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ON RICCI-PSEUDO-SYMMETRIC WARPED PRODUCTS

1. Introduction

Let (M,g) be a connected n-dimensional {n 3> 3) Riemannian
manifold of class C” with not necessarily definite metric g.
We denote by V, R, K, S and X the Levi-Civita connection,
the curvature tensor, the Riemann-Christoffel curvature ten-
sor, the Ricci tensor and the scalar curvature of (M,g), res-
pectively.,

A manifold (M,g) is said to be pseudo~symmetric [6] 1f
the following condiftion is satisfied:
(*) at every point of M the tensors Rex and Q{g,n) are li-

nearly dependent.

This condition is trivially satisfied at points at whioh
R = R(1) (we note that the tensor Q(g,R) vanishes at a point
xeM if and only if R(x) = R(1)(x)). Thus the condition (%)
is equlvalent to the following relation

(1) ReR = L Q(g,R)

on the set W = {xe:M: R # R(1) at x}, where L is a function
on W, Recently, psseudo-symmetric manifolds were studied by
various authors., It is easy to see that if the condition (=)
holds on a Riemannian manifold (M,g) then also
(¥*) at every point of M the tensors ReS and Q(g,S) are
linearly dependent.
The condition (%x) is equivalent to the following relation

(2) R.S = 1q(g,S)
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2 R. Deszcz

on the set U = {xe:M : S # % g at x}. Manifolds satisfying
the condition (*%) are called Ricci-pseudo-symmetric [8],
Obviously, any Ricci-semi-symmetric manifold (R.S = 0, cf,
[11]) is Ricei pseudo-symmetric. ™he conditions (%) and (xx)
are equivalent at all points of a manifold (M,g) at which
the Weyl conformal curvature tensor C vanishes [3, Lemma 1.2]
(cf. also [7, Lemma 3]),

Let I be an open interval of R considered with its stan-
dard metric g and F a positive smooth function on I, If

1
(Mz,(g)), dim M2 2, 18 an BEinstein manifold, then the warped
2
product (IxM2, % @F g ) is Ricci-pseudo-symmetric [8].

Moreover, all such Ricci-pseudo-symmetric warped products
for which the manifold (M2, g ) is not necessarily Einstein
2

manifold are determined in |[8|., The Ricci-pseudo-symmetric

warped products (IxMZ,(g @)F(g)), dim M2> 3, are non pseudo~-
1 2

-symmetric and non Ricci-semi-symmetric in general.
This paper contains some results on Ricci-pseudo~symmetric
warped products (M1xM2,(g) @®F g ) for which dim i, > 1. We
1 2

give necessary and sufficient conditions for a warped product
to be Ricci-psendo-symmetric. In particular, we obtaln necessa-
ry and sufficient conditions for a werped product of two
BEinstein manifolds to be Ricci~pseudo-symmetric. With the help
of the above results, we construct various examples of mani-
folds of this type.

2. Ricci-pseudo-symmetric warped products

Let (M,g) be a Riemannian manifold. For a tensor field A
of type (0,p), p>1, on M we define the tensor fields ReA and
Q(g,4) by the formulas

(ﬁ.A)(X1,...,x X,Y) = (ﬁ(x,Y)oA)(x1,...,xp) =

ps
= -A(ﬁ(x,Y)x1,x2,...,xp) - eee - A(x1,...,xp_1,ﬁ(x,Y)xp)
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and
Qlgsa) (Xyyeee ) X3X,T) = =((XAY) AN (Zy5000,X) =

= A((XAY)X1,12,...,XP) + eee + A(X1,...,Xp_1,(x AY)XP)

respeotively, whare ﬁ(X,Y) and X AY are derivations of the
algebra of the tensor fields on M and X1,...,Xp,x,1’e %(il),
X(M) being the Lie algebra of vector fields on M. These deri-
vations are the extehsions of the endomorphisms ﬁ(X,Y) and
XAY of ¥(M) defined by

R(X,Y)Z = VXVYZ - VYVXZ - V[X,Y]Z

and

(XAY)Z = g(2,Y)X ~ g(2Z,X)Y

]

respectively, where X,7,% ¢ X(M).
For the Riemann-Christoffel curvature tensor R we define
K
the tensor R(1) by R(j) = A(ne1] G, where G is given by

G(X.' lxzox3ox4) = 8((x1 '\xz)x3gx4)t

xkeif(M), k = 1,000'40
Let (Mi,(%)) (L1 = 1,2, dim M, = p, dim M, = n-p, 1¢ p <n)

are Riemannian manifolds covered by systems of charts {V' ;xa}
and {V';y“}, respectively., Let F be a positive smooth func-
tion on M,. The warped product of (M., g ) and (M,, g8 )

