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MOMENT PROBLEM IN R" 

By a counterexample from M. Sakai the c lass ical moment problem 

in the complex plane C is known not to be uniquely solvable. The same 

construction is used here to show that this is true for the moment pro-

blem in R n for any n 5 3 . 

1. Moments in R n 

The moments of a bounded domain D in the complex plane C de-

fined by 

Cl) m k : - / z k d x d y (k 6 NQ) 

appear as the coefficients of the Taylor expansion of 

<2> f^-Sf*?»* i t - « » « ? ) 
D D 

at infinity. An analogue to this function in R n is 

V ^ j " t f l x - y | 2 n dy> 3 i ? n , 

(3) f - ^ - d y 

J V J log I x - y I dy, 
D 

2 - n. 
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In the following only the case 3 ^ n will be considered. The coefficients 

of the power series development at infinity of the integral on the right-

-hand side of (3) are defined as the moments of D, see [ l ] . They are 

expressed by the Gegenbauer polynomials C^ as 

(B 1) / \ 
U ) — ) | y | k d y C k 6 N 0 , S 6 R n , m - l ) 

D 
which is suggested by 

Ctt Ix v l 2 " n - l x l 2 " n ( l 2 — • -Z- i^J + l y ! 2 
| x y l 1 x 1 V i x ' M M m 2 

E c / ( r f i • f ^ ) l y l k l x l 2 ~ n ~ k -
k=o V M ly 

The infinite ser ies is convergent for | y | c | x | . 

Moment problem. For a given sequence (M^(^)) of real-valued func-

tions on | £ | <= 1 find a bounded domain D in Rn with the moments 

In the complex plane this problem was posed by H . S . Shapiro (.see 

[4-], p. 193) and for domains with analytic boundaries under additional 

assumptions shown to be uniquely solvable by e . g . S . Richardson [2~\. 
Later M. Sakai [ 3 ] gave an example of two different domains with the 

same moments. 

2. Counterexample 

T h e o r e m . The moment problem is general i s not uniquely sol-

vable . 

P r o o f . Let e be any unit vector, |e| « 1 . The moments of the 

circles | [ x + e| < r | are by the mean value property of harmonic func-

tions 
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Moment problem in R N 3 

( 6 ) ^ " n ^ V u e ) ) ^ N 0 ) . 

Observing the homogeneity of C^ it follows that the moments of the 

rings | 3 < I x+e | Vs^+l } and for | | x+e | < 1} are 

1 7 ) C K 6 N Q ) . 

Hence { |x+e | < l | U 13 < | x+e| < V ^ V l } both have the same moments 

C--1) 

(8) [ U l ) k + C- l ) k ] C k 2 U - e ) U X k ) . 

Because 
(9) { l < | x - e | < 3 } n j l < | x + e | < 3 } 

is symmetric with respect to the (n-1)-dimensional plane through the 

origin with e as normal vector, the two domains 

(10) 13 < | x+e | < ^ 3 ^ + 1 ju j | x+e | < l j u 

u { { l < | x - e | ^ 3 } n j l < | x + e | < 3 } J \ { o } 
have the same moments. 
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The previous figure shows a crosscut of one of th< domains. The 
other one is the reflection image of this one on the mentioned plane 
R11"1. 

3. Harmonic surfaces 
A surface S in Rn is called a harmonic surface if it is represen-

table by a function h harmonic in the neighbourhood of S such that 

(12) x - V h ( x ) ( x e S ) . 

The sphere j|x| - R J for example is harmonic because 

(13) x - v £ | x | 2 " n for |x| «• R. ¿-TL 

A harmonic surface is smooth while the domain constructed in Section 2 
has a boundary which is not smooth everywhere. In [ l ] any smooth boundary 
of a bounded domain D in Rn is shown to be representable by a harmo-
nic function h. inside D and a harmonic function h outside D as 

i e 

( U ) x - V h . ( x ) + Vh (x) (x e 3D). 
i e 

The boundary will be harmonic if K and h^ may be harmonically con-
tinued across 3D. 

The proof of (14) simply follows from the continuity of 

(15) H ( x ) f " ~ y „ iy 

in R n , and the formula (see [ l ] ) 

(16) f J S i y - d y . ^ x (| x | < R ) , 
^ Ix-vl |y|<R 1X y l 

because if DC {|x|<R} B r 

(17) H(x) - V ^ - J \ x - y \ 2 - n dy (x £ D) , 
D 
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Moment problem in R n 

(18) H(x) = f J^y-dy-y^- f | x - y | 2 - n d y ( x e D ) , 
tf i x . v i n z ' n v 

|y|<R 1 y | B r \ D 
An example for a representation of kind (13) i s for the surface of 

the ball ||x-XQ|<rJ 

(19) x = V x - x 0 + V A _ | x - x 0 | 2 " n for |x-xQ| - R . 

Harmonic surfaces in R 1 1 seem to have similar properties to analytic 

curves in C . We therefore conjecture that the moment problem in the 

c lass of bounded domains with harmonic boundary is uniquely solvable 

under some additional conditions. 
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