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TRANSITIVE 2-QUASIGROUPS

In the oresent note we generalize the notion of right
traneitivity do n~juuaigroups and define it by the constraints
(2,) and (U,)e 1% is shown thal for every right transitive
n-ghasizgvoup {C,4) there is a group {Q,+) such thal

A(.K.‘,xa,...,zn) = x.l "32 ~ o0e "Xno

The Jaw of »ight tmansitivity for binary guasigroups
{Gy°) is given by -the identity

X2eJ2Z = RY

and 1% is well~known that the operation < in a right trdne
sltive quasigroup it ip fact subliraction in a cersain group,
{21, [3]s Vamely, if (Q,¢) is a right transitive gquasigroup,
then there is a group (Q,+) such that

Xy = A~y
for all %,y ¢ Q, whare ~y is the inverse of y in the grouwp
1Qy+) and xey = z+{~yle
Now, Tor a 22ehy iQ,+) ot us introducs an n-ary opsraiion
Aong, 4 (P>, rex\{1}, by the definibion
5{358 ¢ Bl XnseeesBy) = Ty = Ry = ees = Fpo

It i9 assy to verify thui {G,4) is an n-guasigronp {ses [1]
for tha definifizrs and nobtation) whick satigfiss the followw
ing two conditionss
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(22 alalxd 33 7009pTl 0 Alxy 00977 35,0 = AGx])

for all Xy,eessX,, Jqsee+sIp€ Q and every je {1,2,000,n-1}

(Un) There is an element O€ Q such that

A(x,g,x, 0 ) =0

for all x€Q and avery je{0,1,...,n-2}.

Indeed, if one takes the zero of the group (Q,+) as the
element 0, then (Un) is fulfilled, and the condition (Tn) is
valid too sinoe we have

A(a(xg,y?'j),yg:;+1,A(xj+1,y?'1)x§;2) =

(x1 -x2". .o -xj-y.‘-. . o-yn_J)'yn_J+1 ~e e o"yn_T"'

- (xj+1-y1-.o."‘yn_1 )"x'j+2"'o u--xn

= x.] "x2"0 . -.-xj-y1_o . o-yn_1+yn_1+. . .+y1-XJ+1 -x‘j+2-. . o"xn =

n
X =Xp=e oo Xy=Xy q=oes =X = A(x1).

In particular, the identity (T2) has the following form

A(A(x1971)’A(x2171)) = A(x1912)'

i.8, 1t is the right transitivity, and in that case (U2) is
satisfied too.

Therefore, we shall say that an n-quasigroup (Q,4) is
a right transitive n-quasigroup iff it sgtisfies the con~
straints (Tn) and (Un)° Such an n-quasigroup will be shortly
called transitive n-gquasigroup.

Namely, let be reminded that the identity

2Xe2y = XYy

is the law of left transitivity and it is obvious that a bi-
nary quasigroup {Q,*) is left transitive iff the quasigroup
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(Q,0), defined by X oy = yx, is right—transitive, Hence one
possibility for a generalization of left tramsitivity to
n-quasigroups is the following: an n~quasigroup (Q,4) is left
transitive iff n-quasigroup (Q,A) defined by 3(1?) =
= A(xn,...,xz,x1) is right transitive, Therefore, it 18 enough
to investigate only right transitive n-quasigroups snd, as we
sald befors, they are shortly called transitive n-quasigroups.
Particularly, for a transitive 3-quasigroup, resp. 4-quasi-
group (Q,A) we get:

(T5) ACA(X,4749075) s A(X5574575) 2 %3) =
= A(A(X10%5071)27504(23,74575)) =
= A(x1,x2,x3);

(U3) There is 0€ Q such that

A(x,x,0) = A(x,0,x) = 0}

(T4) A(A(X1’71’32vx3)oA(12p71p72973)113’x4) =
= A(A(x1’12’71 vyz)033pA(x3031’32033)ox4) =
= A(A(x1 ,X2,13,y1),32,73,4\(14,71,32,33” =
= A(x1,x2,x3,x4);

