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ON RICCI-PSEUDO-SYMMETRIC WARPED PRODUCTS 

1. I n t r o d u c t i o n 

Let (M,g) be a connected n-dimensional ( n ^ 3 ) Hiemannian 
manitfold of c l a s s C°° with not n e c e s s a r i l y d e f i n i t e metrio g . 
We denote by V, R, K, S and K the Lev i -C iv i t a connec t ion , 
the curva ture t e n s o r , the R iemann-Chr i s to f fe l curvature t e n -
s o r , the R icc i t ensor and the s c a l a r curva ture of (M,g), r e s -
p e c t i v e l y . 

A manifold (M,g) i s sa id to be pseudo-symmetric [6] i f 
the fo l lowing cond i t ion i s s a t i s f i e d : 
(*) at every point of M the t e n s o r s R»n and Q(g,ä) are l i -

nearly dependent. 
This cond i t i on i s t r i v i a l l y s a t i s f i e d at po in t s a t which 

R = R(1) (we note t ha t the t e n s o r Q(g,R) van i shes at a point 
xeM i f and only i f R(x) = R (1 ) (X ) ) . Thus the cond i t i on (*) 
i s equ iva len t t o the fo l lowing r e l a t i o n 
(1) R-R = L Q(g,R) 

on the se t W = {x e M: R R( 1) at x}, where L i s a f u n c t i o n 
on W. Recen t ly , pseudo-symmetric manifolds were s tudied by 
var ious a u t h o r s . I t i s easy to see t ha t i f the cond i t ion (*) 
holds on a Riemannian manifold (M,g) then a l so 
(**) at every point of M the t e n s o r s R»S and Q(g,S) are 

l i n e a r l y dependent. 
The cond i t i on (**) i s equ iva len t to the fo l lowing r e l a t i o n 

(2) R.S = LQ(g,S) 
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on the set U = { x eM : S ji ^ g at x } . Manifolds satisfying 
the condition ( * * ) are called Ricci-pseudo-symmetric [8]„ 
Obviously, any Ricci-semi-symmetric manifold (R.S = 0, c f . 
[11]) i s Ricci pseudo-symmetric. mhe conditions ( * ) and ( * * ) 
are equivalent at a l l points of a manifold (M,g) at which 
the Weyl conformal curvature tensor C vanishes [3, Lemma 1.2] 
( c f . also [7, Lemma 3])o 

Let I be an open interval of R considered with i t s stan-
dard metric g and P a positive smooth function on I . I f 

(1 ) 
(M0, g ) , dim M0 2 2, i s an Einstein manifold, then the warped 

(2) r n 
product (I*M0f g © P g ) is Ricci-pseudo-symmetric I 8 I. 

2 (1) (2) 
Moreover, a l l such Ricci-pseudo-symmetric warped products 
for which the manifold (M„, g ) i s not necessarily Einstein 

i2) 
manifold are determined in [8J. The Ricci-pseudo-symmetric 
warped products (IxM,, g © P g ) , dim M0Z 3, are non pseudo-

2 (1) (2) * 
-symmetric and non Ricci-semi-symmetric in general. 

This paper contains some results on Ricci-pseudo-symmetrio 
warped products (M..*M0, g © F g ) for which dim M.. 2 1. We 

1 2 ( 1 ) ( 2 ) 1 

give necessary and suff ic ient conditions for a warped product 
to be Ricci-pseudo-symmetric. In particular, we obtain necessa-
ry and suff ic ient conditions fo r a warped product of two 
Einstein manifolds to be Ricci-pseudo-symmetric. With the help 
of the above results, we construct various examples of mani-
folds of this type. 

2. Ricci-pseudo-symmetric warped products 
Let (M,g) be a Riemannian manifold. Por a tensor f i e l d A 

of type (0,p) , p^ 1» on M we define the tensor f i e lds R»A and 
Q(g,A) by the formulas 

(R.A) (X 1 , . . . ,X p jX ,Y ) = (R (X,Y ) «A ) (X 1 , . . . ,X p ) = 

= -A(R(X,Y)X1 ,X2 , . . . ,Xp ) - . . . - A(X1 , . . . ,Xp_1 ,R(X,Y)Xp ) 
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On warped products 3 

and 

Q(g,A)(X 1 , . . . , Z p | X , Y ) =• - ( ( X A Y j . A ) ( X 1 , . . . , Z p ) -

