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1. Introduction 

The aim of this paper is to present the existence theorem for 

functional-differential inclusions of the form 

D ( t , x t ) 6 FCt , * t ) 

where F is a multivalued mapping having a Caratheodory selector and 

taking as its values nonempty closed compact but not necessarily con-

vex or nonempty closed convex subsets of R n and D is a single-valued 

mapping with values in R n . We extend the results of J .K.Hale [ 4 ] on 

the functional-differential inclusions of neutral type. 

2. Notations and definitions 

Suppose r > 0 is a given real number, R - (-00 , + oo), R n i s a 

n-dimensional linear vector space with, & norm 1*1» is 

the Banach space of continuous functions endowed with the topology of 

uniform convergence. If [ a , b ] - C " r » ° ] we let - C ( [ - r , 0 ] ,R n ) 

und denote the norm of an element $ € C by || § || » sup | . 
o r -r^6<0 

If 6 e R , a » 0 and x€C([® -r ,0+a] , R n ) , then for any tc [6 ,6+a] , 

we define x e C by x 18) - x( t«-8) f - r < 9 « 0 . 
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2 E. Luczak-Kumorek 

By P ( X ) , CC1(X) and Comp(X) we denote the spaces of all non-

empty, nonempty closed convex and nonempty closed compact, respecti-

vely, subsets of metric spaces X. 

Let (T,-T7) be a measurable space, X be a metric space. A set-va-

lued function F : T—— P ( X ) is said to be measurable (weakly measu-

rable) , if { t e T : F ( t ) n u t 0 } e f for every closed (open) set 

U c X (see [ 3 ] ) . 

If F:Y—— P ( X ) , where Y is a topological space, then the asser-

tion that F is measurable (weakly measurable) means that F is mea-

surable (weakly measurable) when Y is assigned by ® - a l g e b r a ( Y ) of 

Borel subsets of Y . 

If F : T * Y — P ( X ) then the various kinds of measurability of F 

are defined in terms of the product 5-algebra J® fi ( Y ) on TxY. 

(For T = R we will consider T together with the S-algebra of all its 

Lebesgue measurable subsets). 

A multivalued mapping F : X — P ( Y ) is lower semicontinuous if 

the set j x e X : F ( x ) HZ / is open for every open subset Z of Y . 

Let CCl (Rn ) be the family of all nonempty closed convex subsets 

of R n , f i c R * C be an open set. Assume that F:Q—— CCl (Rn ) sa-or r 

tisfies the following conditions: 

( i ) F : £2 —— CCl (Rn ) is weakly measurable, 

( i i ) F ( t , •) is lower semicontinuous for each fixed t e R , 

( i i i ) there is a Lebesgue integrable function m:R—»-R + such that 

h (F ( t , $ ) , { 0 } ) < m(t) for (t ,#)6i2 , where h denotes the Hausdorff 

metric in CCl (R n ) . 

D e f i n i t i o n 1. Suppose Q is an open set in Rt fC^, D:C—— R n 

is continuous, § — - D ( t , h a s a continuous Frechet derivative 
D'(t,<f) and 

§ 0 

<?)!,/= f fd ? ( t ,$ ,0 ) ] y (9 ) 
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Neutral functional-differential inclusions 3 

for {t,$)eS2 , y e C Q r , where q(t,0) i s an nxn matrix function with 

elements of bounded variation in 9 e L - r , 0 ] . For any ^ t C - r . O ] we say 

that DCt,$) i s atomic at fian.Si, if 

pCt,£,/3+) - ?Ct,i,/3~) = A{t,§,/3), det ACt,$,/3) b 0 

for some nxn matrix function A ( t , / S ) continuous in Ct,$) and there 

i s a scalar function 3>Ct,$,s ,/3) continuous for Ct,$)e52 , s > 0 , 
/9+s . 
/ [ d , f i t , # ,8 ) ] J» 19) - A C t . ^ y C / J ) ^ zit,§,0,p) m 0 such that 

fi-s 
¿3*Ct,$,s,/3)"lf/|| for Ct,$)e£?, 3 ^ 0 , j i 6 C o r . 

