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ON o-IDEALS HAVING PERFECT MEMBERS IN ALL PERFECT SETS

O« Preliminaries

Let X be a perfect Polish space. We consider 6-ideals J
of subsets of X such that each perfect subset of X contains
a perfect set belonging to J. We find new examples of these
8-1deals and apply to them the Sierpidski-Brdts duality prin-
clple by assuming CH.

We use the standard set-theoretical notation (cf. e.g.
[Kn]). We identify an ordinal with the set of its predecessors.
Thus w = {0,1,2,...} and n+1 = {0,1,...,n} for new. We denote
by BA the set of all functions from B into 4,

In general, we consider proper 6-ideals in the power set
P(x) whers X is an uncountable set, For any sets X and Y,

a 80t BcX xY and an element x of X, we denote

Ex = {y €Y ¢ <x,¥> eE};

this set is oalled the X-section of B generated by x. If X,Y
are uncountable and 3 < P(X), 3::?(Y) are 6~ideals, then the
family

3,3=={ECXxY 4xeX:Ex¢3}eﬂ}

forms a 6-ideal in P (X xY¥) called the product of the 6 ideals
J and  (cf. [cP]).

We mostly assume that the sets X and Y are perfeot Polish
spaces. The terminology and notation concerning descriptive
set theory are derived from [Mo]. We use the Borel pointclasses
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2 M. Balcerzak

Zg, TTg for 0 <o<w, and the pointolass B of all Borel

sets; if they are taken in a space X, we shall write Zg(x),
TT;(X) and B(X)., Analogous remarks should be repeated for pro-
jective pointclasses. If X is a perfect Polish space, Jc P(X)
is a 6-1deal and S is a pointolass, we denote

3]S={BEcX: BEcD for some DeS, DcX},

The final results of the paper concern the three 6-ideals:
K of 21l meager sets, o of all Lebesgue null sets and the
8-ideal M of Mycielski, desoribed in [My 2]. For simplicity,
all of them will be considered in the Cantor set C where M
was originally defined. Here C is treated as “> with the Ty-
chonov topology generated by the discrets topology in 2={0,1}.

o0 s
Note that C can be metrized by d(x,y) = > [xi-yi|/2l for
i=0-

X = <x°,x1,...>, T =TT qreeerde In C one may introduce

a group structure where the group operation is coordinatewise
addition modulo 2. Let p denote the product measure in C ge=-
nerated by the msasure v oh {0,1} such that oiio}) = 0({1}) =

= 1/2. Let h : C - [0,1] ba given by h(x) = > x,/2'*" for
i=0
X = <xo,x1,...) € C. Note that the Lebesgue msasure of AC[O,1]

is zero if and only if 9(11"1(A)) = 0, Similarly, A is meager
in [0,1] if and only if h™'(A) is meager in C. Thus we may
(without loss of geherality) consider meager sets in C instead
of meager sets in [0,1] and P-null sets instead of Lebesgue
null sets, The families ot all meager sets in C and of all
p-null sets will be denoted by X and £, respectively. Let
u[1 = L|X3, i.e. °£1 consists of all subsets of Fg sets belong-
ing to L. Then 0[1 forms = 6-ideal proparly included in Hn<l
(of. [B 1]).

Recall some definitions from [My 2]. For given sets BcC
and K c w, we define a positional game (E,K) with perfect
information between two players: I and II., They choose conse~
cutive terms of a sequencge <xo,x1,...> € Co The value of Xy is
chosen by Player I if i ¢ K, and by Player II otherwise. Fach
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ideals having perfect members 3

player choosing Xy knows B,¥X and X rFqseseaXs yo Player I wins
if <xo,x1,...,> € B and Player IT wins in the onpposite casse,
Let Vyp(K) denote the family of sets ®c{ for wiich Player II
has a winning strategy in ths gams M{2,X} (for the notions
conoerning game theory, wa Tefer the reader io [My 1] or
[Mo]). Iet Sg denote the set (U B2 of all rinivs sequences

new
of zeros and ones {where °2 consists of the smpty sequence

written as <(>). Por s and % from Sg, the condition sct
means that the sequencs + extsnds s, We say that G =
= {Ks 1 8 eSq} is a gemsrating famlly if the followlng condi-
tions holds

{a) the sets Kg are infinite subsets of w,

{(b) K c K, whenaver t c s,

{ec) K, and X, are disjoint whanever s and % are dif=-

ferent of ths sams length,

dsgume that % is a fixed gensrsting family and put

M = n{vn(KS) : K e %}.

