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AUTOMORPHISM GROUPS OF P2-LATTICES 

The concept of a P 0 , - l a t t i c e was f i r s t in t roduced by 
T. Tr,aozyk [ 4 ] . E p s t e i n G. and Horn A. [ 1 ] used t h i s concept 
t o d e f i n e a P^- and P 2 - l a t t i o e s . 

The aim of t h i s paper i s t o d e s c r i b e the automorphism 
groups of f i n i t e P 2 - l a t t i o e s . 

I n t h i s paper we use terminology and n o t a t i o n of [ 1 ] and 
[ 2 ] . I n p a r t i c u l a r , V deno tes the l a t t i c e j o i n . 

1. P r e l i m i n a r i e s 

A P - l a t t i c e i s a bounded d i s t r i b u t i v e l a t t i c e P which i s 0 
genera ted by i t s c e n t e r B and a f i n i t e subchain 0= e Q < e ^ < . . . 
• • o < e n - i c o n t a i n i n g 0 and 1. I t i s denoted by p = 
™ » e o ' * * * * 8n-1 

i s c a l l e d a cha in base of P. 0 ' n - i 
( i i ) A P 0 - l a t t i o e P i s of o rde r n ( n > 1 ) , i f n i s the 

s m a l l e s t i n t e g e r such t h a t P has a cha in base wi th 
n t e rms . 

( i i i ) Every element x eP can be w r i t t e n i n the form 
x = d l 8 l V d 2 e 2 V . . . V d

n_-j®n_i «= d i 8 i , d^ e B t 

i •= 1 . ,n-1 and d ^ d 2 > . . . £ ^o^-)» 

Such a r e p r e s e n t a t i o n i s c a l l e d a monotonic r e p r e s e n t a -
t i o n (mon. r e p . ) of x . 

Let P be a bounded d i s t r i b u t i v e l a t t i c e w i th c e n t e r B. 
Let x —» y deno tes the l a r g e s t z e P ( i f i t e x i s t s ) such t h a t 
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xb $ y . Let ~ix = x —»- o. P i s a Hay t ing algebra i f x —» y 
ex i s t s for a l l x,y e P. 

Aa element x e P i s ca l led dense i f ~ix = 0. A P ^ l a t t i o e 
i s a PQ - la t t ioe which i s a Heyting algebra together with a 
chain base, 

e 0 , . . . » e n _ i saoh that —^ a i m °i* 

Henoe — e ^ • e^ i f i > j and ê ^ — e j » 1 i f i < j . I t was 
proved ? [ l ] , Theorem 3.3) tha t , i f P « < B , e 0 , . . . . e ^ > i s a 
PQ - la t t ioe whioh i s a Heyting algebra, then there ex i s t s 
a chain base 0 = f Q < f 1 < . . . = 1 such that P • 
= < B , f 0 , . . . , f n _ 1 > i s a P ^ l a t t i o e . Such a ohain i s unique« 

Let P be a bounded d i s t r ibut ive l a t t i c e with center B. 
Let x y denotes the largest beB ( i f i t ex i s t s ) such that 
xb <y. P i s cal led a B-algebra, i f x y ex i s t s for a l l 
x,y eP0 !x = 1 => y i s cal led the pseudo-supplement of x . 
If P i s a B-algebra then x —• y = y V(x=^y) for a l l x,y e P. 

A P-algebra i s a B-algebra s a t i s f y ing (x=>y) V(y x) = 1 
for a l l x ,y eP. PQ - l a t t i ce whioh are P-algebras are ca l led 
P 0 P- l a t t i ces [2]. 

Let the least Boolean element greater than or equal to 
x ( i f i t ex i s t s ) i s noted by x l . 

I t was proved in [2] tha t , in any P 0 P- la t t i ce P « 
- <B,e 0 , . . . , e n _ 1 >i 

( i ) ( x = > y ) (y 2) < x =*> z „ 
( i i ) x ! = x 0 , 

( i i i ) (x V y ) ! = x ! Vyt and (xy ) ! = xl y ! 

( i v ) Bvery element x e P can be writ ten in the form 

x = B±{x) e± where D±(x) = xl (e±=$x), 

i = 1 n-1 and the following properties hold: 

(a) D1 (x) > D2(x) ^ D ^ ^ x ) , 

(b) D±(xVy) = D±(x)V D^y ) , 

(c) D±(xy) = D1(x) D±(y), 

- 1150 -



Automorphism groups 3 

(d) D±(b) = b for b eB, 

(e) D i ( e j ) " ' f o r 1 * i a n d • j 
for i> J and in part icular D ^ i a ^ ) • le^. 

