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BV-SOLUTIONS OF NONLINEAR FUNCTIONAL EQUATIONS 

OF HIGHER ORDER 

Introduction 

In [ l ] we have considered BV-solutions of the nonlinear functional 

equations of fir.»t order, i . e . the case m - 1. In this paper we shall 

be concerned with BV-solutions of a nonlinear functional equations of 

the order i . e . 

(1 ) <p{x) - h U . j ^ l x ) ] , . . . , ^ [ f m ( x ) ] ) , 

(2 ) - gCx^Lf 1 1 1 " 1^) ] , . . . , p [ f l x f l 

where <p is an unknown function and f l denotes i-th iterate of the func-

tion f . 

Let (X ,d ) be a metric space. By P ( I ) we denote the set of all the 

finite partitions p: X Q < x ^ < . . . < x of an interval I C R , where x ^ t l , 

i «• 0 , 1 , . . . , s. Similarly as in [ l ] , for the function —»-X we de-

fine 
s 

(3 ) Var f sup / dCjoCx.), <p(x. . ) ) . 
i pu) f r 1 

l - l 

By BV ( l ) we denote the set of all functions (piI ——X such that 

Var <p<-oo. 
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2 Cz. Dyjak 

In this section we assume that 

(i) (X,d) is a complete metric space, 

Ui) h:UXm—H~X, 

Ciii) there are a function HeBVU) and a positive constants 1., 
m 1 

i = 1,2, . . . , m , such that 0 î̂ 1 ̂  d(h(x , . . . , y ) , 
i=l m 

m 
Mx,yi,...,ym))«£l1dtyi.y1> + d(HU),H(x)), for (x̂  y ), 

i=l 
Cx,yj_ ym)eIxXm, 

Civ) f J I ——I, i = 1,2,... ,m, are continuous and strictly in-

creasing in 1. 

Theorem 1. If hypotheses (i)-(iv) are fulfilled then the equa-

tion (1) has a unique solution yeBVil) given by formula <p = lim• jp 

(uniformly in I), where n—oo 

-hU,(P1[f1W]-..%[fmW]), xel, n «» 0,1,... 

and <p eBVCl) is arbitrarily choosen. Moreover 

Var H 

(4) Var cp « . 
T M 

Var H 

Proof. Let us take an arbitrary and define 

Â  := ĵ eBVCl): Var The set Â  with the metric pt̂ ,̂ ) : = 

:= sup dĈCx) ,<p2W), 9̂,9)2 eAj. is a complete metric space. In the 
xel 

space Â  let us consider the transformation <p —— T \ j p ] defined by the 

formula 

15) T[̂ ]U) = hCx̂Cx)] <piim̂T\) , xei. 
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N o n l i n e a r f u n c t i o n a l e q u a t i o n s 

W e s h a l l p r o v e t h a t ( 5 ) m a p s A ^ i n t o i t s e l f . B y C i i i ) a n d C i v ) , 

w e h a v e 

9 

V a r T O ] - s u p Y dChCx . t f f - Cx ) ] , . * . . , < p l t j x . ) ] ) , 
I P C I ) f ? J 1 3 m J 

J - l 

» h C x . ^ L f j C x . ^ ) ] p E ^ C x . ^ ) ] ) ) ^ 

s m 

* « P Y j Y ^ P i ^ j . x ) ] ) + < U H C x . ) , H C x . j ) ) 

j - l i - 1 

m s 

. - P C I ) * . 
1 - 1 J - l 

+ s u p 7 d C H C x . ) , H C x . , ) ) - 7 1. V a r <p + V a r H ^ 

p c o f r j j - 1 4 - l f . c i ) y I 
3 - 1 i » l l 

m m m 

^ 1. V a r 9 + V a r H < M ^ T 1. + M - M ^ 1. • V 

1 I I 1 ^ 1 

F u r t h e r , w e s h a l l p r o v e t h a t C 5 ) i s a c o n t r a c t i o n m a p . L e t u s t a k e 

a r b i t r a r y 9 » i » y 2 e A M ' T a ' K i n 8 i n t o a c c o u n t ( i i i ) a n d ( i v ) , w e h a v e 

p C T ^ J . T ^ ] ) - s u p d C h C x , ^ C x ) ] ^ [ f C * a ) , 
x e l 

. h C x . ^ C x ) ] . . , 9 > 2 [ f m C x ) ] ) ) « 

m m 

Y \ s u p d C ^ C x i . ^ C x ) ) - 9 ( < p v < p 2 ) Y V 

i - 1 i—1 
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4 Cz. Dyjak 

Thus, in virtue of the Banach principle there exists a unique fixed 

point of (5) in the space A ^ . In other words there exists a unique 

solution <p 6 A ^ of the equation Cl). Because M is arbitrarily large, 

this is a unique BVCD solution of equation ( 1 ) . 