! 17(1) 2%(2)

([9], [2]) is the Cartesian product M xM, with the metric

8 @F g (more precisely, g = ' g + (fom )% g
(1) (2) ! (1) 172(3)"

T 3 M,xM, —> N, being the natural projections)., Let
1 n

{VI"V”; u1 = 11,.-.,up = xp, up+1 = y ,...,u = yn-p}be
a product chart for M.IxMa. The components of g with respect
to this chart are following

(%)ab if »r=a, B8=0D
(3) Brg = F(S,“ﬂ if r=a, 8 =B,
0 otherwise
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where a,b,c,d {1,...,p} q,[&,g»,é'e{pﬂ,...,n} and r,s,t,u,w
e {1,...,n}. The local componsnts " % ot Of the Levi-Civita
conneoction V of g @ F(g) are the followling

2

ab
Pbc Fbc, PWB r%ﬁ, FAﬁ 2 8 Fb Bqﬁ,
(4) 1) 1M @

o _ 1 n & x a _ _
ap = 27 Ta%pr oy = Ty = O Fa = o0

We shall indicate ecch objeot formsd from g by (i). The
local components 1)

~w _ w w YW VW
Rrstu = 3rwR stu - 8rw (aurls’s = atrsu + rst va |-_'sm vt) ’

of the tensor R and the local components sts of the tensor S

of (g) () F(g) which may not vanish identically are the follow-
1 2

ing
(5) Rabea = i )abcd’
1
(6) Byanp = = 2 Tap &xp?
(2)
(7) R = PR -laPa
6 ’
Py (zqﬂﬁ 4 M (234576
(8) Sab = S o - 23 Taps
(9) Sup = 3 (sx(1) + 2B am) g
(2)
wherse

_ 1 _ ab ab
(10) T,y = Vo P, = 55 F Fp, tr(T) = Fﬂ Topr &4F =(%) F e
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The soalar curvature K of(g) Q)?g) satisfies the equation
1 2

1 Nep=-
11 =K K - 22 (er(1) —L A.F),
() 1 " F) (ex(2) + 1

The only ocomponents of Res which may not vanish are those
related to

(12) (R8) gpoq = ((ﬁ;)'hs))abcd - ((I:*,'T’abcd'

(13) (BeS) goqp= ZF( - 55 oo+ 73 (42(T) *n—-gf‘A1F 380) "o

]
- 57 Tab S Tp = 8 Tgps
(2
(14)  (Res) .= (Res) , o - 7 8,P Q(g,S) , ..
BI8 oy PTE 4 (2)2) *F T

Further, in virtuwe of (3), (8) and (9), we can easily show
that the only components of Q(g,S) not identically zero are
those related to

(15) Q(S’S)abcd = Q(g’s)abcd - %Q(B’T)abcd’
(101) 1

(16) Q(g’s)aqﬁb = 84p %xﬁ = (5% (tr(T) + 2255161F> 8ab *

(1) {2 Q)
= 55'?‘ Tab ) &up?

()()
The oren Te Let (Mi?g)), i=1,2, be Riemannian
i

manifolds and F a smooth positive function on M1. For the ma=-

nifold (M,xM,, (%) ® 32%) the condition ReS = L Q(g,5) holds
if and only if the following relations are satisfied

(18) (ﬁ'.s)abcd - 1Q(855) gpoq = 2 ((ReH) g - 1Q(g,H) gpeqg! s
(1) (1) (1)(1) (1) 1)
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(19) Hab&iTﬂ - 55 (t2(1) + E:ggl 84Flg,,) =
= ch%?a - EEB Tca)gqp’

(20) (ReS) s = (LF + 75 84F) Q(&,5) ,
@127 2) (2"

where H is the tensor field of type (0,2) with local compo-
nents

=1
(21) Hyp = 5 Tap + FL 8,0

Proof. Combining the relations (12)-(14) with the
relations (15)-(17) and (21) we obtaln our assertion.

