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ON or-IDEALS HAVING PERFECT MEMBERS IN ALL PERFECT SETS 

0 . Prel iminaries 

Let X be a perfect Polish space. We consider 6 - i d e a l s 0 
of subsets of X such that each perfect subset of X contains 
a perfect set belonging to 3 . We find new examples of these 
6 - i d e a l s and apply to them the Sierpinski-Erdos duality prin-
c iple by assuming CH. 

We use the standard s e t - t h e o r e t i c a l notation ( c f . e . g . 
[Kn]) . We ident i fy an ordinal with the set of i t s predecessors. 
Thus u> = { 0 , 1 , 2 , . . . } and n+1 = { 0 , 1 , . . . , n } for new. We denote 
by BA the set of a l l functions from B into A. 

In general , we consider proper 6 - i d e a l s in the power set 
!P(X) where X i s an uncountable s e t . For any s e t s X and Y, 
a set B e x xY and an element x of X, we denote 

Bx = { y e Y s <x,y> e B } } 

t h i s set i s cal led the X-sect ion of B generated by x . I f X,Y 
are uncountable and 3 c < p ( X ) , ^ c i P ( Y ) are 6 - i d e a l s , then the 
family 

^ = |b c X * Y » { x e X : E ^ } e 3 } 

forms a ¿ - i d e a l in P ( X * Y ) cal led the product of the <5 ideals 
3 and ^ ( c f . [CP]J . 

We mostly assume that the se t s X and Y are perfect Polish 
spaces. The terminology and notation concerning descriptive 
set theory are derived from [Mo], We use the Borel pointclasses 
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2 M. Baloarzak 

ZJ°, TT° f o r 0 < cx <(o^ and the pointolass !B of a l l Borel cx' a 1 p 

sets) i f they are taken in a space X, we shall write E ° (X ) , 
TT^(X) and Analogous remarks should be repeated for pro-
ject ive pointclasses. I f X is a perfect Polish space, 3c!P(X) 
is a 6-ideal and 5 is a pointolass, we denote 

3 ]5 = { B e l : EcD for some D e 5, D cX } . 

The f ina l results of the paper conaern the three d- ideals : 
9C of a l l meager sets, X of a l l Lebesgue null sets and the 
¿- ideal M of Mycielski, described in [liy 2] . For simplicity, 
a l l of them w i l l be considered in the Cantor set C where 
was originally defined. Here C is treated as w2 with the Ty-
chonov topology generated by the discrete topology in 2 = { o , l } . 

OO . 
Hote that C can be metrized by d(x,y) = ^ | x i _ 7 i|/ 2 f o r 

x = <x0 ,x. j , . . .> , y = < y Q,y 1 , • •. ,>. In C one may introduce 
a group structure where the group operation is coordinatewise 
addition modulo 2. Let p denote the product measure in C ge-
nerated by the measure v on { 0 ,1 } such that ¿¿ { o } ) = ¿ ( { l } ) = 
= 1/2. Let h s C -> [0,1] be given by h(x) = x ,/2 i + 1 for 

1 = 0 r i 
x = <x 0 ,x_ j , . . .> € C. Hote that the Lebesgue measure of Ac [0,1] 
i s zero i f and only i f t1 (h""' (A ) ) = 0. Similarly, A is meager 
in [0 ,1 ] i f and only 

i f h"1 (A) is meager in C. Thus we may 
(without loss of generality) consider meager sets in C instead 
of meager sets in [0,1] and jj-null sets instead of lebesgue 
null sets. The families of a l l meager sets in C and of a l l 
y-null sets w i l l be denoted by and X , respectively. Let 

= oClS^» i . e . o£1 consists of a l l subsets of Fg seta belong-
ing to of. Then X^ forms a 6-ideal properly included in \X 
( o f . [B 1 ] } . 