A P 2 - la t t ioe i s a P j - l a t t i ce P = <B t e 0 , . . . »e^., > êuch that 
! e i ex is ts for a l l i . 

It was proved ( [ l ] , Theorem 4.4) that , i f P • <B,e 0 , . . . 
• ..,en_.|> i s a P 0 - la t t ioe of order n and P i s a B-algebra, 
then there ex is ts a unique chain f p , . . . , f ^ suoh that 
P = <B,f , . . . t f .,> i s a P 2 - l a t t ioe . 

2. The P 9 - la t t ioe automorphisms 
—( 

D e f i n i t i o n 2.1. Let P = <B,e 0 , . . . , e n_ 1> and 
P s <B . •* * * Î M < ) be two P«- lat t ioes of orders n and m » o * m-1 2 
respect ively , then a l a t t i c e homomorphism h : P p' i s a 
P 2 - l a t t i ce homomorphism provided: 

( i ) h IB i s a Boolean homomorphism of B into B' , 

( i i ) h f e ^ e j e ^ , . . . for every i = 1 . . ,n-1, 

( i i i ) h (x=*y) - h(x) => h(y ) . 
A one-to-one Pg-latt ioe homomorphism of a P 2 - l a t t i ce P 

onto i t s e l f i s a P 2 - la t t ioe automorphism. Henoe, i f h i s an 
automorphism of a Pg-latt ioe P = <B,e 0 , . . . »en_1>, then h(B) • 
= B, h f e^ = e± , i = 1 , . . . , n - 1 and h(x=»y) = h(x) =>h(y) , 
for a l l x,y eP. 

Since in a P 2 - l a t t i ce P = <B» e 0»••• i e n_i> e i e j " e j 
for i > j , "le^ » Oĵ  —• o • o for a l l i = 1 . . ,n-1. Henoe , i f 
a i s an atom in B (a eB, a 4 o and i f o 4 b $ a, then b = a ) , 
then either a e^ * a or o < ae i< a. 

L e m m a 2.1. In a Pg-latt ioe P = <B t«0 , . . . ,eQ_1> 
of order n, i f ae^ • ae i +^, ae B, then ae^ = a, i = 1, n-2. 

P r o o f . It i s obvious for a » o. Let a / o and 
a / 1. Henoe a<ae^^ • ae^ < e^ (because 

a e i " ° i i m P l i e B ®i i s n o t dense) whioh implies 
• —• • i . e . a.< e^. 
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D e f i n i t i o n 2 . 2 . Let P = < B , a 0 , . . . , a n _ 1 > be 
a P 2 - l a t t i o e of order n with an atomio center B. Let : 

( i ) = {a : a i s an atom i n B and ae^ « a } , i = 1 , . . . , n - 1 . 

( i i ) Pe «= {a j a i s an atom in B and a e 1 < a } , i = 1 , . . . , n - 1 . 

I t i s c l e a r t h a t , 
(a) L s D s . . . S D , 

2 n-1 
(b) P ? P 3 . . . 2 P . , 

e1 2 n-1 
and i f A i s the set of a l l atoms in Bv then 

(c) A = P D I . f o r a l l ' 1 = 1 , . . . , n - 1 , where U denotes the 
e i e i 

d i s j o i n t union of s e t s . 

L e m m a 2 . 2 . A - U?~? (P„ - P. ) U D„ provides 
1 1 e i 8 i+1 9 1 

a p a r t i t i o n of A (some of the terms Pa - Pa ) may be empty). 

'3 

e i ®i+1 
P r o o f . Since P = <J>, P = (Pa -P„ ^(P,, -P„ )U 

n'~1 81 a 1 2 2 8 
• • • 

. . .U(P a -Pa ) = U?~?(Pn -P„ ). (Some of the terms 
n-2 n-1 1 d 1 e i 8i+.1 

Pa - P_ ) may be empty). Henee, A *= P. U D -
8 1 e i+1 9 1 e1 

- U?~?(P„ -P ) U D const i tu te a p a r t i t i o n of A. 
1 1 e i 8 i+1 e 1 

L e m m a 2 . 3 . Let P = < B , e Q , . . . , e n _ 1 > be a f i n i t e 
P g - l a t t i c e of order n. Let h be, an automorphism of P, then: 

( i ) MP a ± ) = P h ( 9 i , - P e i v i - 1 n -2 , 

( i i ) h(D 6 i ) = D h ( e i , o i - 1 n-2 . 

