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REMARKS ON SCHATTEN - VON NEUMANN CLASSES Cp 

Operator i d e a l s Cp (0< p $ «>) have been in t roduced by 
J . von Neumann and R. Schat ten [7 ] i n 1946. They are n a t u r a l 
g e n e r a l i z a t i o n s of the nuc lea r ( t r a c e - c l a s s ) opera to r s and 
tha Hi lber t -Schmidt o p e r a t o r s . I n §1 we de f ine the p - p r o j e o -
t i v e t e n s o r product X ® Y of Banaoh spaoes X and Y and de -

P 
sc r ibe i t s dual space. I n §2 we show t h a t the analogue of 
tha Grothendieck theorem i s not t rue f o r Cp . I n §3 we show 
t h a t Cp (0 < p <1) does not have the minorant p rope r ty . I n §4 
we cons ider Sohur m u l t i p l i e r s on Cp, 0 < p £ 1 . In t h i s paper 
we use the fo l lowing no ta t ions N i s the se t of p o s i t i v e i n -
t e g e r s , R - r e a l numbers, C - complex numbers, H - i n f i n i t e 
dimensional separable H i l b e r t space, - n-dimensional H i l -
be r t space , <*,*> i s the s c a l a r product i n a H i l b e r t space . 
We wr i t e "opera to r" ( " f u n c t i o n a l " ) i n s t ead of " l i n e a r opera-
t o r " ( r e s p e c t i v e l y " l i n e a r f u n c t i o n a l " ) . I f X and Y are Banaoh 
spaces then L(X,Y) i s the spaoe of a l l continuous ope ra to r s 
from X i n t o Y with the usual opera to r norm. L(X) i s the spaoe 
of a l l continuous opera to r s on X. All considered l i n e a r spaoes 
are complex. 

I am g r a t e f u l to Marek Boiejko f o r drawing my a t t e n t i o n 
t o the sub jec t of t h i s paper and f o r h e l p f u l sugges t ions . 

1. p-norms ( 0 < p $ 1 ) . p - p r o j e c t i v e t enso r product of 
Banach spaoes 

Let us r e c a l l t h a t a r e a l - v a l u e d f u n c t i o n II* Hp on a l i n e a r 
space X i s said to be a p-norm i f f o r a l l x ,y e X and X e C 
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2 B. Merdas 

( i ) [Mlp*0| ||*||p - 0 i f and only i f x = 0, 
( i i ) ||**||p »'U|||*|[p, 

( i i i ) |1* + "y||J<||x||P + ||7||P (p-triangle inequality). 
I t follows from ( i i i ) that 

5 - 1 II* + 7IIp ^ 2 (||*||p + b||p). 

Putting d(x,y) = ||x - y||P we define a (translation invariant) 
metric on X. (X, II*lip) i s said to be a prBanach spaoe, i f 
the above metric i s oomplete. 

Let X and Y be Banach spaces and X ® Y their algabraio 
tensor product. We define the function |Mlp on X ® Y as fol -
lows 

1 
iiuiip = m f ( V K i m b i P ) 

i=1 

where the infimum i s taken over a l l representations 
n 

u - X ! x i ® 7 i ' x i e z» 7 i e Y* 
i - 1 

Lemma 1.1. The funotion II* lip i s a p-norm on X ® Y. 
P r o o f . ( i i ) i s obvious. Let u,v e X ® Y. Take £> 0 

and such representations 
n m 

u - ^ x̂  ® and v = ^ ® B j 
i - 1 j -1 

that 
n m 

Z ! i ^ i i i p i i 7 i i i p ^ i t t i i p + 1 a n d £ b « j 1 p i » 3 i p < i m j * i * 

i - 1 3-1 
Then we have 

l|u+v||^S H z j P b j P + £ | | t J |P | | 8 ||P<||u||P + ||v«P + e . 
i - 1 j - 1 
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Schat ten-von Neumann c l a s s e s 3 

L e t t i n g e - > O w a get ( i i i ) . Now we prove ( i ) . Let x* e X*, 
n 

y * e Y *, u as above. Then (x*®y*) (u ) = x * ( * i ) y * ( y i ) and 
n n 1 

1=1 i - 1 

P « 

* U I * * l l P l l y * l l P ( [ | u | | 0 + 6 ) , 

hence (x*®y*(u) | $ | | x * | l * ( b *!• [[ uf| • I f u 4 0 then we take saoh 
n 

a r e p r e s e n t a t i o n u = x^ ® y^ t h a t are l i n e a r l y 

independent . We def ine the f u n c t i o n a l x on the subspaoe 
l i n { x . j , . . . , x Q } by x*(x^) = - Kroneoker ' s symbol) and 