4s an immediate consequence of Theorem 1 we get

Corollary 1. Let (Mi?§} (dim M2 2, 1 = 1,2)

be Einstein manifolds and F a smooth positive function on M1.
For the manifold (M,xM_, g @ Fg ) the condition ReS =
T2 T @)

= LQ(g,S) holds if and only if the following relations are
satisfied

(22) &?;H)abcd = 1Q(gH) gpoq

and

F_(1 1 1 n-p-1
(23) 55(5 &, = TEepIE £+ (0T + gy (42(T)+ B5a Pl =

_ c
Remark 1. It is clear that if in the relation

1
(20) 8 # —- K " - =

(2) n-p(z)ﬁ) on some subset V cM, then LF+4F A1F|M1x{u}'
= const for any neV’”,

3. Examples

We denote by Sp(p) = {x eEp+1:<x,x> = 92, o> 0} the p-di-

mensional (p2 2) sphere of radius ¢ centered at the origin
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of an Buclidean space EP*! with usual scaiar product <e,e>,
Let e = (e1,...,ep+1) be a fixed unit vector in EP*', Define
a function & in EPY! by
k=p+1
®(x) = <(x,8> = Z x5e¥,
k=1

T

where x = (x1,...,xp+1) and denots by

(24) f = °|sp(p)

the restriction of ¢ to Sp(g). Further, denote by F) the
1

standard metric tensor of SP(p) induced from (e,*>.
Lenmma 1. ([5, Lemma 3]). (i) Let {U;ua} be a chart
of (Sp(g),(g)) such that the function f 1s different from zero
1
at each point of U, Then the function F = £2 satisfies on U
the following equelities

F

92

(11) Let F = (f + k)2, where k>¢ is a constant. If {U;ua}

is a chart of (Sp(g)?gﬂ , then the function F satisfies on U
1

2F 1
(25) (a) Tab = - ?gab. {v) 4_F—A1F 2 1 =

the following equalitises
(26) (a) T, = -25 £(f + k) ) Lap-q-Lo
8l “gp T 02 + Xlgaps F 1" T 02 °
Theoren 2. Let {U;ua} be a chart of (Sp(p),(g))
1

such that the function F defined in Lemma 1(1) is different
fron zero at each point of U and lst (Mz,(g)) be an (n-p)=-di-
2

mensional, n-p> 2, Risrarnizn manifocld,

{i) The manitold (sziz,{%) @ I«E%)) is Ricci-pseudo-symme-
tric if and only if the cordition
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(27) ReS = Q(g,S)

holds on (M2,g).
2)
{ii) Let (Mzkg} be additionally of constant curvature
2

and assume that
(28) A=K ~ (n=p)(n~p=1),

if A # O then (Uan, (% ® lz‘g)) is non Ricci-semi-symmetric
[}
Ricci-pseudo=-symmetric manifolds If 4 = O then (Ule. g @ PFg)

is an Einstein marifold. &) 2)
Proof. The assertion (i) is an immediate conse-
quence .of Lemma 1{1) and Theorem 1, where we suppose L = 15 .
The manifold (U~M2, (g @ Fg ) defined in (i1}, in view of (i),

1 {2)
is Ricci-pseudo=-symmetric. The agquality (13}, by (25) and

(28), turns into
(ReS) e
ab aﬂ
(1) (2)
So, if 4 # 0, the manifold (UxMe,(g @® Fg) 1is non Ricci-se-
1 2

AL
aapb )

mi-gymmetric., Further, applying the relations (25) and A = 0
in (8), (9) and (11) we get S = g g, which completes ths
proof.

iln Bxamples 1 and 2 we state manifolds fulfilling the
condition (27).

im MBEBS, is a non Einstein

Example 1. Let I be an open interval of the
real line with tas metric g, g44 = -1, and T(t) = exp(2t),
(1) (1
tel, If (M,,2), dim h3 3, is an Binstein manifold then
s}
the manifold (M,,g ) = (IxM,,g @ Pg ) satisfiss (27) (cf,
“(2) (1) (3)
(8, Example 2}). If (MB,g ), d
3)

Ricci=semi-symmstric manifold, then the manifold (l

)

\

ramp

r—‘ r\mq

(6%

3 31).

! . . r
= {IxN.,8 @ Pg) satisfies alsa (27) (cf. (8,

T3 (%)
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On warped products 9

Example 2, The manifold (UiMz, @ E(‘g)) defined
1 2
in Theorem 1 (11i) with A # 0 and ¢ = 1 satisfies (27).

Theorem 2, Let (Mz,gﬂ, dim M,> 2, be an Binstein

manifold and let F be the function defined in Lemma 1 (ii)
on a spherse (Sp(g),g}, p>2. Then the manifold (SP(Q)XMZ,
1

F) C)?gf is Ricoi-psendo-symmetric and non Riocci-gsemi-symme-~
1 2

tric.
Proof. The Ricci-pseudo-symmetry follows immedia-
tely from Lemma 1 (ii) and Corollary 1, whers we suppose
L = =1 . Applying the formulas (26) and (28) into (13)
f+k 92

we obtain

£ (A _k
acpb = 2 ToE (imp = 73 ((m-2)f + k(p-1)))ggy Byps

p
e ¢ (1) (2
which completes the proof.
Corollary 2. Let (Mz,g ), dim M,22, be a com~