P r o o f . ( i ) t Let a e P_ , i » 1 , . . . , n - 2 , then 
e i 

0 < ae 1 < a. Hence, o<h(a) h ( e i ) < h ( a ) . Since the chain 

e o ' * , , , 9 n - 1 i s u n i ^ l i e Theorem 4 . 4 ) , h f e ^ » e l f 

1 = 1 , . . . , n - 1 and o<h(a) e, <h(a) i . e . h(a) e P . . The coo-e J 
verse impl icat ion i s simple. 

( i i ) « Let a e i ^ , then a e i « a and h(a) eĵ  - h(a) which 

implies h(a) e i 
e i 
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She converse implication i s simple: 
l e m m a 2»4* le t p « <B,e0,..»,eQ><(1> be a finite 

P 2 - la t t i ce of order n. le t a be a» atom in B, then for .any 
x e P , i f a^H^(x) and aeDe^, then for a l l i » 
— lit««)n~1« 

P r o o f o The geoof i s clear for i s Suppose. i > 3 
and a e S a • Now, = x ! (e* x) $ e4 =3> x which 0 3 3 
implies a e ^ x . Henoe, ae^<oc(a - ae^<ae4 ^ a) which implies 
a ^ e ^ ^ x » Since a $ x l , a ^ D ^ x ) . 

S h e 0 r e m 2 .1 . I f hQ : B —• B i s an automorphism 
of a finite Boolean algebra B and P = <B,e0,...-,en>i>.j > i s 
a ^ " i a t t i c e , "Sken there exists an automorphism, ¿ o i l such 
that h |B - Jb. i f and only i f h {? ) - p , i = l , . . . , n ~ 2 

0 B i °± 
and h_(3)d > = 3)_ , i « l , » . . , n - 2 . 

® £ i 
P r o o f » Sinoe P i s f in i te , P i s a P-algebra ([1 ] , 

theorem 4*11) and hence i s a P0P~lattice. Suppose hQ sat isf ies 
h o i P e * ~ pe a n a ho i3 )e * * De.» 1 = i a 1 1 

then x and y have the monotonic representations» 

* ^ V £ l % ( x ) o i a n d 7 = 

where 

D^x) - x l i e j and « ylCe^s^ y ) . 

le t h : T P be defined by 

2hen, 

(1) k ( % ( r ) l - v£}Vty®i<*>>>®4 « i K i ^ t ^ l l e ^ V D i W ) . 

Since '¿{x} i s So oil a an, h 13 = 
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( 2 ) D±lh(x)) = Di(v5^fa0(Dj(x))ej) -

» V j I l D i ( k 0 ( D j ( x ) ) < D i 0 1 , 0 iiomomorphisms) 

= v > i V V x , , ( , e ; j , v v ? : 3 . V V x , , V -

Now, = e^ o • ! ( e —• o) = !o (a^ i s d e n s e ) = o = 1 . 

Henoe D ± { i i { x ) ) = v J ^ h ^ D j ( x ) ) ( )V l i 0 ( D i ( * ) ) . 

I t i s c l e a r t h a t t e . = V D , f o r j = i , . . . , n - 1 . I n o r d e r 

t o prove t h a t D ^ h i x ) ) = h ( D ^ x ) ) , i t r e m a i n s t o show t h a t j 

( i ) h 0 ( D j U ) ) ( i o j ) ^ h 0 ( D ± ( x ) ) , j = 1 , . . . , i - 1 . 

Ve s h a l l do i t i n two s t e p s : 
a) I f a e P and a £ D. ( x ) f o r c e r t a i n j < i , t h e n 

i 0 
h 0 ( a ) e P0 . S ince P e n D0 = <D, h 0 ( a ) ( le^) » o 

and henoe ( i ) h o l d s . 
b) I f a e De and a $ D j ( x ) , t h e n a e D ^ x ) (Lemma 2 . 4 ) . 

Henoe , h Q ( a ) ( !a^ ) =•= h 0 ( a ) $ h ^ D ^ x ) ) and a g a i n 
( i ) h o l d s . S i n c e t h e r e i s no t h i r d p o s s i b i l i t y , 
( i ) h a s been proved . 

Henoe D ± ( i i ( x ) ) = ( x ) ) ( la^jV h ^ f x ) ) «= 

- h 0 ( D 1 ( x ) ) . 

