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Khalil 1. Tabash

AUTOMORPHISM GROUPS OF P,-LATTICES

The concept of a Powlattice was first introduced by
T. Traczyk [4 ], Epstein G. and Horn A, [1] used this concept
to define a P1— and P,~lattioces.

The aim of this paper is to describs the automorphism
groups of finite P2-lattices.

In this papsr we use terminology and notation of [1] and
[2]. In particular, V denotes the lattice join,

1. Preliminaries

A Po-lattice is @ bounded distributive lattice P which is
generated by its center B and a finite subchailn o= 8,<8,<eee
«eo<8, , contalning o snd 1. It 1s denoted by P =
= <B,6°,...,en_1>n

(i) 8100098, 4 is called a chain base of P.
(11) A P,-lattice P is of order n ({n>1), 1f n 1is the
smallest lnteger such that P has a chain base with
n terms,
(11i) Bvery element x ¢ P can be written in the form
x = d,0,V dye,VeecV dp j6, o = VIT) die,, 4, €B,
i1=1,e00,n=1 and d1; d2> coe 2 dn-1'
Such a representation is called a monotoniec represénta-
tion (mon. rep.) of X.
Let P be a bounded distributive lattice with center B.

Let x —» y denotes the largest zeP (if it exists) such that
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2 Khalil I, Tabash

x2<y. Lot Ix = x —» 0o P is a Heyting algebra if x —» ¥
oexists for all x,ycP,

An element xeP 18 called dense if 1x = 0. 4 P1-lattioe
is a Po-lattioe which 1s a Heyting algebra together with a
chain base, ‘

LPYTTRIL I such that  ipi >3 = 840

Henoe 8y —> 09, =9 if 1> 3 and 91_"‘3 = 1 1f 1 <Jj. It was
proved ([1], Theorem 3.3) that, if P = <Byogyeeese, ,> 15 8
Po-lattioe which is s Heyting algebra, then there exists
a chain bass 0 = f°< f1< N <fn_1 = 1 such that P =
= (B,fo,...,fn_1> is a P1-lattioe. Such a chain is unique.

Let P be a bounded distributive lattice with center B,
Let x — y denotes the largest be B (if it exists) such that
xbg<y. P is called a B-algebra, If x = y exists for all
X,3ePs Ix = 1= 3y 18 called the pseudo-supplement of x.
If P is a B-algebrs then x —+» 3y =y Vi(x=y) for all x,y c¢P,

A P-algebra is a B-algsbra satisfying (x =y) Viy = x) =1
for all x,y €¢P. Po—lattice which are P-algebras are called
POP-lattices [2].

Let the least Boolsan slemsnt greater than or squal to
x (if it exists) is noted by xlI.

It was proved in [2] that, in any P P-lattice P =
= <B,e°,...,en_1>x
(1) x=73) y=2)¢x =12,
(11) x! = x =0,
(1i4) (x V y)! = x! Vy! and (xy)! = x1 3!
{(iv) Bvery elemsent xe¢ P can be written in the form

X = V;_l::: D;(x) e; where D,(x) = x1 (ey =>x),
i =1,.0.,n=-1 and the following properties hold:

(a) Dy(x)> Dy(x)> «ee2 D,_4(x),
(b) Di(XV3) = Di(x)v Di(y)’

(G) Di(Xy) = Di(x) Di(y)’
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Automorphism groups 3

(d)  D;(b) = b for beB,

(o) Di(ej) = ej! for 1 <J and Di(ej) = ey, (ey = °J)
for 1> J and in particular Dn-1(°;j) = !ej.

A P2-lattice is a P;l-iattice P = (B,eo,...,en_1>\euch that
ley exists for all i.

It was proved ([1], Theorem 4.4) that, if P = {By8gsese
...,en_1> is a Po-lattice of order n and P is a B-algebra,
then there exists a upnique chain fo,...,f such that
P = (B,fo,...,fn_1> is a P2-lattice.

ne~1

2. The P2-lattice automorphisms

Definition 2.1. Let P=<B,e°,...,en_1> and
P’ = <B',e;,...,e|;_1> be two P,~lattices of orders n and m
respectively, then a lattice homomorphism h : P —» P’ is a
P2-1attioe homomorphism provided:

(1) h |B is a Boolean homomorphism of B into B’,
(i1) h(ei)e {ei,...,e,;ﬂ} for every 1 = 1,.4.,0=1,
(11i) h (x=y) = h(x) = h(y).

A one~to-one Pz-lattioe homomorphism of a Pz-lattice P
onto itself is g P2-1attioo automorphism, Hence, if h 1is an
automorphism of a P,-lattice P = <Bye,reees8, 1>, then h(B) =
= By, h(ey) = €5, 1 = 1,.00yn=1 and h(x=3y) = h(x) = h(y),
for all x,y €P,

Since in a P2-1at1;ice P = <B,e°,...,en_1> ey > ed = GJ
for 1> j, ey = ¢4 —» 0 = o for all 1 = 1,04040=1, Hence, if
a is an atom in B (aeB, a ¥ 0 and 1f o # bg<a, then b = a),
then either a € = 8 0r o<aey < a.

