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METRIC PROJECTIONS IN LINEAR METRIC SPACES 

Various p rope r t i e s of the metr ic pro jec t ion a r e known in normed 

l inear spaces ( see e . g . L7]) . G. Pante l id is [ 5 ] d i scussed some of 

these p rope r t i e s in l inear metric space s . In this paper we a l so d i s -

cuss some n e c e s s a r y and sufficient conditions fo r the metr ic p r o j e c -

tions to be continuous and Lipschi tzian in l inear metr ic space s . 

Let G be a subspace of a l inear metr ic space ( E , d ) and x 6 E . 

An element g Q g G i s said to be a best approximation to x in G if 

d ( x , g o ) „ d U , G ) . 

The set of all such g e G i s denoted by. L _ ( x ) i . e . o kj 

L g ( x ) - {g Q € G : d ( x , g o ) = d ( x , G ) } . 

G i s said to proximinal if L^Cx) i s non-empty fo r each x e E and it 

i s said to be Chebyshev if L^Cx) cons i s t s of exactly one element fo r 

each x e E . The mapping JTQ, which takes each element x of E to the 

set L ^ ( x ) i s called the metric pro jec t ion of E onto G. Fo r Chebyshev 

se ts G, JTQ i s s ingle-valued. 

The canonical mapping W^ : E — — ~ E / G defined by W^ (x) = x + G 

i s c l e a r l y r e l a t ed to best approximation, s ince 

LQCx) ~ j g o e G : d ( x , g Q ) - d i s t ( W G ( x ) , 0 ) } . 
jT* 
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2 T . D . Narang 

We shall denote by P * (o) the set Ct 

P ^ U ) - | X 6 E s 0 6 L g ( X ) | . 

This set is called kernel of the mapping JTQ . 

The first two theorems give necessary and sufficient conditions 

for the continuity of the metric projections in linear metric spaces. 

In normed linear spaces, the first theorem was proved by Holmes [ 2 J 

and the second by Cheney and Wulbert C l ] and Holmes C 2 ] . 

T h e o r e m 1. For a Chebyshev sub space G of a linear metric 

space (E ,d) , the metric projection VQ is continuous if and only if 

the restriction W - W„ I , of the canonical mapping W :E——E/G 
G ^ ( o ) G 

to the set P ^ ( o ) is homeomorphism of P ^ t o ) onto E/G. 

P r o o f . As G is a Chebyshev subspace, W is one-to-one (see 

[ 4 ] , Theorem 2 . 3 ) . Further, W is always continuous (see E6]) and 

a mapping onto E/G, since for any x + G 6 E / G , we have x - j t , ( x ) c 
-1 

6 P g (o) and Wg[x- j j^(x)3 = x + G. Thus the condition that 

W = W_| . be a homeomorphism onto E/G is equivalent to the g | p : 1 ( o ) 
G . 1 

continuity of W . 

Assume that W * is continuous. We shall show that JT^ is conti-
nuous . Let x , x 6 E and x ——x i . e . d(x , x )—»-0 as n — - oe. Then 

n n n 
as above, x - (x ) - W~*(x +G) and x-J i^(x) « W" (x+G), and so n O n n 

d [ J r G ( x n ) , J r G ( x ) ] « d [ ^ - G ( x n ) - ^ G ( x ) , x n - x ] + d ( x n , x ) -

- dLw" 1(x+G), W"^(x +G)] + d(x ,x) — - 0 as eo n n 

and so is continuous. 
G -1 Now assume that JTQ is continuous. We shall show that W is 

continuous. Let x +G, x+G€ E/G, lim(x +G) - x + G and e > 0 be 
n n 

-1 -1 
given. Since JTQ is continuous at the point W (x+G) e P G (o) , there 

exist a <5 > 0 such that - 3 0 2 -
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d|z ,W 1Cx +G)]<5=»d[ j rGCz) ,0 ] - dOfcU) . ^ ( W ' ^ x + G ) ] < . 

Consider the open ball 

V - { z eE : d[z,W"1(x+G)J<min( l5, f ) } . 