D e f i n i t i o n 2. Suppose i P C R x C ^ i s an open set , » R n 

i s a given continuous function atomic at zero. The relation 

Cl) ^ D ( t , x t ) e F ( t , x t ) 

i s called the neutral functional-differential inclusion CNFDI). 

D e f i n i t i o n 3. For a given NFDI a function x : [®-r ,S+a) —*-Rn 

i s said to be a solution of (1) if there are <5 € R , a > 0 , such that 

X€ C C [ e - r , 6 + a ) , R n ) , Ct,xt)e£2 , t e [ < J , 6 + a ) , t — D(t ,x t ) i s continu-

ously differentiable and satisf ies (1) a . e . on C<3,6+a). 

D e f i n i t i o n L. For a given 5 e R , J e C Q r and It we 

say that x i s a solution of inclusion Cl) with initial value $ at 6 or 

simply a solution through { 6 , $ ) , if there i s an a > 0 such that x i s 

a solution of Cl) on [S'-r ,6+a) and x<j -

D e f i n i t i o n 5. Let T be measurable space and X be a metric 

space. A function f : TxT—— R n is said to be a Caratheodory selector 

of a set-valued function F : T*X — CCl (R n ) , if f i s a selector for 

F and f i s such that fC' ,x) i s measurable for x e X and fCt , * ) i s con-

tinuous for t € T . 

D e f i n i t i o n 6. A set-valued function FsTxX —»-PCRn) , where 

T and X are a s above, i s called an M-mapping if every its lower semi-

continuous restriction has a continuous selector. 
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4 E. Luczak-Kumorek 

3. Existence theorem 

T h e o r e m 1. I f i 2 £ R * C is an open set, (1) is NFDI and 

F: £2—— CCl (Rn ) satisfies conditions ( i ) - ( i i i ) then for any ( 6 Q 

there exists a solution of ( l ) through [6 , § ) . 

P r o o f . A function x is a solution of (1) through (S ,§ ) if 

there is an a > 0 such that x£ C([<5-r ,0+a) ,Rn ) and 

(a ) f ( t , 0 is continuous for each fixed t e R , 

(b ) f is measurable, 

( c ) f ( t , z ) e F ( t , z ) for ( t , z ) e £ . 

Clearly, f is a Caratheodory selection for F. Then x is a solution 

of (1) through (6 ,0 ) , whenever there is an a > 0 such that x satisfies 

| D(t ,x t ) 6 F ( t , x t ) for a.e. t 6 [0 ,S+a ] 

(2) 

*0 - § -

Since F: Q.—»-CCl(Rn ) satisfies the conditions ( i ) - ( i i i ) then, in v ir-

tue of [ 2 ] , there exists a mapping f : Q ——Rn such that: 

0 
(3) < for a.e. te [ff ,6+a], 

x<5 - $ > 

where f is a Caratheodory selection of a set-valued map F. Let 

[ - r , 00 )—fc-Rn be defined by 

$ ( t ) for t e [ - r , 0 ] , 

${t) 

§ (0) for t € [0,°o ) , 

and let C°([®,0+aJ, R n ) denote the Banach space of all continuous 

functions z : [ s ,6+a ]——R n such that z(<5) » 0. For every 

z e C° ( [6 , e+a ] , R n ) let 
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Neutral functional-differential inclusions 

z(t) for te[®,S+a], 
Kt) = 

0 for te[©-r,©] . 

We have, of course, ze C([©-r,6+a] , Rn) and z j-̂  g+aj = z-
Now, we can define for each fixe4 6 € R and a > 0 a mapping 

A 

§ © z by setting 

U) ($® ÎHO 
|(t-6) for te [ ( î -r , s ] , 

£(0)+z(t) for teQö.e+a],. 

