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SOME PROPERTIES OF TOPOLOGICAL a-IDEALS 

This note i s concerned with 6 - i d e a l s in a measurable 
space (X, S) , such that convergence with respect to a (5-ideal 3 
induces the Frechet topology on the space of a l l 5 v 3 -measu-
rable r e a l funct ions , where S ' 3 i s the smallest d - f i e l d con-
ta ining both <5 and 3 . These ¿ - i d e a l s are ca l led ¿ - t o p o l o -
g i c a l . 

Suppose that we are given a nonempty set X. In a l l that 
follows below, we consider d - f i e l d s and d- idea ls of subsets 
of X. 

To begin with, l e t ua r e c a l l two d e f i n i t i o n s . 
D e f i n i t i o n 1. ( c f . [ 4 ] ) . l e t 3 be a ¿ - i d e a l . 

We say tnat a property holds 3-almost everywhere on X (abbr. 
3 - a . e . ) i f the set of a l l points which do not have t h i s 
property belongs to 3 . 

D e f i n i t i o n 2. ( c f . [ 4 ] ) . We say that a s e -
quence { f n } n e N of r e a l funct ions defined on X converges with 
respect to a 6 - i d e a l 3 to a funct ion f ( a b b r « { f n } i T ^ £ i f 

each subsequenoe of { f n } n e i f contains a subsequenoe converging 
3 - a . e . on X to f . 

For a 6 - f ieId <5 and a 6 - i d e a l 3 , denote, by 5 y 3 the smallest 
¿ - f i e l d containing both <5 and 3 . One can easy check that 

i s the c o l l e c t i o n of a l l s e t s of the form (A-B) uC where 
A e 5 and B , C e 3 | moreover, 5 ? 3 = 5 i f and only i f 3 c S. 

Without d i f f i c u l t y we can check t h a t , f o r every 6 - f i e l d <5 
and any ¿ - i d e a l 3 , the set <£*(£,3) of a l l 5 v 3 -measurable 
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real functions defined on X, equipped with convergence with 
respect to 0, is an oC*»spece (c f . [1; Problem Q, p.89]). Hence 
i t is possible to define the closure operator on <£*(<5»3) by 
letting f e A i f and only i f A contains a sequence converging 
with respect to 3 to the function f (c f . [ 4 ] ) . This closure 
operator has the properties: i> - 0, A cA and A uB = A uB for 
any sets A,B c.£*($,3) j however, the equality A = A holds for 
each ACcC,*(S,3) i f and only i f the following condition, 
usually labelled by (L4), Is satisfied* 

(14) I f f^ „ — f " - , and f , 3 • £ for each j eU, 
«J»" n « d «J A-

then there exist sequences f3p}pCN a n d {np}peN o f 

positive integers such that f » f . 
P P 

D e f i n i t i o n 3. (of . [ * ] and [ 5 ] ) . let 5 be 
a ¿ - f ie ld . We say that a 6-ideal 3 

is; 5-topological i f the 
space dC*(5,D) f u l f i l s (L4). 

The above definition charaoteriaeB <5-topological ¿-ideals 
by their relations to space of <5-measurable functions. In 
order to give some characterization of S-"5opological ¿-ideals 
3 in terms of members of 5 and D, we shall now introduce con-
dition (E " ) . We concentx'ate on this condition, but some simi-
lar conditions (E), (E' ) also exist (cf . [ 4 ] aad [ 5 ] ) . 

D e f i n i t i o n 4. Let S bs a ¿-f ield and 0 
a ¿-ideal. We say that the pair {<5,3) f u l f i l s condition (s" ) 
i f , for each set DeS- 3 and for each doable sequence 

of members of 5 such that 
,neU 

(1) B j , n c 3;j,n+1 ^ ^ ¡ ' n e K ' 

OO 
(2) IJ « = D for sach ,'j e U, 

n=1 J»" 

there exists a positive integer-valuec5 function n ( i , j ) of po-
00 00 

sitive integers i and j such that ( D - U O B. J e U . 
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Studying condition (I) of [5} p. 99] formulated in the 
language of Boolean algebras, one easily observes that, in 
the case where 3c<S, our condition (E") i s equivalent to (I) 
of [4] . 

T h e o r e m 1. Por any ¿- idea l 3 and any 6-f ie ld 5 , 
the following conditions are equivalent: 
( i ) the d-ideal 3 i s S-topological j 
( i i ) the pair ( 5 a 3 j 3) f u l f i l s (B") j 
( i i i ) the pair (Sj 3) f u l f i l s (E") . 