Recall some def init ions from [My 2]. For given sets EcC 
and K c cj, we define a positional game (E,K) with perfect 
information between two players: I and I I . They choose conse-
cutive terms of a sequenoe <x 0 ,x^ , . . .> eC, The value of x^ i s 
chosen by Player I i f i i K, and by Player I I otherwise. Bach 
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Ideals having perfect members 3 

player choosing knows S,K and Player I wins 
i f e B and Player I I wins in the opposite case, 
l e t Vj-j-fK) denote the family of sets S c C for which Player I I 
has a winning strategy in the gams (for the notions 
concerning game theory, wa refer the reader to [My 1] or 
[Mo]). le t Sq denote the set i^J n2 0 f a l l f ini te sequences 

a e w 

of zeros and ones {where 2 consists of the empty sequence 
written as < > ) . For s and t from Sq, the condition s e t 
means that the sequence t extends s . We say that Cj, = 
= {k^ j s eSq} i s a generating family i f the following condi-
tions holdt 

(a) the sets K_ are infinite subsets of u, 
(b) K g c K̂  whenever t c s , 
(c) Ka and ars disjoint whenever a and t are d i f -

ferent of the same length*, 
Assume that ^ i s a fixed generating family and put 

Ji = n { v i : E ( K s ) : K g e ^ } . 

Then Ji i s a ¿ - ideal in iP(C) invariant with respect to the 
group operation. We c a l l i t the -ideal of lyoielski , gene-
rated by (j, . 

1. The property (P) 
For a d-ideal 3ciP{X) where X i s a perfeat Polish space, 

consider the following property: 
(P) each perfect subset of 3L contains a perfect set be-

longing to '3. 
(We mean a perfect set as a closed f=et without isolated points). 
Observe that i f 3 and ^ are d-ideals such that 3 c | c ! P j x ) 
and 1 f u l f i l s (P), then $ f u l f i l s { ? ) . I t i s wall known that 
the ¿- ideal of ¡neager sets and the ¿-ideal of Lubssgue null 
sets on the r e a l line (and, similarly, and =C in C) have 
the property (?} (o.f0 [ o ] , Lomma 5 . 1 ) . On the other hand, 
Uie^e e -.ists a class of £>-ideals on the real line which do not 
co.at~.in any perfect sat (of . [?i!i]), thus do not f u l f i l (P) . 
I r thic section we show that the 6-idosi of Mycielski ful -
f i l s (P) . 
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4 M. Baloerzak 

Thus, consider a f ixed generating family 

£ « {K0 j a e Sq} 

and the ¿ - i d e a l X, of i f y e i a l e k i , ¿emigrated by . 
(1 .1 ) L a ei £ a . Por each K c <o and aaon perfect se t 

P c C, t h e r e i e a p e r f e c t s a t Q c P such t h a t QeVj-rfK)» 
P r o o f . I f y|.K = z \Z f o r a l l y , a e P, l e t Q = P. 

The s trategy i n which F l a y e r I I chocses x^ = 1 - f o r i c K, 
where y i s an a r b i t r a r y element of ? , i s winning f o r him 
i n the game P(Q,K/0 I f t he r e a r s y , s e P such t h a t y |K £ z |K, 
then observe that the open s e t U = {x e C x |K 4 y| k } i n t e r -
s e c t s P and we' can t h e r e f o r e f i n d a p e r f e c t subse t Q of P n U , 
The s trategy i n which P l a y e r I I chooses x^ = y^ f o r i e K i s 
winning f o r him i n the game P(Q,K). 

Further, for any perfect sat p c C and for K c to, l e t 
$(P,K) denote a f ixed perfect set Q s a t i s f y i n g the a s s e r t i o n 
of Lemma 1 .1 . 

Prom the d e f i n i t i o n of VJ-J- we e a s i l y deduce the next two 
lemmas. 

