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A COINCIDENCE THEOREM
FOR THREE SYSTEMS OF TRANSFORMATIONS

With a view to generalizing the Banach contraction principle, Mat-
kowski [5]-[6] proved a fixed point theorem (see Remark 1) for a sy-
stem of n transformations, on a product of n metric spaces. This
result has been extended and generalized by Czerwik [1]-[2], Reddy-
-Subrahmanyam [7] and Singh-Kulshrestha [9].

We follow the notations of Matkowski [4] and Czerwik [2]:

a for id k, i,k =1,...,n,
(0)
(0 ik
l-aik for i =k,
(t) . .
and c,, * are defined recursively by
(1) (t) (1) (1) .
901 Sie1,kel * Cis1,1 C1,ks1? T P K
(2) c(t+1) -
ik
(t) (¢) (1) (1)
€11 Sisl,kel " Sis1,1 S1,ke1’ T 1=k
i,k=1,...,n-t-1, t=0,1,...,n-2.

The following lemma is essentially due to Matkowski [5] (see

also [2], [6] and [9]).
(0)

ik >0 for i,km=1,...,n, n22. The system of in-

Lemma. Let c

equalities
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n

(3)

a, r. <r, i=1,2,...,n,
= ik 'k i

has a positive solution TysTgsee T if and only if the following in-

equalities hold:

(4) Ci(it) >0, i«1,2,...,n-1, t=0,...,n-1.

Let A1 ,A2 reoe ,An be arbitrary (nonempty) sets, A:-Alezx. . .xAn

and X,,X,,...,X_metric spaces {with metrics d, respectively).

Assume that

(5) P,, Q, T, are transformations defined on the set A with

values in Xi’ i=1,2,...,ns

(6) Pi(A) u Qi(A)C Ti( A), and (Ti(A) ’di) are complete subspaces

of xi’ i-l,...,n',

(7) di(Pi(xl" .. ,xn) , Qi(yl" .. ,yn))é
n
sk);l age AT b)), Tolyyeee,y ) +

+ b[di(Ti(xl, - ,xn) , Pi(xl” .. ,xn)) +

+ 4T (yyhenny)s Qlygsee iy

for all (xl - ,xn) . (y1 yeus ,yn) in, A and some nonnegative number b.
The following is the main result of this paper.
Theorem. If there exist nonnegative numbers b and a,

i,k = 1,2,...,n such that (1)-(7), where

k’

(8) 0<2b<1 -2,
1 n
in which A= m?x <ri kzi aikrk> ,

then the system of equations
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(9 Pi(xl" .. ,xn) - Qi(xl’ - ,xn) - Ti(xl" .. ,xn)
has a solution in A. Moreover, if
Pi(vl" .. ,vn) - Qi(vl" .. ,vn) = Ti(vl,. .. ,vn) =
and P.{¥,,... ,Vn) = Q_i(Tr'l,. .. ,Vn) = Ti(vl,. .. ,vn) 1= W
then u, = u,.
i i

Proof. First we note that, in view of the system of inequalities
(3), A defined in (8) exists and 0 <2 <1 (cf. (Czerwik [2]). From
the lemma and (8), we may choose positive numbers TyoToree el such

that
n

) a,r<ir, i=1,...,n
o | ik k i

Pick xg in Ai’ i=1,...,n. Taking a clue from [8], we construct

sequences {xin} in Ai and {zrin}m Ti(A)C X,, i=1,...,n such that

2m+1 2m+1
) z

2m 2m 2m+1
Pi(xl ,...,Xn ) - Tl(xl goee oy = i
and
Qi(xfm+1’ . ’x2m+1) - T.(x2m+2, . ’x2m+2) - z?m+2 ,
n i1 i

m = 0,1,2,.... We can do this since P,(A)C T (A) and Q(A)c T (A).

We may assume that

d.(z(.) ,z.l)sr'., r =1, i=1,...,n.
1 1 1 1 1

From (7),
1 2 0 0 1 1
di(zi’zi) = di(Pi(xl”"’xn)’ Q_i(xl,...,xn))s

0

n 0 1 1
ékzi aiqu(Tk(xl yeos ,xn) ) Tk(x1 ye e ,xn)) +
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0 0] 0 0
#b[a, (T, (g, x ), plxghenx)) +
1 1 1 1
+ di(Ti(xl’ e ,xn) , Qi(xl, e ,xn) )]

n
- ad(z,z)+bd(z,z)+bd(z,z2)<
k=1 k

<Z a,ry + br + bd(z ,zz)
k=1

So
1
di(zi,ziz)s ar;
wherein 0<q = (A+b)/(1-b) <1. Similarly
2 3 2
di(zi’zi Y<q T,
Inductively

i1’

a . (z" zm+1)$qmri, m=0,1,2,...
This implies that {zlln} is a Cauchy sequence and has a limit in Ti(A)"
i=1,...,n. Call it u,, i=1,...,n.
L -1
Now let (vl,vz,. .. ,vn) be a point in T "u, . Thus Ti(vl"" ,vn) =

= u,. Then from (77,

2m+1 2m+1
di(Pi(vl"' Ql(x peeeiX )<

2m+2 2m+3
+b|:di(ui, P(vl,...,v ) +d( )]

Letting m—= eo yields
di(Pi(vl oo ,vn) ,ui) < bdi(ui,P(vl, . ,vn) R

that is Pi(vl,...,vn) =u, i=1,...,n.
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Similarly Qi(vl" . ,vn) -u, i=1l,...,n. This proved the existen-
ce of a solution of the system (9) in A.

To prove the last part of the theorem, let ('7'1,\72,. .o ,Vn) in A
be another solution of the system of equations (9), that is
Pi(\'rl,vz, cen ,vn) = Q.L(\‘rl,vz,. .. ,vn) - Ti(vl,vz, ces ,vn) -4, say.

Then, since we can assume di(ui,fii)Sri, i=1,...,n, we have by (7),

di(ui ’ﬁi) = di(I-’i(v1 yeos ,vn) , Q.l(V1 yeus ,Vn) Y=

n
é]%:i aikrks A L

Inductively
d.(u,4) < 2"r..
Letting m —=co gives u = ﬁi. This completes the proof of the theorem.

Remarks: 1. Matkowski's fixed point theorem [5] is obtained
as a corollary from the above theorem when b « O, Ai = Xi’ Pi = Ql
and Ti(xl,xz,. .. ,xn) =X, for each X, in Xi, i=1,...,n.

2. Kominek's coincidence theorem [4, Th.1] generalizing the co-
incidence theorem of Goebel [3] and Matkowski s theorem is obtained
from the above theorem when b = 0 and Pi = Qi’ i=1,...,n. Indeed,
Kominek s theorem is proved using Matkowski’s theorem while our
approach is constructive and provides a method to construct a sequen-
ce converging to the coincidence value.

3. A fixed point theorem for two systems of transformations due
to Singh-Kulshrestha [9] is obtained from our theorem when’ Ai - Xi

and Ti(xl,... ,xn) = x, for each x, in X, i=1,...,n.
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