(U There is 0€& Q such that

4
A(x,x,0,0) = A(x,0,x,0) = A(x,0,0,x) = O,

Proposition 1. If (Q,A) is a transitive
n=quasigroup then the following assertions hold:

n-1
(1) A(x, 0 ) = x, for all xeQ,
n=2 3-2 n=3
(1i) A(x,y, 0 ) = A(x, 0 ,5, 0 ), for all x,yeQ
and every Je {2,...,n-2},
ne ‘n=2 -J3=1
(11) A(A(xg, OJ),xj+1,P0 ) = A(x¥+1,n 8 )

for all x1,...,xj+1E.Q and every J e{1,...,n-1}.
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n
Proof. (1) Becauae of (U ) it follows A(0O) = O and

n-1 n-1
hence A(x, 0 ) = a(A(x, 0 )}, a(0, 0 ) 0 ) = AlA(x, O ),nO )

whioh implies (1),

3-2 n-J
(11) Alxy, 0 4,3, 0 ) =
J=2 n-J+1 J=3 n=J+1 =3 n-j
= A(a(x, 0, O ),y, O ,4(3, O ,y,0), 0) =
n=2

= Alx,y, 0 ),

n~J n=-2 n=3j J=1 n=j=1
(111) a(a(x}, 0 JoXgpq0 O ) = a(a(xd, 69,0 VEyqe O ) =
n=j J=1 n=1 n-j=1
= A(A(x1, 01), 0 A(xj+1, 0), 0 )=
= A(xj+1 n-g-1 ol

Proposttion 2, Let (Q,4) be a transitive
n-quasigronp and + binary operation on Q defined by

n=2 n=2
x+y = A(x,4(0,y3, 0 ), O ).

Then (Q,+) 1s & group.
Proof . Obviously, (Q,+) is a quasigroup. Moreover,
it 1s a loop with the unit O sinoe

n n=2 n=1
x+0 = A(x,4(0), 0 ) = &(x, O ) =

Nw?2 n=2

0+x = 4(0,4(0,x, 0 ), 0 ) =

n=2 n=-2 n~2
a(a{x,x, 0 ),a{0,x, 0 ), 0 ) =

ne=2
A(x,0, 0 ) =

Further, for all x,y,z2€Q we have

ne2 n=2 n-=2 n=2 n=2 n=2
A(x,7, 0 ) = A(A(x,4(042, O ), O ),A{y,4(0,2z, O )}, O ), O )=

n=2
= A{x+2,7+2, O )
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and hence

n=2 n=2 n-1
Alx+y,¥, 0 ) = A(x+y,0+43, 0 ) = A(x, O ) = x
and the associativity follows:

n-1
(x+y)+z = 4((x+y)+2, 0 ) =

n=2 n=2
MAHMﬁszm,O) A(O0,y+42, 0 ), C ) =

n-2 n=2 ne2
A(A(x+3,¥, O ),A(0,5+42, 0 ), 0 ) =

A(x,A(0,y+2, 5 )y 0 ) = x+(y+z),

i.e. (Qy,+) is a group with the unit 0. The inverse -x of an

n-1 .
element x€¢Q is given by -x = A{0,x, O ), becauss of =-x =

n=2
= A(=x4x,X, 0 )o

Proposition 3. For a transitive n-quasi-
group (Q,4) there is a group (Q,+) such that

n
A(x1 ) = x1 -12"0 . .-xn.

Proof. Let (Q,+) be the group defined in the pre-
vious proposition. Then we get

n=2 n=2 N1
A(x,3, 0 ) = Alx=3,7~3, 0 ) = A(x‘yv 0) = x=y

and Proposition 1 implies

ne2
a(a(x371,0),x,, 0 ) =

n
A(x1)

A(x1n"1,0)-xn =

E see =

ne=Jj=1

A(xg+1’ V] ’-IJ+2--..-xn =
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3 n-j n=2
= A(A(x1, 0 ),x3+1, 0 )-xd+2-...-xn =

n-J
= A(x';j, 0 )-xj+1-xj+2-...-xn =

n-2

= A(x1,x2. 0 )-13-o-o-xn =

= 11-12-0. --Xn.
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