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TRANSITIVE a-QUASIGROUPS 

In. the present cots we generalize the notion of right 
transitivity to ii-qatisiigroups ana define i t "by the constraints 
(3?̂ ) and I t is shown that for every right transitive 
n-quastigrottp there i s a group (Q,*) such that 

She law of right transitivity for binary quasigroups 
(Q,o) i s given by'the identity 

xz*yz = xy 
and i t i s well-known. that the operation • in a right tran-
sitive quasigroup ift in fact subtraction in a certain group, 
[2] , [3], ttamely, i f (Q,*) i s a right transitive quasigroup, 
then there i s a group (Q,+) suoh that 

xy » x—y 

for al l x,y e Q, where -y i s the inverse of y in the group 
IQ,*} and x~y = }• 

How, for a grous- {Q9*j let us introduce an n-ary operation 
A on Q, A: Qn v, r e« \ { l } , by the definition. 

• &C«"»i — — Xg ** ••• " Xg* 

I t i s easy to vtn>:-.fy 8&&t {{<,A) i s an n-quasigroap (see [1] 
for tha definiSisr-rf and notation) which satisfies the follow-
ing "Bwo conditions» 
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2 M. Poloni jo 

(Tn) .A(A(x i f y° - J ) t yJ :3 + 1 , A(x J + 1 .y?" 1 ), x J + 2 ) - A(x°) 

for a l l x 1 , . . . , x n , , . . . , y f l e Q and every j e { l n - l } 

(UQ) There I s an element 0EQ suoh that 

, i n - j - 2 
A(x,0,x, 0 ) = 0 

for a l l xeQ and every j e { 0 , 1 , . . . , n - 2 } . 
Indeed, I f one takes the zero of the group (0,+) as the 

element 0 , then (Un) i s f u l f i l l e d , and the condition (TQ) i s 
valid too since we have 

= (x1 - x 2 - . . . -Xj-y1 . . ) -7n_j+i • • 

- • • ""^n-1' ' ' "*xn = 

— x1 2"« • • " X ^ " " X " c • • "X^ ® A(x^) • 

In part icular , the identi ty (T2) has the following form 

A( A(x1 ,y 1 ) , A ( x 2 , y 1 ) ) = A(x. , ,x2) , 

i . e . i t ia the right t r a n s i t i v i t y , and in that case (U2) i s 
s a t i s f i e d too. 

Therefore, we shal l say that an n-quasigroup (Q,A) i s 
a r ight t rans i t ive n-quasigroup i f f i t s a t i s f i e s the con-
s t r a i n t s (Tn) and (UQ). Such an n-quasigroup w i l l be shortly 
called t rans i t ive n-quasigroup* 

Namely, l e t be reminded that the identi ty 

zx«zy = xy 

i s the law of l e f t t r a n s i t i v i t y and i t i s obvious that a b i -
nary quasigroup (Q,*) i s l e f t t rans i t ive i f f the quasigroup 
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(Q,o), defined by i o j * yx, i s r i g h t ' t r a n s i t i v e . Hence one 
poss ibi l i ty for a generali«ation of l e f t t r a n s i t i v i t y to 
n-quaslgroups i s the followingi an n-quasigroup (Q,A) i s l e f t 
t rans i t ive i f f n-quasigroap (Q,A) defined by A(x°) -
« A ( * n , . . . ) right t r a n s i t i v e . Therefore, i t i s enough 
to investigate only right t rans i t ive n-quasigroups and, as we 
said before, they are shortly aalled t rans i t iva n-quasigronps» 

Par t i cular ly , for a t ransi t ive 3-quasigroup, resp. 4-quasi-
group (Q,A) we gett 

(T3} A ( A ( x 1 , y l , y 2 ) , A ( x 2 , y 1 , y 2 ) , x 3 ) -

= A ( A ( x 1 , x 2 , y 1 ) , y 2 , A ( x 3 , y 1 , y 2 ) ) « 

« A ( x 1 f x 2 , x 3 ) j 

(U^) There i s 0 EQ such that 

A(x,x,0) = A(x,0,x) «= 0| 

( t 4 ) A ( A ( x 1 , y 1 , y 2 , x 3 ) , A ( x 2 , y 1 , y 2 , y 3 ) , x 3 , x 4 ) -

« A ( A ( x 1 , x 2 , y 1 , y 2 ) , y 3 , A ( x 3 , y 1 , y 2 , y 3 ) , x 4 ) -

« A ( A ( x 1 , x 2 , x 3 , y 1 ) , y 2 , y 3 , A ( x 4 , y 1 , y 2 , y 3 ) ) -

= A(x^ ,x 2 , x 3 , x^ ) J 

(U^) There i s 0 e Q suoh that 

A(x,x,0 ,0) = A(x,0 ,x ,0) » A(x,0 ,0 ,x) » 0 . 

