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Jacek Hejduk

SOME PROPERTIES OF TOPOLOGICAL ¢-IDEALS

This note is concerned with 6-ideals in a measurable
space (X, S), such that convergence with respect to a 8~ideal J
induces the Frechet topology on the spacs of all S v J -measu-
rable resl functions, where SvJ is the smallest 6-field con-
teining both & and J. These 8-ideals ars called S-topolo-
glcal.

Suppose that we ares given & nonempty set X. In all that
follows below, we consider 6-fields and 6-ideals of subsets
of X.

To begin with, iet us recall two definitions,

Definition 1. (cf. [4])e Let J be a 6-ideal.
We say that a property holds J~almost everywhere on X (abbr,
J - a,e.) if the sst of all points which do not have this
property belongs to J. ’

Definition 2. (cf. [4]). We say that a se~-
quence {fn}neN of real functions defined on X converges with
respect to a 8-ideal J to a function f (abbr.{fn}ij:: £) if

aach subsequence of {fn}neN contalns a subsequence converging
J -s.6. on X to f.

For a 6-field & and a 6-ideal J, denote.by S v J the smallest
8 -field containing both S and J. One can essy check that

is the collection of all sets of the form (A~B) uC where

AeS and B,Ce J; moreover, SvJ = Sif and only if JcS.

Without difficulty we can check that, for every 6~field &
and any 8-ideal J, the set £L*(S,J) of all SvJ-measurable
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2 J. Hejduk

real functions defined on X, squippsed with convergence with
respect to J, is an oL*-spece (cf. [1; Problem ¢, p.89]). Hence
it is possible to defins the closure operator on L*(S,J) by
letting fe A if and only if A contains a sequence converging
with respect to J to the function £ (cf. [4]). This closure
operator has the properties: g = g, & ck and m = 4uB for
any sets &4,BcJL*(S,I); however, tha sguality A = 4 holds for
each Acet.*(é J) if and only if the following condition,
ustually labelled by (14), is satisfied:

{L4) 1If fj,n —l—bfj and fj —UD'L for each J eW,

n-»co Joreo
then there exist sequences {jn}peN and {np}DeN of
positive integers such that f_. I,

Ip*9p preo

Definition 3. (of. [4] and [5]). Tet S be
a 6-field, We ssy that a B~ideal J is S~topological if the
space £*(5,J) fulfils (L4),

The above definition characterizes S-topclogical G-ideals
by their relaftions to space of S-measurable functions. In
order to give some characterization of S-iopoleglcal 6~ideals
J 1in terms of members of & and J, we shall now introduce con-
dition (E”). We concentrate on this condition, but some simi-
lar conditions (B), (E’) also sxist (ct. [4] and [5]).

Definition 4., Let S bg o 6-field and J
a B~ideal. We say that the pair {S,J) fulfils cordition (E)
if, for each set DeS~ J and for sach donble sequsnce
{Bj,n}j,neN of members of & such that

4

(1)

. P oy 4o X
Bg,nCB;j,nH o any Jynel,

00

(2) xgé)‘l By n=D forsach jeT,

there exists a positive infeger-valued "w'otion n(i,3) of po=-
sitive integers 1 and J such that (D - U ﬁ B, (1, )) ed,
121 j=1 Jyn(i,]
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Properties of topological ideals 3

Studying oondition (I) of [5; p. 99] formulated in the
language of Boolean algebras, one easily observes that, in
the case where Jcd, our condition (E”) is squivalent to (I)
£ [4].

Theorem 1. For any 6-ideal J and any 6-field S,
the following conditions are equivalent:

(1) the 6-ideal J is S-topological;
(11) the pair (5aJ; J) fulfils (E");
(1ii) the pair (8; J) fulfils (E").

Proof. Since JcSa7J, the equivalancs (i) <= (1ii)
is an immediate consequence of Theorem 1 of [5]. The implica~-
tion (ii) => (iii) follows from the inclusion Sc SaJ. Hencs,
the prpof will be completed if we show that (iii) => (ii).

‘Let us consider any sets De (SaJ)-7and B.j € 5aJ (j,neN)
whioh satisfy conditions (1) and (2} of definition 4. Thers
exist sets Aj,neé’ ;j,ned and Ej,ned such that Bj n =

)uE'j n where j,ne N, Denote p* = m A,
14 =

= (A
( 1 n=1 98

Jon "~ Cd.n

and B U Ay, knD* for j,ne N. Of courss, D¥c¢ S and

S for N. M ver, B B
€ o Jne oreover, j,n n< 3,041 and D* nL=J1B

#*
B
Jyn

whenever j,neN, 4s D = ﬂ U B, ., then D-D*
Jn‘] nﬂ J n

jQ liL)‘] (Aj n- J n L)‘] E;j,n - jo;]o n1 Aj,n c
[(ﬂ U 4, n)”(U U E:j.n)]‘g Uy

J=1 h=1 J=1 n=1

Since (U U E )eﬁ, we have that D-D¥e¢ J. This implies
J=1 n=1 d»B

that D*¢ J, because D¢ Jand D = (DnD¥ u(D - D¥), If the
pair (S,J) fulfils (E”), then there exists a positive inte~

o0

ger-valued function n(i,j) such that ( U QBJ’n(iJ))e'J.
Denote B = H O By n(1,3)? B 1L=J1 O Jyn(1,3) 8nd
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oo - -] Ii )
C= U ﬂ nuj CJ K Sinoce D=BcC (D-D*) v (D*-B), Cel
i=1 =1 k=t '

and D*-B*eJ, in order to provs that D-BeJ, it suffices

to show that D*-B c(D*=B*)ucC,

Let b that B Lj 3 (A C, ,Ju
86Ir'Ve = -
-] ue o a 171 J,_. et [ J,k J,k
< n(i,3)

R N AIRCRRTYRELANEICUN G

d=1 k=1 (i =)= 1
2 n
this yields that D*-Bc D*- M A, , = C|c
~ 3=1 k:{ Jok
c (D*-B¥)uC, Hence, D-B ¢ J and (1iii) => (ii).