° A((ZAl)Z1,I2,...,Ip) + ... + A(Z1,...,Ip_1,(lAY)Xp) 
M 

respeotively, where R(X ,Y) and X a Y are derivations of the 
algebra of the tensor fields on M and X1,... ,Xp,X,Y e 3E(M), 
1(13) being the lie algebra of vector fields on M. These deri-
vations are the extensions of the endomorphisms B(X ,Y) and 
X a y of 2E(M) defined by 

R ( X , Y ) Z - VXVYZ - V Y V X Z - V [ l f Y ] Z 

and 
(X AY ) Z = g(Z ,Y)X - g(Z,X)Y 

respectively, where X , Y , Z e 3 E ( M ) . 
For the Riemann-Christoffel curvature tensor R we define 

the tensor R(1) by R(1) = n|n_1j G, where G is given by 

g ( x 1 , x 2 , x 3 , x 4 ) = g ( (x 1 a x 2 ) x 3 , x 4 ) , 

X k e X ( M ) , k = 1 , . . . , 4 . 
let (M.,, g ) (i = 1,2, dim M1 = p, dim M0 = n-p, 1 $ p < n) 

(i) r ' a 1 
are Riemannian manifolds covered by systems of oharts ̂ V jx / 
and {v'jy®}, respectively. Let P be a positive smooth func-
tion on Mi. The warped produot of (M1, g ) and (M9 , g J 
r _ r _ 1 (1) * (2) 
([9 J, L2J) is the Cartesian product M^Mg with the metric 
g © P g (more precisely, g = 5t? g + (f o jt )Jti g , 

( 1 ) (2) ( 1 ) 1 (2) 
i — • being the natural projections). Let 

{v'*v", u1 = x1 U? = x?, up+1 - y1 un = y n"P}be 
a product chart for M^xMg. The components of g with respect 
to this chart are following 

(ffl 
(3) g ^ = 

g-qb if r = a, a = b 

M ) 0 " 5 " 1 = 8 = 

0 otherwise 
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where a,b,c,d { l , . . . , p } i a ,|1 ,jf, 5 e {p+1, . . , ,n} and r,s,t ,u,w 
e { l , . . . , n } . The local components f ^ of the Levi-Civita 
connection 7 of g ©, F g are the following 

" (2) 

(4) 
r b o = ^bc' r^p- r ,^ = \ sa bpb s ^ » 

(1) (2) (1) (2) 

rf ft = f«<5IT» r f l = r e = o, p afJ ~ 2P a ab ocb 3x£ 
(P ) . 

We shall indioate eech object formed from g by ( i ) . The 
local components ^ 

r _ pW a f n P w q nw , n Vi-i w p v p w N 
"rstu c srw stu = ®rw VV at ~ °V su + 1 st1 va " 1 su1 vt ) » 

u. „ • ' 
dx 

of the tensor R and the local components S t s of the tensor S 
of g © P g which may not vanish identically are the fo l low-

(1) (2) 
ing 

(5) 

( 6 ) 

(7) 

( 8 ) 

(9) 

where 

Rabcd = (®abcd' 

aabfi ~ 2 Tab gali' 
(2) 

= ' 4 V / W « » 
(21 (2) 

Sab = ,Sab ~ ^ f ^ b ' 
(1) 

S«|3 - - i ( * » ( * ) + ^ V > 8 a l i , 

(2) (2) 

Tab - V a " h P a V ^ ' - V b 
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The scalar curvature K of g © Fg sat i s f i es the equation 
(1) (2) 

(11) K = K - ( t r ( T ) + 5=£=1 a p ) . 
(1) (2) P 4 P 1 

The only components of R*S which may not vanish are those 
related to 

( ^ a b c d - ( ( V ( l V a b c d " ^ ( ( f , ' T , abcd ' 

(1) ,<D 

" d r T a b S «B ' T°b = S ^ a b ' 
(2)' 

(14) 

Further, in virtue of (3 ) , (8) and (9 ) , we can easily show 
that the only components of Q(g,S) not identical ly zero are 
those related to 

<15) « ( S e a b e d = Q ( S ,S ) a b c d " t S « ( S e a b e d ' 
( 1 )( 1 ) (1) 

Qt«.S)a«pb " ®ab S«|J " ( s j + ^ S V ) «ab + 

(1) 12) (1) 

+ Sab - Tab ) 
(1) 

{ 1 7 ) Q ( g » s L f t ^ = p Q { S ' s ) , v (w r 
T (2) (2) 