(R.S)

pact Einstein manifold and let F be the function defined in
Lemma 1 (ii) on a sphere (SP(Q)?%), p> 2. The manifold

1
(Sp(g)xmzt% C)?%)) is a oompact non Ricci-semi-symmetrio

Ricci-pseudo-symmetric manifold.
An example.of a compact Rioci-pseudo~symmetric manifold
is given also in [8, Remark 3.4].
Theorem 3. Let (Mzzg), dim M, 2> 2, be an Einstein

manifold and let F be a function on an Euclidesan space Ep,

a=p 2 2
p>2, defined by the formula F(x) = %(2 ' (x%) 4+ k) , Whers
a=1
X = (x1,...,xp) € BP, F) is the standard metric of EP and k is
1

a positive constant. Then the manifold (EDXMz,g @)%5)) is
1 2
Ricoi-pssudo-symmetric and non Ricci-semi-symmetric,

Proof., It is easy to verify that the following
eguations
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N
N =

(29) (a) T,y = 2(P) e (b) 5 0,F = 2F% - k,
1

hold on EP (see [5, Theorem 8]). Corollary 1 (take L =
1
e 2)

Riocci-pseudo-symmetric. 4Applying the formula (29) into (13)

we obtain :
1

(ﬁ.S)aqﬁb =3F 2((n—2)(2(F)

implies that thé manofild (prhﬂz,g’ ®Fg) is
1 2

=

- k) - (n=2p)k = E%B K)gabgdﬁ’

2)1) (2)
which completes the proof,
In the above described examples of warped product Ricoi-
~-pseudo=symmetric manifolds (M1xM2,(g) ® F('g)) the manifold
' 1 2

(M1?89 is & manifold of constant curvature. We give now an
1

example of a warped product Ricci-pseundo~-symmetric manifold
for which the manifold (M1t$ﬂ is Rioci-pseudo~-symmetric

and not of constant curvature.

Examples 3. Let I be an open interval of the
real line considered with its standard metric g, 819 = €4 €
€ ¢ {—1,1}, F a function on I defined by F(x') = exp(b x1),
x'eI, be R- {0} and (M3,(§)), dim M3 = p-12 3, a not of con-

s8tant curvature Binstein manifold with non zeroc scalar curva-
ture. Then the manifold (M1’ﬁf = (IxM3,§ C)ﬁ%} satisfies

the conditions S # X KF and
(1 Pa)

~

(30) ReS = 1G(g,3)
(1(1) (171)

with

(31) L= - b2
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1
[8, Corollary 3.2]. Further, let £ = €3, F° and v be a co-

[ TR

vector field of local components vy = ¥ 2 Vo = eee =V = 0.
The covector fisld v and the function f satisfy on (M1?gﬂ
1

the equality ( [10, p.145])

(32) V = f Y
I

Moreover, the relation

(33} df = =L v

holds on (M1,% )} ([8, Corollary 2.4]), From the last equation,
by covariant differentiation and making use of {31) and (32)
we get

(34) 720 =L tg.
(1) &t

Putting F = £2 and using (34), (33) and (31) we can easily
verify that the following relations are satisfied on (M1?gf
1

(35) 1(v2 . L ér@ar)+LFg =0
2 (h) 2F (1)
and
1
(36) LF+ 7% V,F=o0.

To obtain our axample we consider two cases. (i) Let (Mz,g,),

dim M22 2, bte an Binstein manifold, Then the manifold
(M1'M2,§ @ Fg) satisfies (2). In fact, in virtue of (35),

2
{10), (21) and {30), tha relations (18)-{(20) are fulfilled.
Thus, by Theorem 1, we obtain (2). {ii) Let (MZ?SB , dim M,23,

be a non Einstein Riccle-semi-symmetric manifold., Then ths ma-
nifold (M1*M2?§) C)?g)) satisfies (2). In the same way, a8
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12 R. Deszoz

in (1), we can prove that the relations (18) and (19) are
fulfilled, The relation (20) is a consequence of (36) and the
equation(i'zz;éf 0. Thus, by Theorem 1, (2) holds on
ity © 1)

The final remark concernes of totally umbilical submani-
folds. :
Remark 2. Inview of [10, Theorem 1] (ses also
[1, Theorems 1 and 2]), examples 2 and 3 of [8] as well as
examples of Ricci-pseudo~symmetric manifolds obtained in this
paper, give rise to examples of Ricci~-pseundo-symmetric to-
tally umbilical submanifolds of Ricci-pseudo-symmetric mani-
folds,
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