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With a view to gene ra l i z ing the Banach con t r ac t i on p r i n c i p l e , Ma t -

kowski [ 5 ] - [ 6 3 p roved a f ixed point t heo rem ( s e e R e m a r k 1) f o r a s y -

stem of n t r a n s f o r m a t i o n s , on a p roduc t of n m e t r i c s p a c e s . T h i s 

r e s u l t h a s been extended and g e n e r a l i z e d by Cze rwik [ l ] - [_2~] , Reddy -

-Subrahmanyam [ 7 3 and S i n g h - K u l s h r e s t h a [ 9 l . 

We follow the no ta t ions of Matkowski [ 4 ] and Cze rwik [ 2 j : 

( 1 ) "ik 

ik 

ik 

f o r i / k , i , k - 1 , . . . , n , 

f o r i - k , 

and a r e def ined r e c u r s i v e l y by 

(2) I t t i ) 
"ik 

( t ) ( t ) A ( t ) I t ) . . , . 
C11 c i + l , k + l + c i + l , l c l , k + l ' f o r 

Ct) I t ) ( t ) I t ) . . . 
C 11 c i + l , k + l - c i + l , l c l , k + l » f o r l - k ' 

i , k - l , . . . , n - t - l , t - 0 , 1 , . . . , n - 2 . 

T h e fol lowing lemma i s e s s e n t i a l l y due to Matkowski [ 5 ] ( s e e 

a l s o [ 2 ] , [ 6 ] and [ 9 ] ) . 

L e m m a . Let c ^ > 0 f o r i , k - l , . . . , n , n ^ 2 . The sys tem of i n -

equa l i t i e s 
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n 
(3) JT a.k r k < r., i-l,2,...,n, 

k-1 

has a positive solution ri>r2'-*-'rn ^ a n d only if the following in-
equalities hold: 

(4) c i i ) > 0 ' i-1,2,... ,n-l, t-0,...,n-l. 

Let A^ , A^,. . . ,A^ be arbitrary (nonempty) sets, A:-Aj*A2*. . .xAn 
and X^,X2,...,Xn metric spaces (with metrics d̂ , respectively). 
Assume that 

(5) , Q^, T^ are transformations defined on the set A with 
values in X^, i-l,2,...,n; 

(6) P.(A)UQ.(A)cT.(A), and (T\(A) ,d̂ ) are complete subspaces 
of X^, i-l,...,n; 

(7) Xn), Qi{y1 yn))«i 

n 
^ L L « f t W i " " ^ ' V ^ i y n

) ] + 
k-l 

+ b[d (T (x x ), P (x x )) + i - i i i n l i n 

+ d i C T M yn), Q ^ yn))] 

for all (x^ ,. .. ,xn), (y^,.. . .y^) in. A and some nonnegative number b. 
The following is the main result of this paper. 
Theorem. If there exist nonnegative numbers b and a^, 

i,k - 1,2,... ,n such that (l)-(7), where 

(8) 0 « 2b < 1 - A , 

in which A - max ̂ r~1 ̂  a.^r^ , 

then the system of equations 
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C o i n c i d e n c e t h e o r e m 3 

( 9 ) P . C x x ) - a ( x , . . . , x J - T ( x x ) 
l i n t . l n l i n 

h a s a s o l u t i o n i n A . M o r e o v e r , i f 

a n d P . C v r . . . , v n ) - - T . t ^ , . . . . v ^ u . 

t h e n u . - u . . 
i I 

P r o o f . F i r s t w e n o t e t h a t , i n v i e w o f t h e s y s t e m o f i n e q u a l i t i e s 

( 3 ) , A d e f i n e d i n ( 8 ) e x i s t s a n d 0 < 1 ( c f . ( C z e r w i k [ 2 ] ) . F r o m 

t h e l e m m a a n d ( 8 ) , w e m a y c h o o s e p o s i t i v e n u m b e r s r ^ , ^ » . . . » ! " s u c h 

t h a t 
n 

£ V k ^ V i m l ' • • • • n -
k - 1 

P i c k x . i n A . , i - l , . . . , n . T a k i n g a c l u e f r o m 

[ 8 ] , w e c o n s t r u c t 

s e q u e n c e s j * ™ } i n ^ ^ ^ j 2 ! " } " 1 1 » • - • > n s u c h t h a t 
_ , 2 m 2 m . _ , 2 m + l 2 m + l \ 2 m + l 
P U - ) - T . U . > • • • > * > ~ 

i I n 1 1 n i 

a n d 

_ , 2 m + l 2 m + l . _ , 2 m + 2 2 m + 2 x 2 m + 2 

Q . ^ > • • • > x n ' " V x j x n > " zi ' 

m - 0 , 1 , 2 W e c a n d o t h i s s i n c e P . ( A ) C T . ( A ) a n d Q . U ) c T . ( A ) . 