Since the canonical mapping W^ is open (see C.6U) , the set W^(v ) 

is open and obviously, x + G e W . ( V ) . Hence x +G e W (V) for all 
CJ n \J 

n>N - N ( c ) and so there exist elements z e V such that n 

z +G - W„ ( z ) - x +G, n>N , n ij n n 

i .e. x^-z^e G and hence by the quasi-additivity of JT̂  (see C5]), we 

have 

Jr ( x ) - JRR (X - z + z ) - X - Z + J T ( Z ) . G n ( j n n n n n G n 

Consequently, since z^e V ( n>N ) , we obtain 

d|w"1C*n-»G),W'1lx+G)] - d [ x n - j ^ ( x n ) , W_1(x+G)]=S 

- d [ j rG ( z n ) ,0 ] + d [zn ,W" 1 (x+G) ]< 

< | + f , n>N 

and thus W ^ is continuous. 

R e m a r k . The above proof is similar to one given in [7 ] (Theo-

rem 4.2) for normed linear spaces. 

T h e o r e m 2. For a Chebyshev subspace G of a. linear metric 

space (E,d) , the following statements are equivalent: 

( i ) The metric projection Jr„ is continuous. 
-1 ( i i ) JT is continuous at each point of P « (o) . 

-1 
( i i i ) The direct sum decomposition E » G © P^ (o) is topologi-

cal ( i .e . lim x - x if and only if lim jr,(x ) « Jr>,(x) and n VJ n CJ 
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4 T . D. Narang 

Uv ) The functional - d(j7"G(x) . o ) , x e E is continuous. 

P r o o f . We shall show that ( i ) <£=s>(ii), ( i ) ^ = ^ - ( i i i ) and 

( i ) - ^ ^ » ( i v ) . ( i ) = ^ ( i i ) is obvious. 

( i i ) ( i ) Suppose ( i ) does not hold i . e . x ——x but ir„ (x ) —— n ^ G n 
—-J7U ( x ) , x , x e E . Then x - . n u ( x ) — - x - J r A x ) e P " ( o ) but G n n G G G 
JR ( X - J T - ( x ) ) = -nuCx ) - J T A X ) — » 0 contradicting ( i i ) . G n G G n G 
( i ) <=^ ( i i i ) is obvious and so is ( i ) = > Civ). Now we show that 

U v ) - » ( i ) . 

Let x n — x e P ^ C o ) , then d [ j r G ( x n ) , J ^ U ) ] = d[n*GCXr) , o ] — -

— ~ d [ j r G U ) , 0 ] = 0 i . e . ( i v ) = M i i ) but ( i i ) = ^ ( i ) . This completes 

the proof of Theorem 2. 

R e m a r k . The proof of Theorem 2 is a minor modification 

of the one given in for normed linear spaces (Proposit ion 4 . 1 ) . 

The following theorem deals with the Lipschitzian metric projec-

tions in linear metric spaces. In normed linear spaces this theorem 

was proved by Holmes [2~]. 

T h e o r e m 3. For a Chebyshev subspace G of a linear metric 

space ( E , d ) , the metric projection J7j_, is Lipschitzian if and only if 

the restrict ion W = W^ I of the canonical mapping W _ : E — » - E / G 

P G ( o ) 

is a Lipschitzian homeomorphism of P^, ( o ) onto E/G. 

P r o o f . For any x+G € E/G, we have x - ^ , U ) 6 P ^ ( o ) and 

w [ x - J i ^ ( x ) ] = x+G. Since 

d [ W G ( x ) , W G ( y ) ] •= d (x+G,y+G) = d ( x - y , G ) * i d ( x - y , o ) = d ( x , y ) 

for all x ,y £ E , the condition amounts to W ^ being Lipschitzian. 

Let W ^ be Lipschitzian, consider 

d [ j r G ( x ) , J I ^ ( y ) ] = d [ J ^ ( X ) - X + X , J T g Cy ) -y+y ] = 

= d [ - W _ 1 ( x + G ) + x , - W " 1 ( y + G ) + y ] i : d [ w ~ 1 ( y + G ) . W ' ^ x + G ) ] + d ( x , y ) ^ 

« d ( y + G , x + G ) + d ( x , y ) é 2d (x ,y ) 
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i . e . JTg i s Lipschitzian. Suppose now that jt^ is Lipschitzian. Con-

sider 

d f w ' ^ x + G ) , W ' ^ y + G ) ] - d [ x - j r G ( x ) , y - J ^ ( y ) ] -

- d [x - j r G (x+g) ,y-7TG (y-g)] for al l g e G 

- d ^ - J ^ l x J t g j y - ^ ^ y - g ) ] for al l g e G 

$ d(x+g ,y)+d[ j r G (x ) ,^ G Cy-g) ] for al l g e G 

« d ( x , y - g ) + d ( x , y - g ) for all g e G . 