T h e o r e m 1. Let (M. ,g ) , i = 1,2, be Riemannian 
i ( l ) 

manifolds and F a smooth positive function on M .̂ For the ma-
nifold (M1XM«, g © Fg ) the condition R*S = L Q(g,S) holds 

1 ^ (1) (2) 
i f and only i f the following relations are sat is f ied 

< 1 8 ) ( 5 ' S ,abcd " ^ S ' S ' a b c d = T * «H-H>abcd " L^e.H>abod>' 
( 1 ) ( 1 ) ( 1 ) ( 1 ) (1) (1) 
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<19> Hab<S«S " 5Ì I " ' 1 ' + ^ W " (a 

< 2 0 ) + 

where H i s the tensor f i e l d of type (0,2) with loca l compo-
nents 

<21> Hab « ì Tab + PL S a b . 
( 1 ) 

P r o o f . Combining the r e l a t ions (12)-(14) with the 
r e l a t ions (15)—(IT) and (21) we obtain our asser t ion. 

As an immediate consequence of Theorem 1 we get 
C o r o l l a r y 1. Let (M.,g) (dim M.£ 2, i = 1,2) 

Mi) 1 

be Einstein manifolds and JP a smooth posit ive function on M .̂ 
For the manifold (M..*M0, g © Fg ) the condition R»S = 

1 2 ( 1 ) (2) 
= LQ ( g, S ) holds i f and only i f the following r e l a t ions are 
s a t i s f i e d 

(22> ((®;H,abcd = W ^ a b o d 

and 

= H a o H V 

R e m a r k 1. It i s c lear that i f in the r e l a t ion 

^ ^ ( f / °~P(2)$) o n s o m a s u b 8 a t v " c M 2 t h e n L P + 4f A1P M.,><{u}= 

= const for any ueV". 

3. Examples 
We denote by Sp(9) = {x e Ep+1 :<x,x> = q 2 , £ > o} the p-di-

mensional (p£ 2) sphere of radius 9 centered at the origin 
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of an Euclidean space Ep +^ with usual sca lar product < • , • > . 
Let e = ( e 1 , . . . , e p + 1 ) be a fixed unit vector in E p + 1 . Define 
a function $ in S p + 1 by 

k= p+1 
<p(x) = < x,e > = JT] x k e k , 

k=1 

where x = ( x ^ , . . . , x p + 1 ) and denote by 

f " * | s p , e , 

the r e s t r i c t i o n of $ to S p ( p ) . Further, denote by ^ the 

standard metric tensor of S p (p) induced from <•,•>. 
L e m m a 1. ( [5 , Lemma 3 ] ) . ( i ) Let { U j u a } be a chart 

of ( S p (p ) , g ) such that the function f i s d i f ferent from zero 
* (1) 2 

at each point of U. Then the function F = f s a t i s f i e s on U 
the following equa l i t ie s 

«25) (a) Tab = - p < W <b> 

( i i ) Let F «= ( f + k ) 2 , where k>9 i s a constant. I f { u j u a } 
i s a chart of ( S p (p ) , g ) , then the function F s a t i s f i e s on U 

(1) 
the following equa l i t ie s 

( 2 f e ) < a ) Tab - f ( f + k , S a b ' 4F A 1 P = 1 " f l ' 

T h e o r e m 2. Let { u j u a } bo a chart of ( S p (p ) , g ) 
(1) 

such that the function F defined in Lemma l ( i ) i s d i f ferent 
from zero at each point of U and le t (M9,g ) be an (n-p)-di-

* (2) 
aiensional, n - p ^ 2 , Si.ecr.ar.nian manifold. 

( i ) The manifold © ?g ) i s Ricci-pseudo-symme-
2 (1) (2) 

t r i e i f and only i f the condition 
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(27) R-S = Q(g,S) 
(2)(2> {21(2) 

ho lds on (ttUtg)» 
£ (2) 

( i i ) Let (Mo tg ) be a d d i t i o n a l l y of c o n s t a n t cu rva tu r e 
£ (2) 

and assume t h a t 

(28) A = K - ( n - p ) ( n - p - 1 ) . 

i f A 4 0 then (U«M0, g © Pg) i s non Ricc i - semi-symmet r ic 
* ( 1 1 (2) 

Ricci -pseudo-symmetr ic m a n i f o l d . I f A = 0 then (U'Mg, g © Pg ) 
i s an E i n s t e i n mani fo ld . 