' U 
, Ti 

y 1 ^ ker y* we have x*®y*(u) = x* (x 1 )y* (y 1 ) 4 0 , henoe 

H p * o . • 
R e m a r k [6 ] , I f p > 1 then we have f o r every 

u e X ® Y 
p 

I I » B p - l l * i l p B y 1 l p ) - 0 . 

i«1 

The space (X ® Y, I M I p ) » 0 < p $ 1 , need not t o be complete . 
Let X ® Y denote i t s completion and we o a l l i t the p - p r o j e o -

P 
t i v e t e n s o r product of X and Y. Using the same idea as i n [3] 
with obvious mod i f i ca t ions one can show 

T h e o r e m 1 .2 . Let u e X ® Y and e > 0 . Then the re P oo 
e x i s t sequences (xQ) i n X and (y n ) i n Y such t h a t u = > I xn®^n 

a n d £ ] | | x
n | | P | | y n | | P < | | u l l p + e . 

n=l r 

C o r o l l a r y 1 .3 . , I f X and Y are Banach spaces 
A 

then X ® Y i s p-Banach spaoe. 
P 

P r o o f . Let e> 0 and u,v e X ® Y. Take r e p r e s e n t a -
t i o n s p 

extend i t t o a f u n c t i o n a l x * e X . Taking y*e Y so t h a t 
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4 B, Mardas 

u = ^ x^ ® y^, v = ^ t j ® Sj and n,m e N 
i - 1 j - 1 

such that 
n oo 

E l i x i l l p i i y i l l p ^ i l u l l p + 1 . E i i t 3 l l p l i 8 j l l p ^ l i v l l S + 1 • 
i = 1 

Reasoning ana log i ca l l y as in the proof of Lemma 1 we show 
that || • || i s a p-norm on X ® Y. • 

p P 
Let X be a p-Banach space. By the dual space X* of X we 

mean the set of a l l continuous funct iona l s on X. 
L e m m a 1 .4 . Let X be a p-Banach spaoe. Por f e X* 

||f|| = sup{|f(u)| : ueX and IM p S" l} 

i s a norm and X* with the above norm becomes a Banach spaoe. 
P r o o f « The t r i a n g l e inequa l i t y fol lows from the 

propert ies of supreoum. It i s c l e a r that other propert ies of 
a norm a lso hold. The proof of the completness of X* i s iden-
t i c a l to that in case of a normed space X.» 

T h e o r e m 1 .5 . Let X and Y be Banach spaces. Then 
(X ® Y)* i s i somet r i ca l l y isomorphic to L(X,Y*) t the space p * 
of a l l bounded operators from X to Y . The isomorphism i s 
given by the correspondence F:L(X,Y*) —• (X ® Y)*, F( A) = f 

P where oo oo 
f A ( E x i ® - E (Aae±) (y± ) fo r A e L(X,Y*). 

i=1 i=1 
Moreover, ||fA|| = sup ||fA(u)| : ||u|| $ 1 , a e D j , where 

D = {x ® y : x e X, y e Y}. 

Let A e L(X,Y*)• We show that f A i s a con t i -P r o o f . 
nuous funct iona l on X ® Y and ||f. N A||. Let e> 0 . Take suoh 

P " oo OO 

a representa t ion u = E ® y t that E || X-|J|P||3'jJ| P < || u||p + e< 

Then 
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Sohatten-von Naumann c lasses 5 

i -1 i=1 

Letting e 0 we obtain |fA( u) | £ ||A |H|u||p, so ||fA || < ||A||. 

Conversely, consider sequences (xQ) in X and (yQ) in Y such 
that ||xn|| $1, ||yn|| and 

HAxnlMlA|| " ± t |( ixB ) (arB )|>||Axn| . 

Then we have 

sup{|fA(u)| t M p $ 1 , « e D j i |fA(xn ® yn)| = | (AxQ) (y n ) | :> 

H l A * J - ± HIA|| - J . 