In what follows, we shall denote § © z by £© z. 
Let us observe that the functional-integral equation (3) is equi-

valent to the following one 
t 

D(t,($© z)t) = D(e,$) +Ji(T,{§® z)r) dr 

(3') for a.e. te [e- ,e+a] , 
z s - 0. 

In this way x is a solution of (1) through (.6 ,$), if there is an 
a> 0 and z € Ct[© ,3+aJ , Rn) such that z satisfies (3') and x - $ © z . 

Since D(t,£) is continuously differentiable in then 

(5) D(t , ($© z)t) - DCt.C^©. 0)t) + 

+ r£(t,($© 0) t)[lf © z ) t - ( $ © 0 ) J + g l t , l # © 0 ) t , p i © z)t-L§® 0)J), 

where g(t,<sp,0) - 0, | g(t ,<p,y) - g{t,y>,$) £(t,9,<5%-%\\ for 
(t ,<p)eQ ,||y|| and E(t,$p,6) is continuous in t , <p , 6 for 
(t,9»)e43 , 6 St0 and£(t,?>,0) - 0. By U), we have (£©z) t -
- ($© 0)t - zt. Hence, by (5), it follows that 
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6 E. Luczak-Kumorek 
© 0)t)zt - D(t,(# © z)t) - DU,l$© 0)t) - g(t,($ © 0)t,zt). 

Therefore, by (3 ), * is a solution of (1) through if x(t) -
- (£© z)Ct) for t e [j}-r,0+a] and z satisfies 

ijU.Ci© c)t)zt - DU,(̂ ©0)t) -t 
- °Vzt̂  zV)dr for a,e- t e (6) 

z6 - 0. 

Using the fact that D is atomic at 0 on S2, we have (as long as 
(t,($© 0)t)ei2) 0-

au,($© o)t,o)ztco) + J [dg?Ct,C$© oit,e)] ztce) -

t 
- D («,#) - DCt,C$©0)t) - glt,($ © 0)t,zt) +J i { z A § ® z ) r ) dr. 

© 

Then, since z (0) - z(t) , we have 0-
slt) - [aU,(£ © 0)t,0)] _1 < - J [dg?Ct,($© 0)t,8)]ztC6) + 
- D(e,£)-D(t,(£@ 0)t)-g(t,(̂ © 0)t,zt) J f(t,{$ © z)r)dr (7) 

for a.e. te [0 ,®+a] , 
z 5 - 0. 

If we let 

(8) (TzKt) 

0 for te[ff-r,©], 
0-

[ A { t , { $ ® 0)t>0)]_1 - J [dĝ t.Ĉ© 0)t,8)]ztC8) 
+ T>{<5,§) - DU,(#© 0)t) - gCt,($© 0)t>zt) 
for a.e. te [<? ,0+a] , 
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Neutral functional-differential inclusions 

(9) ( S z ) ( t ) 

for t 6 [G - r , ff] , 

t 

[ A ( t , l # © 0 ) ^ 0 ) ] ' ^ f (T,Cf® z)T) dr 

for a.e. t6[<5,6+a], 

then (7) is equivalent to z ( t ) - ( T z ) ( t ) + ( S z ) U ) where 

z € CC[6-r,©+a] ,R n ) , z s - 0. 

The proof of Theorem 1 will be complete if we show the existence 

of a fixed point of T + S in </Ha,b) - { $ e C([6"-r ,ff+a] , R n ) : 0. 

for 1 6 [G ,6+aJ J . For this purpose we will show the following 

lemma. 

Lemma 1. There are positive real numbers a, b and a,b,0<a<a, 

0<b<b, such that T : JKa,b) — C ( [ ® - r ,6+a] ,Rn ) and S : ^ C a , b ) — -

——C( [S-r ,6+aJ ,R n ) , have the properties 

1° T is a contraction, 

2° S is completely continuous, 

3° T + S : ^ ( a , b ) — j ? ( a , b ) , 

where T and S are mappings defined.by (8) and (9 ) , respectively. 