Next, we shall prove that estimation (4) holds. Using successively 

hypotheses Ciii) and Civ), we have 
s 

Var cp = sup ^ dChCx.,y[f1 Cx^.)] . . ,ç?[fm(x J ] ) , 

j-1 

é sup 
PCD 

^ C x . ^ . ^ C x . ^ ) ] . . , 9 [ f m C x M ) ] 

s m 

^ T \ d ^ L V * . ) ] , 9 i f i C x j _ 1 ) ] ) + d C H C x . ^ H C x . ^ ) 
.:_ 1 . ' 1 

J - l 

_ 1 

-s- ) 1. Var ffl -t- Var H ^ Var 9 / 1. + Var H, 
Z L 1 f.CD I I 1 I 

i » l 1 i « l 

which proves inequality ( 4 ) . This completes the proof of Theorem 1. 

2 . Now let us consider equation C2) and assume that 

Ci) CX,d) is a complete metric space, 

Cii) g » C a , b > * X m — « X , 

Ciii) there are function G s B V C a , b > and positive constants 1 

C i - 1 , 2 , . . . ,m) such that d C g C x . y j , . . . ,y ) . g C x , ^ , . . . 
m 

l t d ( y . , y . ) + dCGCx),GCx)) for Cx,yx Cx ^ . ,y ) e 
i - 1 

6 Ca,b> x X m , 

Civ) f : C a , b > — C a , b > is continuous and strictly increasing in 

Ca,b>, and a < f C x ) < x for x e C a , b > , 
in m ^ 

tv) all the roots of the polynomial p t z ) - z - l^z " - . . . - 1 

have absolute values less than 1. 

- 420 -



Nonlinear functional equations 

T h e o r e m 2. By hypotheses Ci)-Cv), the equation (2) has a so-

lution (p G BV(a,b> depending on an arbitrary function. More precisely: 

for any system of functions I?».}. •, 9 such that (p. 6 BV( l . ) , \ 1J 1) Z ̂  • • • j ill X 1 

where 1. - < f l C b ) , f l _ 1 Cb )> and fulfilling the conditions 9 j t/Cb) ] -

«• , i = 1,2,. .. ,m-l, there exists the unique function 

<p 6 BV(a,b> satisfying the equation (2) in (a,b> and such that -

for x t l ^ » k - l , 2 , . . . ,m . 

P r o o f . Let I. -<fXCb) ,f1"1Cb)>, i - 1 ,2 , . . . By Civ), we 
OO 

have l̂ J 1. » Ca,b>. Let us take arbitrary functions <p. si. —"-R, 
i-1 

i - 1 ,2, . . . ,m, fulfilling the conditions of the theorem. Notice that 

if th®1 ' 1* i " . . . ,m. to particular 

f m ( x ) e 1,. So let us define the function <p, :I, —- R for x € I, 
1 ~l+m 1+m 1+m 

as follows 

C6) 9,1+m(x) - g C r t x i ^ ^ r ^ x ) ] 

We shall prove that 9°i+me • Using successively (6 ) , ( i i i ) and 

Civ), we obtain 

s 

^ <Pi+m ' _f?P , L ^ ^ ' W i * " 1 ^ )' 
1+m 1+m j-1 

m s 

1+m i-1 j-1 

s m 

+ sup YdCG[f"mCx.) ] , G[f"mCx. . ) ] ) < > I. Var © . + VarG. 
) immi J J-1 i x " l+m-l . 

r U l + m ' j-1 i-1 1+m-i l l 
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6 Cz. Dyjak 

Hence e • More generally, let us take a function 

<Pi. Iv. 1 — - R and let §3, - eBV(L , ) , k = 2 , 3 , . . . . Evi-^k+m-l k+m-1 rk+m-l Tc+m-1 
dently, if x e then f m ( x ) 6 Therefore the function 

given by the formula 

(7) <£>k+mU) - gCf"mCx) W k ^ j L t ' h x ) } , . . . ^ k Lf " m Cx) ] ) , k - 2 , 3 , . . • 

is well defined. Moreover, by a similar calculation as above, one can 
prove that CP. BV(L ) and that r ~k+m K+m 

m 

( 8 ) ^ ?k+m V a r W i + ^ ; a r G ' k - 2 , 3 , . 
k+m i=l K+m-i k 

Now we introduce the following notations 

a k Var t^ : - Var G, k = 1 , 2 , . . . 
I k 

Using these notations we can write (8) as follows 
m 

i=l 

We define the function <p:(a, b> — R in the following way 

(10) p ( x ) 
jC^x) for x e l . , i -1 ,2 m, 

5P.(x) for x e l . , i=m+l,m+2, . . 

From (6 ) , (7) and (10) it follows that (p satisf ies equation (2) 

in (a ,b>. The uniqueness of the solution is obvious. To prove that 
oo 

(10) belongs to the class BV(a ,b> , we write Var cp = a . Since 
(a ,b> n-1 n 

the sequence a , n e N , satisfies inequality (9) it follows from Lem-n °° 
ma 5 .1 in [2 ] that the series XL a converges. This completes the 
proof. n ^ 
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