It is worth mentioning that, in the case where a 6-ideal
J 18 contained in a 6~field S, there are weaker conditions
(B) or (B’) which, together with the countable chain ocohdition
for the pair (3,J), are squivalent for J to be S~topological
(cf. [3]).

Theorem 2, Let O bea 6-field. If a 6-ideal I,
is S~topological, then any 6~ideal 3,29, is S-topological.

Proof. IfJ isan S-topological 6~ideal, then, by
theorem 1, the pair (S, J;) fulfils (E"). This implies that
every pair (9, 32), where 32 is a 6-ideal containing Jge ful-
fils (E”). Hence, the proposition follows from Theorsm 1.

One can easily prove the followlng

Lemma. Let S be a 6~field and J - a 6-ideal. The
pair (9,7) fulfils condition (E”} if and only if, for an ar-
b;trary double sequence {Bj,n}j,neN of S-measurable sets such
that

(1) By nS 3By, 041 for any J,neN,
(2) &%BLD==X for each jeN,

there exists a positive integer-valued function n(i,j) such
- -] (<]

sat (x - U ) By 00,5)) € 3

i=1 j=1
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Properties of topological ideals 5

Theorem 3. Supposs that S is a,B-fleld and
31, 3, are 6-ideals. Then the 6-ideal 3jn3, is S-topologioal
if and only if both 31 and 32 are S~-topological.

Proof, By virtus of Theorem 2, it suffices to
assume that both J, and J, are S-topological 6-ideals, and
to show that the 6-ideal 31r132 is S-topologioal.

Let {Bj,n}j,nen be an arbitrary doubls sequence of S-mea~
surable sets which satisfies conditions (1) and (2} of our
lemma, According to Theorem 1 and the lemma, there exist po-
sitive integer-valued functions n1(i,j) and n2(i,j) such that

(x - 1L=J1 JQ Bj.nk(i.a)) edi for k = 1,2, Let n(1,3) =

= max(n1(i,j); n2(1,j)i foi eny i1,jeN. 48 Bj,n<:Bj,n+1 for

any jy,neN, then X ~- }:{ g:l Bj,n(i,j) e31r132. Thus, it fol-~

lows from our lemma that the pair (31[132; S) fulfils condi-
tion (E”). Using Theorem 1, we conclude that the 6-ideal
31r132 is S-topological.

Corollary. LetdS be a6-field, If, for a
€-ideal J,, there exists an S-topological 6-ideal J, such,
that the 6~idenl 31f132 is not S~-topological, then the 6-ideal
J; 18 not S-topological.

In view of Theorems 2 and 3, a 6-ideal is S-topological
if and only if it contains the common part of two S~topologi=-
oal 6-idsala,

Lat us note still anothsr consequence of the lemma and
Theorem 1.

Theorem 4; Let Jbe a6-fleld. If a 6-ideal I,
is S-topological, then avery 6-ideal 35, for which J;nS =
= J,n9, is S-topological, too.

For any 6-ideal J and any 6-field S, let us denote

9[8) = {4 cx: there is BeScd such that AcB},

It is readily seen that the family J [5] i5 a B6-idesl for
which IndS = J[S]nS; morsover, JI[S] is contained in every
B-ideal J¥ sucn that J¥nS = Ind,

- 1187 -



6 J. Hejduk

Theorems 2 and 4 imply

Theorem 5, Let & be a 6-field. Then a 6-ideal J
is S-topological if and only if the 6-ideal J[S] is S-topo-
logical.

Denota by P the 6-~field of all Borel subsets of the real
line R,

The last theorem lesds to the notion of Borel 6-ideals.

Definition 5. (cf. [1])s Ws say that a
8-1deal J of subsets of R im Borel if J[R]= J.

Example 1. It is well known and easy to observe
that the Borel 6-ideal < of all subsete of R of Lebesgue mea-
sure zero is B-topological. Let 30 denote the 6-ideal of all
subsets of R having the property (so) (ef. [2]). Then the'
smallest 6-idsal Jys containing both J, and £, is B -topologi~
cal, At the same time, there exisis a nonmeasurable set have
ing the property (so) (cf. [2]), hence 3124. But the 6-ideal
3, is not Borel because J, [B8] =L+ In connection with this
example, one can ask the following questions:

Question 1, Does there exist a proper $-topological Borel
6-ideal J of subsete of R such that JRL?

Question 2. Does there exist a B-topological Borel
6 -ideal J of subsets of R such that JEJL?

In the case of ths second question, it would be sufficient
to find some B-topological 6-ideal J such that J g, because
the 6-ideal J[B] would be Borel.

Example 2., The 6~ideal X of all sets of the
first category in R is not B-topological (cf. [4]). Let I
be the S-ideal of porous sets in R (aof, [6]). The 6~1deal 7
is Borel and, obviously, ’Jpc ¥ . Hence, by Theorem 2, tjp is
not B-topological. We can formulate the folleowing problem:

Question 3. Does there sxist a non~B-topological Borsl
6-ideal J of subsets of R such that 32 K?

The answers to guestions 1-3 are not known to the author,

p
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