( 3 ) h(xVy) - h ( x ) Vh(y) and h ( x y ) = h { x ) h ( y ) . The eaBy proof 
i s o m i t t e d . 

( 4 ) 
We B h a l l prove here t h a t h ( e ^ ) » e ^ , i = 1 , . . . , n - 1 . 
S i n c e e i ! = 1 f o r i - 1 , . . . , n - 1 and 1 i f i $ i 

6 1 ^ ®i " ' 3 1 ! e ± i f 1 > i 
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We have h f e ^ = v J l i h 0 ( V e i ) , 8 r V J = 1 h o { e i ! , ( e J 6 i , ) V 

- - i - i v v J : L i h o ( , 0 i ) a j -

» ê V b.Q( lOĵ ) • e±( lê ^ s e ^ . 

(5) To prove h i s one-to-one, l e t x,y cP, x = 

y = a n d = ^ ( y ) . Siaoa representat ion 
i s unique, h(x) = h(y ) implies that D^ihix) = D^(Ja(y) J 
for i • 1 , . . . , n - 1 . Henoe, (2) implies h (D.j_(x)) « 
= h (D^fy) for i = 1 , . . . , n - 1 . Henoe x - y . 

(6) To prove fa i s onto, l e t y = b e a mon* r eP* 

of j e P. Let x = v£~|h~1 - 1 ( D ^ y ) ) « ^ I t i s easy to 

sfaow that x = vj^hp"' (D^y) )e^ , i s a mon. rep. of x j 
and h(x) «= y . 

(7) We sha l l prove tha t , h(x =^y ) = h(x) = ^ h ( y ) for a l l 
x , y e P . Since h i s a l a t t i c e automorphism, h i s 
order embedding i . e . x $ y i f and only i f fa(x)<fa(y) 
([3] Theorem I I I . 1 . 4 ) , henoe, 
( i ) h(x=>y) h(x) = h(x(x => y ) < h(y ) which implies 

fa(x y) « fa(x) fa(y). 
( i i ) Let b = h(x) h(y J , then b h ( x ) s h ( y ) whioh 

implies fap1(b) x $ y (fa i s order embedding). Henoe, 

fa'1 (b) < x y and b$ fa0(x y ) = fa(x => y ) i . e . 
fa(x) fa(y) < fa(x y ) and (7) i s proved. 

Now, ( i ) , . . . , ( 7 ) imply tfaat fa i s a Pg - l a t t i c e automorpfaism 
of P with li(e^J = ê ^ for i = 1 , . . . , n - 1 and fa | B = fap. Tfae con-
verse implicat ion follows by Lemma 2.3 . 

It i s c l ea r tfaat tfae automorpfaism fa defined by Theo-
rem 2.1 i s unique. 

R e m a r k 2 .1 . The following theorem i s wel l known 
in abstract algebra "If A i s a set of m elements, then the 
number of permutations on A that leaves a set S cA or r e l e -
ments ( r < m) f ixed i s (m-r)! r ! " . 
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T h e o r e m 2 .2 . Let P = < B , e 0 , . . . , e n _ 1 > be a f i -
nite Pg- la t t i ce with the center B = 2m, then the number of 
automorphisms of P i s 

TT°:?(P1 )! ) ! where a, = | D P± = | P ^ - P ^ | 

i = 1 f . . . , n - 2 , D_ and P_ , i = 1 , . . . , n - 2 defined e a r l i e r . 
1 ° i 

P r o o f . Let A be the set of a l l atoms in B. Henoe 
| A | = m and by Lemma 2.2 A has the part i t ion 

A = u i 1 - ? ^ - Pa )U D . Henoe, i f m = I A I, 1=1 e ± e i + 1 3 l 

Pi = ! p 9 l - P e l + 1 | ' 1 = 1 . . . . . A - 2 and d1 = | D e J , 

t h e n » n-2 
m = Z ] Pi + d v 

By Theorem 2.1 , the only automorphisms hQ of B that can be 
extended to automorphisms of P are the automorphisms that 
leave each of the se t s Pa - P_ , i = 1 , . . . , n - 2 and D 

®i 8 i+1 61 
f ixed . Henoe, by Remark 2 .1 , the number of automorphisms of P 

i s greater than or equal to TTilf (Pi ) l ( d ^ ! . Since the ex-

tension of hQ i s unique, the number i s exactly T T ^ i (p^) !(d 
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