Lenma 241 In g P2—1attice P = <B,e°,...,en_1>
of order n, if aey = 864 4, a e B, then aey = a, 1 = 1,0c0e,0=2,

Proof. It is obvious for a = o, Let a ¥ o and
sey = as; ., then a # 1. Hence a<ae; , = aey <e; (because
aey = o, implies e, is not dense) whioh implies a S0y, ey =
= l(ei+1—>ei) = lej<e; i.e. a<ey.
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4 Khalil I, Tabash

Definiti on 2.2. LetP=<B’e°’a.o.en_1> bo
a Pz-lattice of order n with an atomio center B, Let:

(1) D°1 = {a : a 18 an atom in B and ae; = a}, 1 = 1,...,n0-1.
(11) Pei = {a : a is an atom in B and aey <a}, 1 = 1,...,n-1.
It is oclear that,
(a) D, €D SeeecD

2 %2 pet’
() Pe12P622...2P3n_1,

and if A is the set of all atoms in B, then

(c) A= Pe i De for al1'1 = 1,.4.,n~1, where U denotes the
i i
disjoint union of sets,
. .n_2 .
Lemma 2.2 A= U3 3 (Pei - P°i+1) U Da1 provides
a partition of A (some of the terms P°i - P, ) may be empty).
: i+
Proof. SinceP =¢, P, = (P_ ~P_ JU(P, ~P_ )U...
Lo ’ o, e, "8, 85 8,
2
ee s U(P -P ) = ufe(p. -p ). (Some of the terms
®n-2  ®n-1 1=1""0y “e44y ,
P -7 ) may be empty). Henece A=P UD =
81 49 ’ 8 &y
= Un'z(P -P }) UD, constitute a partition of A.
i=1'"e 8 e
i i+ 1
IJ e mmna 2030 Let P = <B'°°,ooo’°n_1>'be 1 finite

Py-lattice of order n. Let h be an automorphism of P, then:

(i) h(Pei) = Ph(ei) = Pei,\ i = 1,00..["‘2,
(ii) h(Dei) = Dh(ei) = Dei" i = 1’.oo,n"2o

Proof. (i): Let aePy , 1= 1,.0.,n=2, then
0 <aey <a. Hence, 0<h(a) h(ei)<h(a). Since the chain

8gseees8y 4 18 unique ([1], Theorem 4.4), hie ) = ey,
1 = 1,40ey0=1 and o <h(a) ei<h(a) i.6. h(a) ¢ P, . The con-
verse implication is simple. i

(11): Let ace Dei, then ae; = a and h(a) o, = h(a) which

implies h(a) €D, o
i

- 1152 =
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The converse implication is simpls:

Lemna 2.4.' lot P = <B,e°,...,en__1> be a f£inite
Pe-lattice of order ne I8t a be an atom in B, then for any
xeP, if asbj(x) and & ¢Doy, thon as Dy{x) for all & =
= Yy0009lwl,

Proofe The proof iz clsar for i <j. Supposs i> J
and aeD, o Now, a<D.,(x) = x! (ej :x)<33 =3 x which

implies a8 s < %o Henoe, a8y <x(a = agy <aey <a) which implies
age; => Xo Since asx!, a <Di(x).

Theorem 2¢te If h s+ B-~» B is an automorphism
of a finite Boolean algebra B and P= <B,e°,...-.en~1> is
a Py-lattice, then there exists an autcmorphise h of P such
that b |B = h 1f and only if Bo{P ) = g s L= Tyeee,n2

and ho(Dei) = Dei. 1= 1,000,21"‘2.

Proof. Sinee P is finite, P is a P-algebra ([1],
Theoren 4.11) and hences is a POP-la'tstice. Suppose h, satisfies
h (P ) = ? i and h (D ) = D , i= 1,00.,!1"’2. Lot X,y GP'

then x and y have ‘t.'hs monotom.c reprsseniations.

x =V§f;;1)i(x)oi and y = g;; s (3)ey

where
Dy(x) = xtley =>x) and D7) = yiley => )
Iet h ¢+ P —» P bes defined by
w(x) = VI3 B (D;(x))ey.
Then,

(1) B((i0 = vETa 10,00, (x) ey = VEZTn (D, (x))ey = (0y(xs

Sines iw} is Roolean, h |3 =
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6 Khalil I. Tabash

(2) Dy(h(x)) = D (V5Zin (D j(x))eg) =

I=1"0

V;'}Di(ho(DJ(x)))Di(ej) (D; are homomorphisms)

ViTiho(Dy(x))Dy (ag) =

Vieto
gi=1 -1
= jc1h (Dy(x))(104)V V3Zin (Dy(x))eyl.