Consequently, ||fA ||? sup{|fA(u) | » u e D, j|u]|p $ 1 } » |[ A || and P 

i s "1-1". On the other hand, i f f e (X ® Y)* then we define 
* P 

A e L(X,X ) as follows: for x e X and y e Y we put (Ax)(y) = 
= f(x ® y ) . Then f A = f . • 

2. Cp(H) -spaces 

Let A : H — b e a compact operator,, Then i t has the 
CO 

Sohmidt representation A * fn fn ® ®n* w h e r e ( s n ) 8 1 0 

n=1 
orthonormal sets in H and ((jq) i s the sequenoe of eigenvalues 

of the operator I A | = (A A) ̂  rearranged in decreasing order. 
Let us r e c a l l that f ® gt H —• H i s the operator of rank one 
defined by (f ® g) (x) = <x,g>f, for xeH„ 

Let 0<p < <x>. We say that A belongs to the Schatten-von 
1 

Neumann olass Cp(H) = Cp, i f ||A||p = ( S f P ) p < <*». We define 

CM = L(H) and ||a||oob ||a||« In the case p = 1 we have the traoe 
c lass operators) p=2 - the Hilbert-Schmidt operators. I t i s 
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6 B. Herdas 

we l l known that i f 1 ^ p <00, Cp i s a Banaah spaoe with the 
norm ||*|lp> and, i f 0 < p < 1 , a p-Banaoh spaoe with the p-norm 
H p . I f 0 < p < q ^ 00 then c p c Cq and f o r A e Cp || A|| q $ || A ||p, 

see [4]o Cp are also operator idea l s i . e . i f A e C p t T,S e L(H) 

then TASeCp and ||TAS||p <||l||.||A||p||s||. Since ||a|| « Ba||»$ II A||pf 
Cp are algebras under the operator composition. I f A e Ĉ  we 

define the traoe of A by Tr(A) = £ <Aen,en>, where (e f i) i s 
n=1 

(any) orthonormal basis of H. Tr(A) does not depend on the 
1 1 

choice of the basis (e n ) . I f £ + ^ = 1 , 1 < p < 00, Ae Cp, B c Cq 

then AB, BA e C 1 , Tr(AB) = Tr(BA) and |Tr(AB)| $ || A|| ||B||q , 

llABll^ i|A||p||B||q. Moreover, 

IIA||p «= (Tr|A|P)P= sup{|Tr(AB)| , ||B||q<l}. 

The dual C* i s i sometr ioa l ly isomorphic to Cq and (K(H) )* • 
= C 1 , where K(H) i s the space of a l l compact operators on H. 
The isomorphism i s given by B e Cq-* {Cpa A —• Tr(AB) e C } . We 
s h a l l use the fol lowing r e s u l t [lO]> 

H ® H = Cp f o r 0 < p 

C o r o l l a r y 2 . 1 . I f 0 < p $ 1 then C* i s i somet r i -
c a l l y isomorphic to C,,, = L(H). The isomorphism i s given by 
the mapping 

(* ) Cp3 U Tr{ AU) e C, where i e C , , , 

P r o o f . This i s an immediate consequence of Theo-
rem 1 .5 and the r e s u l t mentioned above. We only check that (*) 
and the formula given in Theorem 1 . 5 are the same. In f a c t , i f 

U = V n t n ® gn then f A (U) - (A( t . n f n ) ) (g n ) = 

00 
= ^n^^ntSn^« I n turn, i f (e^) i s an orthonormal bas is 

n=1 
in H, we have 
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Schatten-Ton Neumann c lasses 7 

Tr(AU) - T r ( £ % ) - E < ( S t )n ( A fn ) ®6n)<ei>»«i>-
n-1 i - 1 n-1 

OQ OO OO OO 

- S Z ! <HI1<ei,8n>Afn,ei> - £ f D Z<Afn ,e i><« i iEn>-
1=1 n»1 n=1 i -1 

- S f n ^ W ' " 
n-1 

Some properties of Cp (we may also define CQ = K(H)), 
i . e . Inclusions, dua l i t y , are s imi lar to those of sequenoe 
spaces c 0 , l p . We r eoa l l an in teres t ing resu l t of Grothendieok 
and we show that i t s analogue for Cp i s not t rue . Let X and T 
be Banach spaces. A bounded operator TiX —• Y i s said to be 
p-absolutely summing (0<p <«>) i f there ex i s t s a posit ive 
constant K such that for every n e N and eZ 

Z l & J P « K P . s u p { E | x*(x^) | Pj x* e X*,||x*|| $ 11. 
i=1 li=1 J 

Grothendieck has proved [5] that every bounded operator 
Ti 11 — 1 2 i s 1-absolutely summing. 

T h e o r e m 2 .2 . The in ject ion Cp ^ C2 i s not a 
p-absolutely summing operator for 1 $ p<2. 