P r o p o s i t i o n 1. I f (Q,A) i s a t ransi t ive 
n-quasigroup then the following assertions holdt 

n-1 
( i ) A(x, 0 ) = x , for a l l x e Q , 

n-2 i-2 n-J 
( i i ) A(x,y, 0 ) « A{x, 0 ,y , 0 ) , f o r a l l x .yeQ 

and every j e {2 n-2} , 
^ n - j n-2 n - j - 1 

( i i ) A(A(xJ, 0 J . x ^ . ' O ) - A(x} + 1 , 0 } 

for a l l x 1 , . . . £ Q and every J e { 1 , . . . , n - l } . 
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4 M. P o l o n i j o 

P r o o f . ( i ) Because of (UQ) i t fo l lows A(0) - 0 and 
n-1 n-1 n-1 n-2 n-1 n-1 

henae A(x, 0 ) - A(A(x, 0 ) ,A(0 , 0 ) , 0 ) = A(A{x, 0 ) , 0 ) 
whioh impl ies ( i ) , 

j - 2 n - i 
( i i ) A(x, 0 0 ) . 

3-2 n-j+1 j - 3 n-j+1 .1-3 n - j , 
• A(A(x, 0 , 0 ) , y , 0 ,A(y, 0 , y , 0 ) , 0 ) -

n-2 
•= A(x,y, 0 ) , 

, n - j n-2 , n - j j -1 n - j - 1 
( i i i ) A(A(x:j, 0 0 ) - A(A(xij, 0 }, 0 t x J + 1 , 0 ) -

, n - j j -1 n-1 n - j - 1 
- A(A(x^, 0 ) , 0 , A ( x j + 1 , 0 ) , 0 ) . 

n - j - 1 

P r o p o s i t i o n 2. Let (Q,A) be a t r a n s i t i v e 
n-quasigroup and + binary ope ra t ion on Q def ined by 

n-2 n-2 
x+y = A(x,A(0,y, 0 ) , 0 ) . 

Then (Q,+) i s a group. 
P r o o f . Obviously, (Q,+) i s a quas ig roup . Moreover, 

i t i s a loop with the uni t 0 s inoe 

n n-2 n-1 
x+O = A(x,A(0), 0 ) = A(x, 0 ) = x 

n-2 n-2 
0+x = A(0,A(0,x, 0 ) , 0 ) = 

n-2 n-2 n-2 
= A(A(x,x, 0 ) ,A{0,x, 0 ) , 0 ) = 

n-2 
= A(x,0, 0 ) = x . 

F u r t h e r , f o r a l l x , y , z e Q we have 
n-2 n-2 n-2 n-2 n-2 n-2 

A(x,y, 0 ) = A(A(x fA(0,z, 0 ) , 0 ) ,A(y ,A(0 ,z , 0 ) , 0 ) , 0 ) ' = 

n-2 
= A(x+z,y+z, 0 ) 
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and he no e 

n-2 n-2 n-1 
A(x+y,y, 0 ) = A(x+y,0+y, 0 ) = A(x, 0 ) - x 

and the a s s o c i a t i v i t y fo l lows : 
n-1 

(x+y)+z = A((x+y)+z, 0 ) • 

n-2 n-2 n-2 
= A(A((x+y)+z,y+z, 0 ) ,A(0,y+z, 0 ) , 0 •) « 

n-2 n-2 n-2 
= A(A(x+y,y, 0 ) ,A(0,y+z, 0 ) , 0 ) = 

n-2 n-2 
= A(x,A(0,y+z, 0 ) , 0 ) = x+(y+z), 

i . e . (Q-, + ) i s a group with the unit 0 . The inverse -x of an 
n-1 

element xtQ i s given by -x = A(0,x, 0 ) , because of -x « 
n-2 

= A(-x+x,x, 0 )<> 
P r o p o s i t i o n 3« For a t r a n s i t i v e n-quas i -

group (Q,A) there i s a group (Qf+) suoh that 

A(x^) = x1—Xg—.••—x .̂ 

P r o o f . Let (Q,+) be the group defined i n the pre-
vious proposit ion; Then we get 

n-2 n-2 n-1 
A(x,y, 0 ) = A(x-y ,y -y , 0 ) - A(x-y, 0 ) - x-y 

and Proposit ion 1 impl ies 

A(x°) = A(A(xJ- 1 ,O) ,x n , 0O 2 ) -

= A(xf" 1 tO)-xn -
• . • . » 

1 + 1 n - j -1 
- A(xlj| , 0 ) - X j + 2 - . . . - x n -
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, n - j n-2 

n-2 

X^ —X2 " • • • 
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