P r o o f . Since 3 c S a 3 , the equivalence ( i ) • $ = > ( i i ) 
i s an immediate consequenoe of Theorem 1 of [5] . The implica-
tion ( i i ) = > ( i i i ) follows from the inclusion <SCSA3. Henoe, 
the prpof will be completed i f we show that ( i i i ) = s » ( i i ) . 

Let us consider any se t s De ( ¿ a 3 )- 3 and B^ Q e 5a 3 ( ;), neN) 
whioh s a t i s fy conditions (1) and (2) of definit ion 4. There 
exist se t s A., „e<5, Cj „ e 3 and e 3 such that B. „ = 

oo oo 
= (A. M - C. J uE, where j,n e N. Denote D* = f~ì U A. „ J i " J i n J t n n=-] J » n 

and B? = A. ,, n D* for j , n e N. Of course, D*e 5 and 

B* „ e <S for j , n e N . Moreover, B* cB? and D* = N B* j , n «" j , n J,n+1 ^ j , n 
oo oo 

whenever j f n e N . As D = n u Bj n , then D-D -
r n=1 OO OO w 

= n U (A1 Q-C1 D ' u ^ S, 
OO OO 

n U Aj B c 3-1 n=l OO OO OO OO OO OO OO oo (H U A. B ) u ( U U E. )l- n U A, n c U U i j , 
n=1 D » n / v j=1 n=1 J » n / J j=i n=1 j=1 n=1 0 , 1 
oo oo 

Since f U U B, we have that D-D*e 3. This implies 
n=1 

that D* j. 3, because D t 3 and D = (D n D*) u (D ^ D*) . I f the 

pair (5,3) f u l f i l s (E") , then there ex i s t s a positive inte-

ger-valued function n ( i , j ) such that (D* - U O B ? . , ) e3, 
x i=1 1«1 J»n»1»J' ' oo oo oo oo 

Denote B = u n Bi nl 1 i l » B = v j I I B. n (< and i=1 ¿=1 J»11*1»«)' i = 1 j-1 dim-»-»^ 
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this yields that D*-B cD* 

U s n ni i , i ) jt „ 

I I I J C, v.. Sinoe D-Bc (D-D ) u (D -B ) , C e 3 
i-1 j-1 k»1 and D*-B*e3, in order to prove that D-B e 3, i t suff ices 

to show that D*-B c(D*-B*) uO. 
00 00 n ( i j | 

Let us observe that B = u n t t [ ( A , v ) u 
i„1 k«=i L •>»* 

-1 00 « n(i , , j ) , 00 n ( i , j ) a uBik 3U n u (a, k-c, k )3 (u n u a1 k -c, 
"" - - n ( i .J ) u n u a1 k - c 

c (D*-B*)uC. Henoe, D-B e 3 and ( i i i ) ( i i ) . 

I t i s worth mentioning that, in the oase where a 6-ideal 
D i s contained in a 6- f ie ld <51 there are weaker conditions 
(E) or ( f i ' ) which, together with the countable ohain oo'hdition 
fo r the pair (5,3) , are equivalent for 3 to be ¿-topological 
( c f . [ 3 ] ) . 

T h e o r e m 2. Let ¿ be a 6- f i e ld . I f a 6-ideal 31 

i s ¿-topological , then any ¿- ideal 3g 3 3-j is ¿-topological . 
P r o o f . I f 31 i s an ¿-topological tf-ideal, then, by 

theorem 1, the pair (¿, 3.,) f u l f i l s (E" ) . This implies that 
every pair (¿, J 2 ) , where 32 i s a 6-ideal containing , f u l -
f i l s (B" ) . Henoe, the proposition follows from Theorem 1. 

One can easily prove the following 
L e m m a . Let b be a ¿ - f i e ld and 3 - a 6-ideal. The 

pair (¿,0) f u l f i l s condition (B") i f and only i f , for an ar-
bitrary double sequenoe {b^ n|j n£jj of ¿-measurable sets suoh 
that ' ' 

(1) B j , n c B j , n + 1 f o r aDy J » n e N » 

OO 

(2) U „ = * for each j e N , 

there exists a positive integer-valued function n ( i , j ) such 

, h S t fi B J . » ( i . 3 ) ) e 3 -
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T h e o r e m 3. Suppose that 6 Is a.6-f ie ld and 
3^, a r e ¿-ideals. Then the 6-ideal 3̂  n 32 i s ¿-topological 
i f and onljr i f both 31 and 32 are 5-topologioal. 