P r o o f . Let ( e ^ be an orthonormal bas i s in H, 
n e N. Let us define P i k :H -*• H, ^ ( « i ) - 5 i i e k * Then 

n 
HPikll2 B 1 a n d 2 Ilpikll2 = n* Now w e 0 8 t i m a t « 

n 
sup j C |Tr(P1kB)IPi Be Co, (||B|| o } . Let ( b i J ) - B ( i , J ) be 

the matrix of B in the bas is ( e i ) . Then 

P 1 k B ( i , j ) 
b1a i f i - k 

and Tr(P1fc.B) - b1 l r . 
0 otherwise 1K 1K 
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8 B. Merdas 

Since IIB II = | | B * | M | B V ^ V k l K s | * i k | 2 ) , i t ±8 
= 1 " K=l 

s u f f i c i e n t to compute the maximum of the function. 

V b 1 1 - " b 1 n l = g l b 1 k l P ' U P < Z l f g |b1k|2 = 1. 

well known, that hp has i t s maximum i f | b ^ j • . . . I t i s 

|b^n| = n . Consequently, we have 

- M 
max h ib . , . , , . . „ , b 1 n ) = n« (n 2 ) = .H 

I f the i n j e c t i o n Cp Cg i s a p-absolutely summing operator, 
then we have for some positive oonstant K 

" - P |P1k|||«ltP8up{X; |T r(P1 ! tB)|P,BeOq , |b|, < 1 . J + J - l } 

W 

k=1 k=1 

sup 
n 

V ¿. I Tr(P 1 k B)|P:Be CM ,||B|| = Kp«n 

Since n may be a r b i t r a r i l y large , we get the contradiotion. i 

3. The minorant property in C r 
Let (e^) be an orthonormal basis in H. For A e L(H) we set 

a ^ = A ( i , j ) = <Ae i , e i >, i , j e N . Let A,BeL(H)„ We say that 
A i s a minorant of B i f ¡ a ^ l ^ b^j f o r every i , j e N . Then we 
write |a| ^B. Cp(H) i s said to have the minorant property 
(posit ive minorant property) i f for every A,B e C (II) from 
|a|$B (O^A^B respect ive ly) i t follows that || A]jp < ||B|| . I t 

has been proved by Pol ler [9] that Cp(H) has the kin or a lit 
property i f and only i f p = 2k, for some k e N . Moreover, 
for every p ^ 2k there e x i s t s neN such that C Clg) '^ces not 
have the minorant property . Let H(p) = minfneN: Cpilg) doee 
not have the minorant property}. Dechampe-Gondim, Lust-Piquard 
and Queffelec proved [2] that 

- 1136 -



Schatten-von Neumann c lasses 9 

so 

1) H ( p ) < [ f ] + 2 , 1 < p <oot p + 2 k | 

2) Cp(H) has the mlnorant property i f and only i f i t has the 
posi t ive mlnorant property; o 

3) Cp( l | ) does not have the posi t ive mlnorant property f o r 
1 S P <2. 

We show tha t r e s u l t f o r the case 0 < p < 1 . 
P r o p o s i t i o n 3 .1 . I f 0 < p <1 then C 

does not have the minorant property nor the posi t ive mlnorant 
property. 

P r o o f . Let A - I J B - Then 0 $ A « B and 
1 1 

||A|| « ( T r | A | p ) p - 2 P . On the other hand, B » |b | and the 

matrix of B i n the bas is of i t s eigenvectors i s ^ Q 
IIB||p « ( T r | B | P ) P = { 2 P ) P - 2 . » 

4* Sohur mol t ip l i e r s on Cp , 0 < p $ o» 
Throughout t h i s seot ion we f i x an orthonormal bas i s (e^) 

i n H. Ve oonsider bounded operators on H as matrioes I . e . 
funct ions on N x N . For AeL(H) l e t a ^ - A ( i , j ) « <Aej ,e i>. 
I f A, B are i n f i n i t e matr ices , we define t h e i r Sohur product 
t o be the matrix A»B such tha t A»B(i,j) - A ( i , J ) » B ( i , j ) . An 
i n f i n i t e matrix $ i s said to be a Sohur mul t ip l i e r on Cp , I f 
$»AeCp whenever A e Cp . Let U(Cp) denote the se t of a l l Sohur 
mu l t i p l i e r s on Cp . I t follows from olosed graph theorem (which 
i s a l so t r ae f o r p-Banaoh spaces) tha t 

l l*lM(0 j - sup{ | |$-A| | p . A e Cp, IU||p S 1} < » 

f o r ^eU(Cp) . I t i s easy to see tha t M(Cp) i s a Banaoh spaoe 
with the norm IMIM(C )» i f 1 $ p < «• , and a p-Banach spaoe 