Then M iz a B-~ideal in P(C) inveriant with reapect to the
group operation. We call it the ~ideald of ¥ycielskl, gene=
rated by % .

1. The property (P)

For a 6-ideal JcP(X) whers X is a perfeat Polish space,
congider thes following property:

(P) sach porfsct subset of X contalas a perfsct set be-
longing to J.
(Ws meah & perfusct s6t a8 a cloaud set withont isslated points).
Obssrve that if J and 3 are G=ideals such thai ﬁcgc?(x)
and I fulfils {®), then {§ fuifila (P). I% is weil known tha%
the G-idsal of meager gets and ths O-ideal of Lubssgue null
g9ts on the real line (and, similarly, ¥ and £ in C) have
the property (P} (of, [0], Lomma 5.1), On the other hand,
ihene e-ists a clags of G-ideals on the real line which do hot
cout-in any perrest set (af, [Mi]), thus do not fulfil (P).
Ir thiz section we show that ths 6-idesl of ¥ycielski ful-
fils (P).
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Thus, consider a fixed generating famlly

§ = {K, : eccsq;

and the 6-ideal M., of lNycisleki, {saerated by 7 o

{1s1) Lengza, Por each X cw and each perfasct set
PcC, there ig a psrfect set Q c P such that @ eVII(K)Q

Procof. If 3|XK = z|¥ for all y,5¢P, let Q =
The strategy in which Flayer II chocses Xy =1 -3y for ielg
where J 1s an arbitrary clsment of ¥, 1s winning fox Lim
in the game M(Q,K)., If thsre arc y,z ¢ P such that 3 |K ¥ z]|K,
then observe that ﬁhe'cpan gat U = x} inter-
gscte P and we can tharefors find a perfasct sabsst §Q of Pnl,
The strategy in which Player II chocses Xy = 74 for 1 eK is
winning for him in the game M™(Q,K).

FPurther, for any parfect sat Pc C and for K cw, let
$(P,K) denote a fixed perfeot sst § satisfying the assertion
of Lemma 1.1,

From the definifion of VII we easily deduce the next two
lemmas,

(1.2) Lemma. 1fkM) gory -
joint infinite subsets of w, and A;¢Vy (

th U a, ev (U ki),
e II<1=1 )

(13) Lemmas. If Kcwis infinite and 4,B cC are
such that A cB, then BeVII(K) implies that A eVII(K).

(1.4) Lemma. LetK,,Ky,.0.,K, be infinite dis-
Joint subsets of w and let P1,P2,...,Pr be disjoint perfect
subsets of C, Then there ars perfect sets Q1,02,...,Qr con=-
tained in P1,P2,...;Pr, respectively, and such that

n
Q Vir(Ks)e
kJ i };4 11485

i1=1

} 2,0\:.,1' ars dis-
\ )) for i=1,2.ooo,r,

Pro o f. For each je {1,2,...,n}, consider any par-
tition {K( 1 1 =1 2,...,r} of K, into disjoint infinite
sets, Fix any 1 e{1 2,...,r} and define inductively
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Ideals having perfect members 5

o{" = ofp,,k{)),

o{2) - ool k{t)),

o{®) = o(a{m1) x(t)),

Put Q; = Qin). By Lemma 1.2, we have

r
1L=J1 Qj(_:n CVII(KJ) for J = 1,25,000,00

b r
Since \UJ QiC:}J Q{j) for J = 1,2,0e040, therefors, by Lem-
=1

1=1 T n
ma 1.3, we have | J Q. ¢ () Vyr(K,).
’ 11 i j=1 I
Remark. In the same way one can show that the

property described in Lemma 1.4 holds for each countable fa-
mily Po’P1""’ of disjoint perfect sets, as well,

The next lemma, called the "fusion lemma", is qulte well
known (cf. e.ge [J], Lemma 93).