P r o o f . For an 

( t , ( $ © 0 ) t ) e i2 and 

P r o o f . For any 1?, , there are a > 0 , b > 0 , such that 

| [ A U , ( £ ® 0) t>0)3 _ 1| S U , ( $ © 0 ) t , b ) < V> , 

| [ A U , ( $ © 0 ) t >0)J" 1| y ( t f ( $ © 0 ) t , a , 0 ) < V 

for te [0 ,6+a] where ,s ,/i) is the function from Definition 1 

and 6(t,$p,6) is the function in the proof of Theorem 1. For any non-

-negative real a and b let 

j?(a,b) - | $ eC( [©-r ,e+a] ,Rn ) : 0, b for t e C<5, <?+a] } . 
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8 E . Luczak-Kumorek 

For any 0 < b < b , there is an a , 0 < a < a , so that ||($© 0) t -$||<b-b. 

Further , we res tr ic t a so that for t e ,6+a] we have 

l [ A ( t , ( $ © 0 ) t , 0 ) ] " 1 | - D t t , l $ © 0 ) t ) | ^ » b , 

t 

|[Alt,($ © 0 ) t , 0 ) ] _1| m(r)dr| < 9b. 

We now show that T and S satisfy the conditions 1 - 3 . In fact , 

by (8 ) and the above restr ict ions on a and b , for any z , y € u) 

we have 

| ( T z ) ( t ) - ( T y H t ) | -

i>(t,(# © o)t,o)y1- - J O ) t , 0 ) ] z t ( 0 ) - D U , C ^ © 0 ) t ) 

- r 0 -

+ DC<5,$) - g ( t , ^ © 0 ) t , z t ) Q d 8 ? U , C i © 0 ) t , 9 ) ] y t ( 9 ) 

- r 

+ D ( t , C ^ © 0 ) t ) - D ( 0 , 0 ) + gCt,C<f © 0 ) t , y t ) 

^ | [ A ( t , ( # © 0 ) t , 0 ) J " 1 | UCt .Ci © 0)t,b)||zt-yt|| + 

+ y l t . l i © 0) t,â,0).||z t-y t||Uv||z t-y t|| + 9 ||«t-yt||<-j H V ^ I I ' 

Hence, T is a contraction. 

Let z , y e J ? ( 5 , b ) and let /U= Tz + S y . S ince , for t e [ < ? - r , f f ] , 

by ( 8 ) , ( 9 ) , ( T z ) ( t ) + ( S y ) ( t ) - 0 and for t e [ 6 , S + a ] we have 
0 -

- J L d e ? U , ( i © 0 ) t , 9 ) ] z ( 8 ) + IMOI [ M t , ( $ © o ) t > o ] -1 

t I 
T>{<5,§) - D l t , l $ © 0 ) t ) - g ( t , ( £ © 0 ) t , z t ) + j f C r , ( $ © y ) r ) d r | | 

& J 

s£Vb + Vb + ?b + V>b b , 
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Neutral functional-differential inclusions 9 

therefore T + £? : j * ( a , b ) . ¿ ( a , b ) . It i s not difficult to show that S 

is continuous. Moreover, S is compact, since for every t^ £ 

e [ 6 - r , 5 + a J 

(CSz iCt j ) - ( S z ) C t 2 ) | ^ | b . 

This completes the proof of Lemma 1. 

Lemma 1 yields the existence of a fixed point of T + S in J l ( a , b ) 

( s e e [ 5 ] , Lemma 2 . 1 ) and thus a solution of (1 ) through ( 6 , $ ) . Then 

the proof of Theorem 1 is completed. 

R e m a r k . Theorem 1 will be true in the case of the multivalued 

mapping F s Q—«-Comp(R n ) if F is an M-mapping such that F is mea-

surable on Q , F ( t , •) i s lower semicontinuous for each fixed t and 

pr_ (.Q) has a finite measure, where pr„ (Q) denotes the projection of K K 
on the rea l l ine. Then, in virtue ol' Ll]i?F has a Caratheodory s e c -

tor f and the proof of Theorem 1 will be analogous. 
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