with the p-norm II• llu^c ) ' l f 0 < P < 1 * I t 1 8 known tha t M(C.,) -

- M(Coo) cons i s t s of a l l matrices of the form (<x 1 ( y j> ) , where 
x i t y^ are veotors i n a Hi lber t spaoe, HxjJI^e, | | 7 j | | < o 
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10 B . M e r d a s 

some c o n s t a n t o ( G r o t h e n d i e o k [ 5 ] , B e n n e t t [ 1 ] ) . U ( C 9 ) i s £ 1 
r °° - \ 2 

m a t r i c e s , b e c a u s e j { A * l ® ^ ] ) • 
e c a s e 0 < p < 1 . i » l c 

t h e s e t o f a l l b o u n d e d 
Ve a r e i n t e r e s t e d i n t h e 

P r o p o s i t i o n 4 . 1 . L e t A , B e C p , 0 < p $ 1 . T h e n 

A . B e C p and || A - B | | p S | |A | | p [ |B | | p . 

P r o o f . We use t h e c h a r a c t e r i s a t i o n o f C : C = H ® H . 
00 P P p 

l e t ^ e > Oo Take s u o h r e p r e s e n t a t i o n s A = E x ® and B -
n«1 

= 2-i t L ® v m t h a t 
m=1 

E H x n l ! P l l 7 n l l P ^ l l A l l p + e a n d £ l l t t m l l P l l ' m l l P ^ l B H p + e ' 
l i« 1 m=1 

F o r x , y e H we d e f i n e x « j e H as f o l l o w s : < x « y , e 1 > = < x , e ^ X y 

T h e n 
1 00 2 

• I l * « y | | - ( S l < * ' 7 , e i > | 2 ) < E l < * ' 7 , e i > | « 
i - 1 i = 1 

- 00 -

- ¿ ¡ K x . a ^ l \<J,*L>\ « ( ¿ I ^ V l ^ t S l ^ - ' i ^ ) ^ 
i - 1 i - 1 i - 1 

- II x i l * 

We h a v e 

A ' B = E E ^ n ' V ® 
n»1 m«=1 

and 
00 00 

i i a - B I I ^ x : e 
n=1 m=1 

E H - J P ^ n ! l P E I I % I I P I M P ^ I I A | | P + e ) ( | | B | | P + e ) , 
n=1 m=1 
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Sohatten-von Neumann c l a s ses 11 

Consequently, we have Cpc M(Cp) pnd ||A||M(C J ^ ||A|| . 

P r o p o s i t i o n 4.2 . M(Cp) £ M(C1 ) for 0 < p < 1. 

P r o o f . We use Corollary 2 .1 . Let $eM(Cp) , B e C«,, 
A e C . Then P 

|Tr(($»B)A)| - |Tr(B($T.A))| - |Tr(BT($.AT)) 

<|B|LB®.A||1<||B|00B»-*IIp<IIBLII«|ii(c jB i lp . 

T 
so $eM(Coo ) » M(C^). A i s the matrix transposed to A. 

Now we give an example of a mul t ip l i e r on Ĉ  which i s not 
a mul t ip l ier on Cp for 0 < p <1. Let I be the matrix of the 
ident i ty operator. Since I = (<e i ,e ; j>) t I e M f ^ ) . Let us de-
f ine the matrioes A„ for neNt n 

A n ( i , J ) = 

I-1 

H 

otherwise. 

Then we have ||l*An||p = np , hence, [|I* An||p ->oo i f n ~ . 
On the other hand, ||An||p = 1, so I oan not be a bounded (equi-
v a l e n t ^ [11] , a continuous) operator on Cp. • 

P r o p o s i t i o n 4 . 3 . If 0 < p < q <1 then M(Cp)c 
= M(Cq). 

P r o o f . We use the following r e su l t of Oloff [8 ] . 
Using the so oalled K-method of r e a l interpolat ion he showed 
tha t , i f O < p < r<oo and 0 < 9 < 1 then 

( < V V e . q i K - Cq 

where ^ » + and the quasi-norms are equivalent . I f 

p<q <1 then we have for 6 = ^Epq 

( Cp' C1 )0,q»K " Cq' 
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12 B. Herdas 

Let f e M ( C p ) . Thea $eli(C1 ) (Proposition 4.2 ) , hence, $eH (C q ) 
and 

l l » l « ( 0 q ) < k - l l » l l ( O 8 p ) l l « l 5 ( C i ) < k ' l l « l lM ( 0 p ) 

f o r Borne constant k . « 
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