W e m a y a s s u m e t h a t 

0 l s 

i l l l i ' 

F r o m ( 7 ) , 

J i 1 . , 0 0 . ^ , 1 1 . . 

i i , Z i ' d i ( P i ( * l " • • ' x n ) > 

< 1 1 « i i W 1 ! i ' T k ( x i + 

k-1 
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+ d 1 ( T 1 UJ , . . . ,x*), Q. (x* , . . . )] = 

- a.,d. + bd. (z^,zf) + 
f—i l k k k k 1 1 1 1 1 1 
k -1 

11 1 2> 
^ / . a.-r. + br. + bd ( z . , z j . 

t—i lk k 1 1' i 
k«l 

So 

d.(z?' )z?)€qr. 
1 1 1 *• t i l l 1 l 

wherein 0 < q - U + b ) / ( l - b ) <1. Similarly 

Inductively 

a ( 2 2 
d.Vz. ,z. ) q r.. 

i l l l 

, i m m+lN m „ , „ 
d .U . , z. r . , m=0, l ,2, . . . 

i I i ^ i 

This implies that | z™| is a Cauchy sequence and has a limit in (.A), 

i»l , . .. ,n. Call it u., i - 1 , . . . ,n. 
1 _ 2 

Now let Cv 1 , v 0 , . . . , v ) be a point in T. u. . Thus T.(v, , . . . . v ) -
l ¿. n r i i l l n 

= u.. Then from (7), 
i 

Q , ^ 1 , . . . ^ 1 ) , 

k=l 

+ b k U . , P ( v 1 I . . „ T ) + d . ( z 2 m + 2 , z 2 m + 3 ) l . 
L i i 1 n 1 1 i -J 

Letting m — o o yields 

d ^ P ^ V j v n ) ,u.) bd.Cu. , P ( V l , . . . ,v n ) , 

that is P ^ V j »• • • iV^) = u i> i - l » . . .»n . 
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Similarly ' • • • " i - l , . . . , n . This proved the existen-

ce of a solution of the system (9) in A. 

To prove the last part of the theorem, let (v^ ,V£,. . . ,v ) in A 

be another solution of the system of equations (9 ) , that i s 

P . C v r v 2 l . . . , v n ) = Q . ^ , ^ , . . . , ^ ) - T . C v ^ v n ) - u. , say. 

Then, since we can assume d^tu^ ^ r^, i - l , . . . , n , we have by (7 ) , 

d . U . , u . ) - d . C P . ^ , . . . , ^ ) , Q . ^ , . . . , ^ ) ) ^ 

n 

k«l 

Inductively 
d.(u. ,u.) ^ Amr.. i l l I 

Letting m—»oo gives u^ « u^. This completes the proof of the theorem. 

R e m a r k s : 1. Matkowski's fixed point theorem [j5] i s obtained 

as a corollary from the above theorem when b » 0, A^ = X^, P^ = Q^ 
and T. tx, , x „ , . . . ,x ) - x. for each x. in X . , i - 1 , . . . ,n. i 1 2 n i i i 

2. Kominek s coincidence theorem [ji, T h . l ] generalizing the co-

incidence theorem of Goebel 03] and Matkowski s theorem is obtained 

from the above theorem when b « 0 and P^ = QX , i » l , . . . , n . Indeed, 

Kominek s theorem is proved using Matkowski's theorem while our 

approach is constructive and provides a method to construct a sequen-

ce converging to the coincidence value. 

3. A fixed point theorem for two systems of transformations due 

to Singh-Kulshrestha £9] is obtained from our theorem when A. - X^ 

and T . ( x j , . . . - x^ for each x. in X^, i = l , . . . , n . 
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