(1.5) Lemma. Let{P  :secS5q} be a fanily of
perfect subsets of C, such that

(a) P c P, whenever s extends f%,

(b) P, and P, are disjoint whenever s and t are fif-
ferent of the same length,
(c) the diamenter of P_ tends to 0 if the length of =

tends to infinity.

Then the set P* = [ ) U P, 18 parfect,
new seh2

{(1.6) T he orem. The 6-ideal M has ths proper-
ty (P).

"roo0f. Let P be a perfect subse: of C., We shall
de it by induction perfect subsets Pgy 8 €89, of P fulfilling
tte gecumptions of Lemma 1.5 and the condition

t) P_ e (W Vi1(Kg) for all new.
n, ° n s
se 2 se 2
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At first, by Lemma 1.1, we choose a perfect set Q c P such that
Q eVII(K<>). Put P y= Q. Assume that new, n>0, and that

we have defined the sets P, for s'e "2, By Lemma 1.4, there are
perfect sets Q c P, for s ¢ "2, such that

U QB € m VII(KB)'

sef2 sen+12

In each set Qs where s en2, 8 = (BpyecesS, 4>y WO find dis-
int rfect bset d
:jo n pe e subsets P<S°’...’Bn"1'o> an P(sogoco,sn 1’1>

such that the dlameter of each of them does not exceed
(1/2)8*1, From Lemma 1.3 we easily coneclude that

U »ye () vyplkg).

s
n+12 sen+12

In that way, all sets Py are defined and they have the requi=-

red properties. Consider P* constructed as in Lemma 1.5. I%

i1s a perfect subset of P. Let %t € Sq be arbitrary and assume

that t ¢ "2, Then | P_eVi(K,) and, by Lemma 1.3, we have
n

P e VII(Kt)° Thuasfthollows that P* ¢ M, which ends the
proof,.

Finally, we give one more result on the property (P),
conocerning products of 6-ideals,

(1.7) Theorem., If JcP(X) and ’3c£P(Y) are
6-ideals containing all singletons, whers X and Y are perfect
Polish spaces, then (3 <) | B has the property (P).

Proof, Let P be a perfect subset of XxY, If there
exists an uncountable section Px’ thus it (being, at the same
time, closed) cortaeins a perfect set Q. Then {x} xQ is a per=-
fect subset of P and belorzs to (IxB)|B. Xext, assume that
211 X~-Bections of F are countabls. Then the nrojectlion erP
2f P onto X must be uncountable. The set P has a Borel uni-
formization P ([Mé], 4F. 17) which is uncountable. Choose
a porfect subset of P (cf. [Mo], 2C. 3). It obviously belongs
to (JX])|%.
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Idesals having perfect members 7

2. The duality principle

Let 3cP(X) be a ~idesal where X 1s-a uncountable ost.
We say that a family #cJ is cofinal in I if each set from
3 can be covered by a set from . We denote {ses [CF])

cf(J) = min{lﬁ€lx2€c Y and ¥ is cofinal in 3}.

We say that 6-ideals J and ] in P(X) have the decompo~
sition property (abbr. d.p.) if there are two disjoint sets
belonging to J and 7}, respectively, and their uniocn is
equal to X (cf. [B 1]).

The following (purely set theoretic) theorem is essential
in the proof of the Sierpirski-Erdos theorem.

(2.1) Theorem (sees [0], Th. 19.5). Let X be
a set of power w, and let JcP(X) be a 6-ideal containing
all singletons, such that ¢f(J) < w;. Assume that the comple-
ment of each member of J contalns a set of power Wy balonging
to J. Then X caen be dscomposed into Wy disjoint sets, each
of power w,, such that a subset E of X belongs to J if and
only if E is contained in a countable union of sets making
the above decomposition.