Now, 4! = 65 =5 0 = tTe — o) = lo (e; is dense) = o = 1.

Henos Di(h(x)) = V;::ho(Dj(x))(!ej)V ho(Di(x)).

It 18 clear that !ej =V De_, for j = 1,e¢.,n0~1. In order
to prove that Di(h(x)) = ho(Di(i)). it remains to show that:
(1) ho(Dj(x))(!ej)sho(Di(x)). J = Tgeeeyi-1,

We shall do it in two steps:
a) It aeP, and asDj(x) for certain j <i, then

ho(a)ePe . Since Pq r"De:l =0, ho(a”“’j) = 0

J J
and hence (i) holds.
b) It aeD, and asDJ(x), then ae D, (x) (Leama 2.4).

Hence, ho(a) (!ej) = ho(a)sho(Di(x)) and again
(1) holds. Since there is no third possibility,
(1) has been proved.

Henoe D, (h(x)) = V:l 1B (D (x))(!ed)v h (Dy(x)) =

= h (D (x)).

(3)  h(xVy) = h(x) Vh(y) and h(xy) = h(x)h(y). The easy proof
is omitted.

(4) We shall prove here that h(e;) = 835 1 = 1,000,n-1,
Since eil = 1fori=1,e00,n~1 and

1 if j<i
ej#ei = .
!ei if j>1
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We have h(ei) = Vg:]ho(Dj(oi))e =v2-1y (ei!)(eJ =$ei))ed-

377 3=1"0
= V?;}ho(83==$ei)ej = v§=1adv V§:1+1ho(’°1)°3 =

= eiV ho(,ei) = ei(!ei sei)'
(5) To prove h is one-to-one, let x,yc¢P, x = Vi:}Di(x)ei,

y = VE:}Di(y)ei and h(x) = h(y). Since the representation
is unique, h{x) = h(y) implies that Di(h(x) = Dy (h(y))
for 1 = 1,4..,n-1, Henocs, (2) implies ho(Di(x)) =

= ho(Di(y) for 1 = 1,ee0.,0=1, Hence x = y,

(6) To prove h is onto, let y = V;_‘:}Di(y)ei be a mon. rep.
of e P. Lot x = Vi’:}h? -1 (Di(y))ei. It is easy to

show that x = V;::h;”ni(y))ei, is a mon, rep. of xj
and h(x) = y.

(7) We shall prove that, h{x = y) = h{x) = h(y) for all
x,y ¢ Po Since h 1is a lattice automorphism, h 1s
order embedding i.e. x <y if and only if h(x) < h(y)
([3] Theorem III. 1.4), hence,

(1) h{zx=1y) h(x) = h(x(x = y) < h(y) which implies
h(x = y) <h(x) = h(y).

(11) Let b = h{x) = h(y), then b h(x) < h(y) which
implies h;1(b) x ¢y (h 1s order embedding). Hence,

h;1(b)<x =>y and bg ho(x =y) = hix = 3) i.e.
h{x) = h{(y) < h(x = y) and (7) is proved.
Now, (1),e0s,(7) imply that h 1is a P,-lattice automorphism
of P with h(e;) = e; for 1 = 1,...,n-1 and h|B = h . The con-
verse implication follows by Lemma 2,3.

It i8 clear that the automorphism h defined by Theo=
rem 2.1 is uniquse.

Remark 2.1 The following theorem is well known
in abstract algebra "If 4 is a set of m elements, then the
number of permutations on A that leaves a set Scd or r ele-
ments (r <m) fixed is (m~r)! riv,
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8 Khelil I. Tabash

Theoren 2624 Let P = <B,e°,...,en_1> be a fi-
pite P2-lattice with the center B = 2m, then the number of
automorphisms of P is

TI®=2(p, )t (a,)! where d, = |D P, = |P ~-P
i=1""1 1 1 l e1l’ i I o5 8.1

I = 1,00e,4n=2, De and Pei, 1 = 1,40e,n=2 defined earlier.

1
Proof. Let A be the set of all atoms in B, Henoe

|A] = m and by Lemma 2,2 A has the partition

0 n_2 .
A= Ui=1(Pe - P JU D, . Hence, if m = | &,

i 9541 1
pi=[P%--P%ﬁJ, 1= 1,00.,0=2 and d, =|%1L
then, n=2
n = :E: p; + dy.
i=1

By Theorem 2.1, the only sutomorphisms ho of B that can be
extended to automorphisms of P are the automorphisms that

leave each of the sets P - P s 1 =1,¢00,n=2 and D
3 %141 e
fixed. Hence, by Remark 2.1, the number of automorphisms of P

is greater than or sequal to n:2 {p;)! (d,)!. Since the ex-
i=1 i 1

tension of h  is unique, the number is exactly Trg:f (pi)!(d1n.
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