P r o o f . By virtue of Theorem 2, i t suff ices to 
assume that both CÎ  and 32 are ¿-topological 6-ideals, and 
to show that the 6-ideal 3̂  n 32 is ¿-topological. 

Let Qejj be an arbitrary double sequenoe of ¿-mea-
surable sets which sat is f ies conditions (1) and (2) of our 
lemma. According to Theorem 1 and the lemma, there exist po-
sit ive integer-valued functions n^ ( i t j ) and n 2 ( i , j ) suoh that 

oo oo 
( x - U n B, „ f 1 for k = 1 , 2 . Let n(i, ; ) ) » 

= maxfn., ( i , ; ) ) j n 2 ( i , j ) ) for any i , j e N . A s B;j f n c B j f n + i f o r 

pay j ,n e N, then Z - u n nil -n Thus, i t f o l -
1=1 j=l J»"»1»«» ' 1 c 

lows from our lemma that the pair ( ^ n ^ g t f u l f i l s condi-
tion (B") . Using Theorem 1, we conclude that the 6-ideal 

n is ¿-topological. 
C o r o l l a r y . Let b be a 6 - f i e ld . I f , for a 

6-ideal there exists an ¿-topological ¿-ideal 32 such, 
that the ¿-ideal 31 n32 is not ¿-topological, then the 6-ideal 

is not ¿-topological. 
In view of Theorems 2 and 3, a tf-ideal is ¿-topological 

i f and onl^ i f i t contains the common part of two ¿-topologi-
cal ¿-ideals. 

Let us note s t i l l another oonsequenoe of the lemma and 
Theorem 1. 

T h e o r e m 4a Let 0 be a 6- f ie ld . I f a 6-ideal 
is ¿-topological, then every 6-ideal 32, for which n S = 
= 32<">5, is ¿-topological, too. 

For any 6-ideal 3 and any 6-f ie ld 5, let us denote 

3 [ 5 ] = { a CZJ there is B e 5 c3 such that A C B } . 

I t i s r e a d i l y seo.n t ha t the f a m i l y 3 [ ¿ ] i s a 6 - i d e a l f o r 

wh ich 3 n 5 = 3[<5]n<5; moraove r , 3 [ ¿ ] i s c o n t a i n e d i n e v e r y 

6 - i d e a l j * sue* that CJ*n <S = 3 n ¿ . 
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Theorems 2 and 4 imply 
T h e o r e m 5. Let 5 be a 6 - f i e l d . Then a 6- ideal3 

is ¿-topological i f and only i f the 6-ideal 3 [¿J is ¿-topo-
log ica l . 

Denote by !B the 6- f i e ld of a l l Borel subsets of the real 
l ine R. 

The last theorem leads to the notion of Borel 6-ideals. 
D e f i n i t i o n 5. ( c f . [1 J). We say that a 

6 - ideal 3 of subsets of R is Borel i f 3 [!B] = 3. 
E x a m p l e 1. I t i s well known and easy to observe 

that the Borel 6-ideal X of a l l subsets of R of Lebesgue mea-
sure zero i s jJ-topological. Let 3Q denote the 6-ideal of a l l 
subsets of R having the property (sQJ ( c f . [ 2 ] ) . Then the 
smallest 6-ideal 3^, containing both 3Q and .C, is !B-topologi-
cal . At the same time, there exists a nonmeasurable set hav-
ing the property (sQ ) ( c f . [ 2 ] ) , henoe But the 6-ideal 

is not Borel because 3-j [ £ ] =<£. In connection with this 
example, one can ask the following questional 

Question 1. Does there exist a proper 33-topological Borel 
6 - ideal 3 of subsets of R such that 3p°C? 

Question 2. Does there exist a iB-topologioal Borel 
6 - ideal 0 of subsets of R suoh that 3fof,? 

In the case of the seoond question, i t would be suf f ic ient 
to find soma £-topological 6-ideal 3 such that 3 beoause 
the 6-ideal 3 [35] would be Borel. 

E x a m p l e 2. The 6-ideal DC of a l l sets of the 
f i r s t category in R is not 5$-topologioal ( c f . [ 4 ] ) . Let 3p 

be the 6-ideal of porous sets in R (o f , [ 6 ] ) . The 6-ideal 3p 

i s Borel and, obviously, 3p c 3C. Hence, by Theorem 2, 3p i s 
not ^-topological . We can formulate the following problem: 

Question 3. Does there exist a non-B-topological Borel 
6-ideal D of subsets of R such that 3 £3C? 

The answers to questions 1-3 are not known to the author. 
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