P r o o f . The a s s e r t i o n ( i ) i s an immediate conse -
quence of Lemma 1 ( i ) and Theorem 1, where we suppose L = . 9' 
The manifold (U*M9, g © Pg ) de f ined i n ( i i ) , i n view of ( i ) , 

(1> (2i 
i s R icc i -pseudo-symmet r ic . The e q u a l i t y ( 1 3 ) , by (25) and 
( 2 8 ) , t u r n s i n t o 

( 5 - S W b - n = F « a b Saß-
( 1 ) (2) 

So, i f A 4 0 , the manifold (U*M0, g © Pg ) i s non H i c c i - s e -
^ (1) (2) 

mi-symmetr ic . F u r t h e r , app ly ing the r e l a t i o n s (25) and A = 0 Ir 
i n ( 8 ) , (9) and (11) we get S = - g , which completes the 
p r o o f . 

i n Examples 1 and 2 we s t a t e mani fo lds f u l f i l l i n g the 
c o n d i t i o n ( 2 7 ) . 

E x a m p l e 1. Let I be an open i n t e r v a l of the 
r e a l l i n e with the metr ic g , g 1 1 = - 1 , and F ( t ) = e x p ( 2 t ) , (D or 
t e l . I f (M7,g ) , dim 3, -is an H i n s t e i n manifold then 

" (3) J 
the manifold (M„,g ) = ( I*M,,g @ Pg ) s a t i s f i e s (27) ( c f . 

*(2) 3 (1 ) (3) 
[ 8 , Example 2 J ) . I f (K-,,g ) , dim M, £ 3 , i s a non b i n s t e i n 

(3) J 

Ricci -semi-symmetr ic man i fo ld , then the manifold (M2,g ) = 

= (I*M,,g © Fg ) s a t i s f i e s a l so (27) ( c f . ¡8 , Syaa.?la 3 j ) . 
•Ml) (3) 
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E x a m p l e 2. The manifold (U*M0,g © Fg ) defined 
2 0 ) (2) 

in Theorem 1 ( i i ) with A / 0 and p = 1 sa t i s f i e s (27). 
T h e o r e m 2. Let (Motg), dim M, ̂  2, be an Einstein 

. (2) * 
manifold and l e t F be the function defined in Lemma 1 ( i i ) 
on a sphere ( S p ( p ) , g ) , p » 2. Then the manifold (Sp(p))<M5t 

(1) i 

g © Pg) i s Ricai-pseudo-symmetric and non Ricci-semi-symme-
(1) (2) 
t r i o . 

P r o o f . The Ricci-pseudo-symmetry fol lows immedia-
tely from Lemma 1 ( i i ) and Corollary 1, where we suppose 
L = f f j • Applying the formulas (26) and (28) into (13) 

we obtain 

< s - s w A ( A " h ( ( n - 2 , f + k ( p - 1 , , K b 
? ? d ) (2) 

which completes the proof. 
C o r o l l a r y 2. Let (M0,g ), dim NL> ? 2, be a oom-* (2) ^ 

pact Einstein manifold and le t P be the function defined in 
Lemma 1 ( i i ) on a sphere ( S p ( p ) , g ) , p$2. The manifold 

d ^ (S^(p)*M~,g © Pg ) i s a compact non Ricci-semi-symmetric 
V 2(1) (2) 

Ricci-pseudo-symmetrio manifold. 
An example of a compact Rioci-pseudo-symmetric manifold 

i s given also in [8, Remark 3.4] . 
T h e o r e m 3. Let (NL.g) , dim 2, be an Einstein 

fe D 
manifold and le t P be a function on an Euolidean space EF, 

../a=p 2 \2 
p>2, defined by the formula P(x) = ( x a ) + k j , where 

x = ( x 1 , . . . t x p ) e Ep, g i s the standard metric of Ep and k i s 
(1) 

a positive constant. Then the manifold (Ep*M0,g © Pg ) i s 
2 ( 1 ) (2) 

Ricoi-pseudo-symmetric and non Ricci-semi-symmetric. 
P r o o f . I t i s easy to ve r i f y that the fol lowing 

equations 
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1 1 
(29) (a) T a b = 2(F) 2 g a b , (b) ¿ I A P̂ = 2F2 - k, 

(1) 

hold on Ep (see [ 5 , Theorem 8 ] ) . Corollary 1 (take L = 

0 4 ) = - F w / implies that thé manofild (Ep*JIIU,g © Fg J i s 
M l ) (2) 