T h e r e f o r e , d [ w " 1 U + G ) . W ' H y + G ) ] * ; 2d (x ,y+G) - 2d(x+G,y+G) i . e . 

W ^ i s Lipschitzian. 

The following theorem deals with the continuity of metric p r o j e c -

tions in quotient spaces of l inear metric spaces . This result in normed 

linear spaces was proved by Cheney and Wulbert L i ] . 

T h e o r e m 4 . Let P be a Chebyshev subspace of a linear metric 

space ( E , d ) with continuous -Wp and let Q be a subspace of E which 

contains P . Then the following conditions are equivalent: 

( i ) Q i s a Chebyshev subspace of E with continuous -TTQ. 

( i i ) Q/P is a Chebyshev subspace of E/P with continuous J r ^ p . 

P r o o f , ( i ) = ^ ( i i ) . S ince Q i s proximinal in E , Q/P i s pro-

ximinal in E/P (Theorem 2 [ 3 ] ) . S ince P i s proximinal in E and Q is 

semi-Chebyshev in E , Q/P is semi-Chebyshev in E/P (Theorem 2 [ 3 3 ) . 

Hence Q/P is a Chebyshev subspace in E / P . Now we show that ^Q/p 

i s continuous. 
Let f + P — - f + P . Put g, - f - Jr f and g - f - jr_f . Then n ^ ii n y Q 

g n + P — g + P and g e j r ^ (o) . It follows that dist ( g n - g , P ) — » - 0 i . e . 

d [ g ^ g . ^ p t g ^ - g ) ] — 0 and so g ^ - ^ C g ^ g ) — - g. By the continuity 

of JTp (hypothesis) , the quasi-additivity of JF^ ( s e e [ 5 ] ) and idempo-

tency of jTp ( see [ 5 ] ) , it follows that 

«•plg^-apl f l^-g) - J ^ ( g ) - 0 as g = f - j r Q f . 
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6 T . D. Narang 

Thus fin"fp^^-g)—-g. By the continuity of JTQ, 

Thus dist (jr_g ,P)—"-0 , dist (JTUf f , P ) — - 0 , and Jr~f +P y n y n y y n 
—- j r^ f+P. By Theorem 2 [ 3 ] , this implies that jr^pCf^+P)—-

• " Q / P C f + P ) -
( i i ) ==» ( i ) Since Q/P is Chebyshev in E /P and P is Chebyshev 

in E , Q is Chebyshev in E (Theorem 2 [3 l ) . Now we show that JT is 
- 1 

continuous. Since E - Q © PQ (O) (Theorem 2.3 [4-3), it is suffi-

cient to prove the continuity of JTQ at the points of PQ^(O) . Let 

f R — - f G Pq1(o) . Then fR+P — f+P, and by the continuity of 

j r Q / p ( f n +P) — 7TQ / p(f+P). By Theorem 2 [ 3 ] , JrQfn+P — >rQf+P - P. 
Hence f - f +Jr f +P — - P. It follows that n Q n 

dist (f-f ,P) — » 0 , n Q n 

df f - f , " „ ( f - f )1 — • 0 L n Q n P n Q n J 

f -JR.f + JT Cf-f +jrnf ) — » - f — ( a ) n Q n P n Q n 

By the continuity of JTp, we have 

W q V + J , P l , - , n + J r ( J , n ) " * V • 

Since JT (f -JT f ) . 0 , we have •Tri(f-f ) — - 0 . It follows from P n Q n P n Q n 
(a) that f - J r i — f , whence Jr_f - — 0 - JT„(f). n Q n Q n Q 

R e m a r k . The converse of Theorem 4 is not true even in 

normed linear spaces (see L l ] ) . 
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