(1 .2 ) L e m m a . I f K ^ f o r i = 1 , 2 , . . . , r are d i s -
jo in t i n f i n i t e subsets of u, and A ^ V ^ j K 1 1 ' ) f or i = 1 , 2 , . . . , r , 

then U A, e V T T ( U K ( i ) ) . 
1=1 1 -LJAi=1 ' 

( 1 .3 ) L e m m a . I f K c u i s i n f i n i t e and A,B cC are 
such that A c B, then BeVj-jiK) impl ies that A e V n ( K ) , 

( 1 . 4 ) L e m m a . Let K 1 f K 2 , . . . , K n be i n f i n i t e d i s -
j o i n t subsets of w and l e t P 1 , P 2 , . . . , P r be d i s j o i n t perfect 
subsets of C. Then there are perfect s e t s Q ^ , Q 2 , . . . , Q r con-
tained i n P 1 , P 2 , . . . , P r , r e s p e c t i v e l y , and such that 
r n 

P r o o f . For each j e { l , 2 , . . . , n } , consider any par-
t i t i o n { k ^ X 1 = 1 , 2 , . . . , r ] of Kj in to d i s j o i n t i n f i n i t e 
s e t s . Fix any i e { 1 , 2 , . . . , r } and def ine induc t ive ly 
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Q [ 1 ) = 0 ( P l f K i i i ) , 

Q (n ) = • ( Q i n - D ^ U , . 

Put Q± = q [ d ) . By Lemma 1.2, we have 

p q [ J ) e V j j U j ) for j = 1 , 2 , . . . , n . 

r r # .. 
Since U Q< c U for j = 1 ,2 , . . . , n , therefore, by Lem-

^ 1 = 1 r 
ma 1.3, we have M t H V T T (K , ) . 

i=1 1 j=1 J-L J 

R e m a r k . In the same way one can show that the 
property described in Lemma 1.4 holds for each countable f a -
mily P of disjoint perfect sets, as wel l . 

The next lemma, called the "fusion lemma", is quite well 
known (c f . e . g . [ j ] , Lemma 93). 

(1.5) L e m m a . Let |P s : s e S q } be a family of 
perfect subsets of C, such that 

(a) P g c p^ whenever s extends t , 

(b) Pa and Pt are disjoint whenever s and t are f i f -
ferent of the same length, 

(c) the diamenter of P„ tends to 0 i f the length of s 
tends to inf inity . 

Then the sat p * = n u P is perfect. n eu sen2 
(1.6) T h e o r e m . The (5-ideal Ji has the proper-

ty (P ) . 
" r o o f . Let P be a per fect subset of C. We shall 

def?t< oy induction perfect subsets P_, s e Sq , of P f u l f i l l i n g 
t ' f assumptions of Lemma 1.5 and the condit ion 

U P8 e P i v n ( K s ) f o r a l l n e (j . 
s en2 sen2 
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6 M. Ba lcerzak 

At f i r s t , by Lemma 1 . 1 , we choose a per fec t se t Q c P such that 
Q e V I I ( K < > ) . Put P < > = Q. Assume that n e w , n > 0 , and that 
we have def ined the s e t s P_ f o r s e n 2 . By Lemma 1*4» there are 
perfeot s e t s Q „ c PD f o r s e n 2 , suoh that S B 

U Qb e n V X I ( K ) . 
s en2 8 s e n + 1 2 

In each se t Q s where s e n 2 , s = < s Q , . . . » s n - 1 >, we f ind d i s -
j o i n t per feot subse t s P / o _ f l N and P / o _ 

^ o ' " * * ' n-1 ' o ' * * * ' n-1 ' 

such that the diameter of each of them does not exceed 
( l / 2 ) n + \ Prom Lemma 1 .3 we e a s i l y conclude that 

y Ps£ Qi vii(Ks)' 
s e 2 s e 2 

In that way, a l l s e t s Pfi are def ined and they have the r e q u i -
red p r o p e r t i e s . Consider P* constructed as in Lemma 1 .5 . I t 
i s a per fec t subset of P. Let t e Sq be a r b i t r a r y and assume 
that t e n 2 . Then U p B e V n ( K t ^ a n d » L e m m a 1 « 3 , we have 

s e n 2 
P e V I 3 : ( K t ) . Thus i t fo l lows that P* e H , which ends the 
proof . 