Kioci-pseudo-symmetric. Applying the formula (29) into (13) 
we obtain 

t5-S»««Ab - I F 2 ( ( n - 2 ) ( 2 ( P ) 2 - k ) - (n-2p)k -
|(2)(1) (2) 

which completes the proof. 
In the above described examples of warped product R i c c i -

-pseudo-symmetric manifolds (M.,*î/L,g © Pg ) the manifold 
1 • (1) (2) 

(M1 tg) i s a manifold of constant curvature. We give now an 
1 ( 1 ) example of a warped product Ricci-pseudo-symmetric manifold 

for whioh the manifold (M„,g) i s Rioci-pseudo-symmetric 
1 ( 1 ) 

and not of constant curvature. 
E x a m p l e 3. Let I be an open interval of the 

r e a l l ine considered with i t s standard metric g, g ^ = e , e 
e e { ~ 1 , l } , P a function on I defined by P(x1) = exp(b x 1 ) , 
x1 e I , b e R - { o } and (M,,g ), dim M, = p-1 2 3, a not of con-(3) i 

stant curvature Einstein manifold with non zero soalar curva-
ture . Then the manifold (NL.g) = ( I * M , , g © F g ) s a t i s f i e s 

« 1 (1) (3) 
the conditions S / ¿ K g and 

( 1 ) p ( D f î ) 

( 3 0 ) R . S = L Q ( g . S ) 
( 1 ) ( 1 ) ( 1 ) ( 1 ) 

with 

(31) L = - | b2 
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1 
[ 8 , C o r o l l a r y 3 . 2 ] . F u r t h e r , l a t f = e31 F 2 and v be a c o -

1 
v e c t o r f i e l d of l o c a l components v 1 = P , v 2 = . . . = v p » 0 . 
The c o v e c t o r f i e l d v and t h e f u n c t i o n f s a t i s f y on (M < tg ) 

1 (1) 
the e q u a l i t y ( [10, p .145] ) 

(32) V v = f g . 
(1) (1) 

Moreover, the r e l a t i o n 

(33) df • -L v * 

ho lds on (M i t g ) ( [ 8 , Corol lary 2 . 4 ] ) . From the l a s t equat ion , 
1 (1) 

by covariant d i f f e r e n t i a t i o n and making use of (31) and (32) 
we ge t 

(34) V 2 f - -L f g . 
(1) (1) 

Put t ing F » f 2 and using ( 3 4 ) , (33) and (31) we can e a s i l y 
v e r i f y that the fo l l owing r e l a t i o n s are s a t i s f i e d on ( M 1 t g ) 

1 (D 

(35) i ( v 2 - J s d F ® d p ) + L F g « 0 
2 M1) 2 P ' (1) 

and 

(36) L P + ^ « 0 , 

To o b t a i n our example we c o n s i d e r two o a s e s , ( i ) Let (U 9 , g ) , (2) 
dim 2 , be an E i n s t e i n m a n i f o l d . Then the mani fo ld 
(U1

xM9 ,g © Fg ) s a t i s f i e s ( 2 ) . I n f a c t , i n v i r t u e of ( 3 5 ) , 
1 d (1) (2) 

( 1 0 ) , (21) and ( 3 0 ) , the r e l a t i o n s ( l 8 ) - ( 2 0 ) a re f u l f i l l e d . 
Thus, by Theorem 1, we o b t a i n ( 2 ) . ( i i ) Let (M 9 ,g ) , dim M0£3, 

(2) * 

be a non E i n s t e i n R ice i -3emi - symmet r i e m a n i f o l d . Then the ma-
n i f o l d (JUL * M0, g © Fg ) s a t i s f i e s ( 2 ) . I n the same way, a s 1 M D (2) 
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12 R. Daszoz 

in (1 ) , we can prove that the relations (18) and (19) are 
f u l f i l l e d . The relation (20) is a consequenoe of (36) and the 
equation R«S = 0. Thus, by Theorem 1, (2) holds on 

(2)(2) 
( M 1 x M p , g © F g ) . 

1 2 t U (2) 
The f ina l remark concernes of totally umbilical submani-

fo lds . 
R e m a r k 2. In view of [lO, Theorem l ] (see also 

[1, Theorems 1 and 2 ] ) , examples 2 and 3 of [8 ] as well as 
examples of Rioci-pseudo-symmetrie manifolds obtained in this 
paper, give rise to examples of Ricci-pseudo-symmetric to -
tal ly umbilical submanifolds of Ricci-pseudo-symmetric mani-
fo lds . 
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