(22) Theorem (ses[0], The 19.6). Let X be
a set of power w,. Let J and 7 be a 6-ideals in P(X) and
let each of them fulfil the assumptions of (2.1). 4ssume
further that J and 7 have the d.p. Then there is a one-one
mapping £ of X onto itself such that f = £=1 and such that
f(E) ¢ 7 if and only if B e J.

If X is an uncountable set and, for 6-ideals J and 3 in
P(X), the assertion of Theorem 2.2 holds, we say that J and 3
fulfil the Sierpifski-Erdss duality principle (abbr. SEDP).
The duality between the families of meeger sets and of Le~-
besgus null sets on the resl line is discussed in detail
in [0]. Mendez in [Me] showed that if CH is assumad, the
6-ideals K xd and f x X (on the plane) fulfil SEDP, We shall
establish SEDP for some other pairs of 6-ideals by using
Theorem 2,2, if CH is assumed.

- 1165 -



8 M. Baloerzak

(2.3) Lenma, Let X be a perfect Polish space and
lat Jc P(X) be a 6-ideal fulfilling (P) such that J =3 |TTI.

Then complement of each member of J ocontains a set of power
2® bslonging to J.

Proof. LetBeJ and let De TT](X) be such that
EcDe J. Then X\ D 18 an uncountable analytic set, thus con-
tains a perfect set (of., [Mo], 2C.3) irp which, by (P), we can
choose a perfsct subset belonging to J. This last set ful-
fils the assertion.

Consider the S-ideals M and o, in (C). It 1s known that
MnTT3(C) is cofinal in M (cf. [My 2]), and £, n ZJ(C) is ob-
viously cofinal in Jf.,. Moreover, M and L, have the d.p.
{cf. [Ba 1]) and they fulfil (P) (see our Theorem 1.6 and
Lemma 5.1 from [0]). If we additionaly apply Lemma 2.3, it
will be clear that all assumptions of Theorem 2.2 are satis-
fied by X = C, J = M, = o£1 when CH is assumed. Thus we have

(2.4) Corollary., Assume CH, Then the ¢ -ideals
051 and M in P(C) fulfil SEDP.

{2.5) Theorem. Assume CH, Let X and Y be per-
fact Polish spaces. Let Jc P(X), 'JC?(X) and Uc?P(Y) be
6-ideals containing all singletons., Assume that J and y have
the d.p., and I =Cl|TT1, }=}lTT]. Then each of the pairs

(a) (3xu){TT} ana (yxu)|TTl,

(b) (UxI)|TT] ana (ux7y)|TT]

has the d.p. and fulfils SEDP. The ahalogous theorem with TT:
raplaced by B 1is also true,

Proof. Let A and Be be disjoint sets bslonging
to J and '3, respectively, such that their union is equal
to X. Then the pairs of sets

(a’) AxY and BxY,

(b’) YxA and YxB,
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Ideals having perfect members 9

guarantee the d.p. for pairs (a) and (b), respectively. This
verifies one assumption of Theorem 2.2. Another assumption
can be verified by &'heorem 1.7 and Lemma 2.3, Sinece CH is
supposed and the cardinality of the family of all coanalytic
sets in a perfect Polish space is 2%, the remaining assumption
holds., So, it suffices to apply Theorem 2,2, The proof with
ﬂ?l replaced by B is analogous,

(2.6) Corollary. Assume CH., Then sach of the
pairs

(a) (XxL)|B and (LxXK)|B,

(b) (TKxeC)lTT] and (.,Cx:}(,')"[_]':‘l
fulfils SEDP.

Note that (XxL)[TT} # XxdL and (LxH)|TT] # Lx XK (see
[Me], 1.3). However, we do not know whether (XxdL)| B #
A (Xxd)|TT] and (x| B # (LxK)[TT) (cf. [B 2] where the
problem is posed)., Finally, let us remaerk that CH is essential
in (2.6) {a) since, without CH, some pursly set-theorstic pro-
perties of (KxeL)| B and WLxX)|B can be differsnt (ecf. [CP]
where add((¥HxL)|B) and add (L xXK)|B) are studied).
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