(xj_l)] N<

S m

sgl(l% Z ; L d(go[fi(xj)] , (P[fi(xj-l)]) + d(H(x].),H(x]._l)) <
jul| im

m m
SZ L, Var ¢ + Var H < Var ¢ E L + Var H,
. £.(1) 1 1 . 1
isl i il

which proves inequality (4). This completes the proof of Theorem 1.

2. Now let us consider equation (2) and assume that

(i) (X,d) is a complete metric space,

(1) gsla,b>x X" —eX,

(iti) there are function G&¢ BV(a,b> and positive constants 1i

(i=1,2,...,m) such that d(g(x,yl, ... ,ym) ,g(i,'il, eee ,irm))s

m
43% L dly,,57) + d(6(x),6(x)) for (x,yl,...,ym),(i,yl,...,ym)e
e (a, B> x X7,

(iv) f:(a,b>-—= (a,b> is continuous and strictly increasing in

(a,b>, and a<fi{x)< x for xe (a,b>,
(v) all the roots of the polynomial p(z) = " - Ilzm'1 SRR

have absolute values less than 1.
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Nonlinear functional equations 5

Theorem 2. By hypotheses (i)-(v), the equation (2) has a so-
lution goeBV(a,b> depending on an arbitrary function. More precisely:

for any system of functions {(pi} such that p. e BV(L),

i=1,2,...,m
where 1, et (1), 1 (b)> and fulfilling the conditions cpi+1[f1(b)] -

- goi[fi(b)] , 1=1,2,...,m-1, there exists the unique function
@ € BV(a,b> satisfying the equation (2) in (a,b> and such that p(x) =
-gok(x) for xe T, k = 1,2,...,m.

Proof. Letl -<fi(b),fi'1(b)>, i=1,2,... By (iv), we

©0

have U 1. = (a,b>. Let us take arbitrary functions ¢ .:1. —R,
=1 v

i=1,2,...,m, fulfilling the conditions of the theorem. Notice that

. -1 . .
if xelhm,‘ then f (X)elhm-l’ i=1,2,...,m. In particular

f'm(x) €l,. So let us define the function P 1 —= R for xel
- 1 l+m

1+m 1+m

as follows

(6) IR I O FO N ¥ SO IO £ 2 (O B

We shall prove that P em € BV(Ihm)’. Using successively (6), (iii) and

(iv), we obtain

s
Var @, = sup Zd(g(f’m(x.),,goh_m ltf'l(x a,... ,901[f'm(x.)] ),
L P j - ! J
+m l+m’ jml
- -1 -
,8(f m(xj_l).¢1+m_1[f (xj_l)] yeuo ,gol[f m(xj_l)] N<
m s
< e Y Y a0 g I D)
P(Il+m) i=l jel
s
-m -m
+ P(slup ) Zd(G[f (xj)] , G[f (xj_l)])éZ 1i IVat' P am-i +VIarG.
l+m’ ju=l iml 1l+m-1i 1
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6 Cz. Dyjak

Hence ?1+m eBV(Il+m). More generally, let us take a function

¢k+m-1:Ik+m-1_-.R and let ¢k+m-1 eBV(1k+m_1), k = 2,3,... . Evi-

i -me i . —
dently, if xel  then f (x) e L. Therefore the function ¢, :T, -~R
given by the formula

- -1 -
(7)o, ) = glf Y, OGN ITEOD, k=2,3,.

is well defined. Moreover, by a similar calculation as above, one can

prove that @, € BV(lk+m) and that

m
(8) ;/ar Prerm sZ L Var Prem-i \;ar G, k=2,3,...
k+m i=1 I'k+m-i. k

Now we introduce the following notations

a, := Var Prer bk t= Var G, k =1,2,...

1

K %

Using these notations we can write (8) as follows

k

m

(9) eom <) b Bumeg B = L2

i=1
We define the function ¢:(a,b>—=R in the following way

QJi(x) for eri, i=1,2,...,m,
(10) plx) =

!(Pi(x) for xel, i=m+l,ms2,...

From (6), (7) and (10) it follows that ¢ satisfies equation (2)
in (a,b>. The uniqueness of the solution is obvious. To prove that
(10) belongs to the class BV(a,b>, we write Var ¢ = Z a_. Since

(a,b> n=1 n
the sequence a ne N, satisfieg inequality (9) it follows from Lem-
ma 5.1 in [2] that the series Z, a converges. This complete; the

proof. n=1
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