F i n a l l y , we give one more r e s u l t on the property (P ) , 
concerning products of 6 - i d e a l s . 

( 1 . 7 ) T h e o r e m . I f 3 c 5>(X) and ^ c£P(Y) are 
6 - i d e a l s containing a l l s i n g l e t o n s , where X and Y are per fec t 
Po l i sh s p a c e s , then (0 x | !8 has The property (P ) . 

P r o o f . Let P be a per fec t subset of X*Y. I f there 
e x i s t s an uncountable s e c t i o n P x , thus i t (be ing , at the same 
time, c lo sed) conteina a p e r f e c t se t Q. Then { x } * Q i s a per-
fect subset of P and belongs to ( ! l x©) |© . Next, assume that 
•^ill X- sec t ions of F are countable . Then the p ro j ec t ion pr^P 
of P onto X must be uncountable» The se t P has a Borel uni-
formizat ion P ([M6], 4F. 17) which i s uncountable. Choose 
a par fect subset of F ( c f . [Mo], 2C. 3 ) . I t obviously belongs 
to (3 * ) 
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2, The dual i ty principle 
Let 3 c f (X) bo a - i d e a l where X i s - a uncountable oet . 

We say that a family 3£c3 i s c o f i n a l in 3 i f each sat from 
"3 can be covered by a set from H . We denote ' sae [CP j } 

c f (0 ) = min{|3£| i 2C c 3 and « i s c o f i n a l in 3 } . 

We say that 6- idea l s 3 and ^ i n have the decompo-
s i t i o n property (abbr. d . p . ) i f there are two d i s j o i n t s e t s 
belonging to 0 and ^ , r e s p e c t i v e l y , and the i r anion i s 
equal to X ( c f . [B l ] ) . 

The following (purely set theore t ic ) theorem i s e s s e n t i a l 
in the proof of the Sierpirislci-Erdos theorem» 

(2.1) T h e o r e m (see [o ] , Th. 19.5). Let X be 
a set of power u^ and l e t 3 ciP(X) be a 6 - i d e a l containing 
a l l s i n g l e t o n s , such that c f ( 3 ) £ c j . j . Assume that the comple-
ment of each member of 3 contains a set of power u)̂  belonging 
to 0 . Then X cah be decomposed into d i s j o i n t s e t s , each 
of power , such that a subset E of X belongs to 0 i f and 
only i f E i s contained in a countable union of s e t s making 
the above decomposition. 

(2.2) T h e o r e m (see [o ] , Th. 19.6). Let X be 
a set of power u^. Let 3 and ^ b e a 6 - i d e a l s in ¡P(X) and 
l e t each of them f u l f i l the assumptions of (2.1). Assume 
fur ther that 3 and ^ have the d .p . Then there i s a one-one 
mapping f of X onto i t s e l f such that f = f ~ 1 and such that 
f (B) 6 ^ i f and only i f B e 3 . 

I f X i s an uncountable set and, for 6 - i d e a l s 3 and ^ in 
iP(X), the a s s e r t i o n of Theorem 2 .2 holds , we say that 3 and "J 
f u l f i l the Sierpi i i ski-Erdos dual i ty principle (abbr. SEDP). 
The dual i ty betwee n the f a m i l i e s of meager s e t s and of Le— 
besgue nul l s e t s on the r e a l l ine i s discussed in d e t a i l 
in [O]. Mendez in [Me] showed that i f CH i s assumed, the 
6 - i d e a l s 3C * X and <£ x 3C (on the plane) f u l f i l SEDP. We s h a l l 
e s t a b l i s h SEDP fo r some other pa i r s of 6 - i d e a l s by using 
Theorem 2 . 2 , i f CH i s assumedo 
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( 2 .3 ) L e m m a . Let X be a per fect Polish, space and 
1st D c J > ( X ) be a ¿ - i d e a l f u l f i l l i n g (P ) such that 3 = 3 ITT] . 

Than complement of each member of 3 contains a set of power 
2 " belonging to 3 . 

P r o o f . Let B e 3 and l e t D e TT](X) be suoh that 
E c D e Then X \ D i s an uncountable ana lyt ic s e t , thus con-
ta ins a per fect set ( o f . [ M o ] , 2C.3) i n which, by ( P ) , we can 
choose a per fect subset be longing to 0 . This l a s t set f u l -
f i l s the a s se r t i on . 

Consider the ¿ - i d e a l s M. and X^ in ( C ) . I t i s known that 

^ n T T ^ 0 ) i s c o f i n a l in X ( c f . [My 2 ] ) , and X^ n 2 £ ( C ) i s ob -
v ious ly c o f i n a l in X ^ . Moreover, vM. and X^ have the d .p . 
( c f . [Ba 1 ] ) and they f u l f i l (P ) ( see our Theorem 1.6 and 
Lemma 5.1 from [ o J ) . I f we add i t iona ly apply Lemma 2.3 , i t 
w i l l ba c l e a r that a l l assumptions of Theorem 2.2 are s a t i s -
f i e d by X = C, 3 = J1!, ^ = when CH i s assumed. Thus we have 

( 2 .4 ) C o r o l l a r y . Assume CH. Then the 6 - i d e a l s 
and X in !P(C) f u l f i l SEDP. 

( 2 .5 ) T h e o r e m . Assume CH. Let X and Y be pe r -
f ec t Po l i sh spaces. Let 3 c J ( x ) , ^ c i p ( x ) and U c P ( Y ) be 
6 - i d e a l s containing a l l s i ng l e t ons . Assume that 3 and ^ have 
the d . p . , and 3 =d|n!j, J = 2 | T t ] . Then each of the pa i r s 

( a ) O x U J l T T j and ( ^ U ) | n ] , 

( b ) ( u - o j I t t ] and ( u * p | r r j 

has the d . p . and f u l f i l s SEDP. The analogous theorem with T T - j 

replaced by !B i s a lso t rue . 
P r o o f . Let A and Be be d i s j o i n t se ts belonging 

to 3 and r e s p e c t i v e l y , such that the i r union i s equal 
to X. Then the pairs of se t s 

( a ' ) A x Y and B * Y, 

(b ' ) Y x A and Y * B, 
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Ideala havl'ng perfect members 9 

guarantee the d.p. for pairs (a) and (b ) , respectively. This 
ve r i f i e s one assumption of Theorem 2.2. Another assumption 
oan be ver i f i ed by 'theorem 1.7 and Lemma 2.3. Since CH is 
supposed and the cardinality of the family of a l l coanalytio 
sets in a perfect Polish space is 2W, the remaining assumption 
holds. So, i t suff ices to apply Theorem 2.2. The proof with 

T T ] replaced by S is analogous. 
(2.6) C o r o l l a r y . Assume CH. Then eaoh of the 

pairs 
(a) (3CxoC) |B and (oCxft) | £, 

(b) CK*X) | TT] and U xOC) | Tl] 
f u l f i l s SBDP. 

Note that (DCxX)lTT] J 3C * <£ and (£ * CJC) | Tl] i * I * 3C (see 

[Me], 1.3). However, we do not know whether (3CxoC)|3J / 
4 C M ) | TTj and « « 3C) | B * (Jt«3tJ | T l ] ( o f . [B 2 ] where the 
problem is posed). Finally, le t us remark that CH i s essential 
in (2.6) (a) sinoe, without CH, some purely set-theoretio pro-
perties of (OC* oC) | £B and can be di f ferent ( c f . [cp] 
where add ( CX>oC ) \ IB) and add ((.£ x DC) |!B) are studied). 
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