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3-STRUCTURE GENERATED ON M x R 
BY A MANIFOLD WITH THE 3-STRUCTURE 

I a t r o d n o t i o n 
This paper dea ls with the problem reverse t o t ha t one 

dlsoussed In [ l ] . 
The Riemannian manifold M4n~1 with the 3 - e almost oontaot 

s t r u c t u r e ( p , u , 9 j s a t i s f y i n g c e r t a i n condi t ions i s opn-
L a a a J 

s i de r ed . Using t h i s 3 - s t r u c t u r e , we are able t o de f ine on the 
manifold M4n = M4n~1*R th ree t enso r f i e l d s F, which s a t i s f y ot 
the condi t ions introduced in [ 1 ] , Moreover, the re i s given 
an example of 3 - s t r u c t u r e s and condi t ions of i n t e g r a b i l i t y 
and completeness of adequate s t r u c t u r e s . 

1. The fundamental no t a t i ons 

Let M4n be 4n-dimensional d i f f e r e n t i a l manifold on which 
the 3 t e n s o r - f i e l d s F (a = 1 ,2 ,3 ) of the type (1 ,1) are de-« 
f ined s a t i s f y i n g the condi t ions 

(1) P o p = p2 = e i , P op = g p , 
« a a a a p aptf 

where e = +1, e = +1, o t ^ J i ^ f f - ^ o c , I - means the i d e n t i t y 
« ~ in 0 1 9 ~ 

mapping on TIT* and the c o e f f i c i e n t s t , £ s a t i s f y the fo l l ow-
er a fi ing i d e n t i t i e s 
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2 M. Maksym, A« ¿murek 

(2) e e = e e , e e = e e = e 
<x (If oc(i ft a(l ay (ba ya oc 

f or a p> 4 7 + « • 
The three-tensor f ie lds P, a - 1,2,3 satisfying the a 

conditions (1) are called the generalized 3-Btructure or 
brief ly 3-structure on the manifold M4n and designated 

We denote by r(M4n ) the modul of vector f ie lds on a d i f f e -
rentiable manifold M4n. 

On M4q there exists the metric g satisfying the condi-
tions 

(3) g(F X, F Y) = g(X,Y) for a =1 ,2 ,3 a o< 
and for any vector f ie lds X, Y on M4n, i . e . X.Ye P(M4n) 
(Theorem 1, [ i j ) . 

An 1 
Let M be a smooth, oriented hypersurfaoe immersed in 

M4n. We assume that there exists a smooth vector f ie ld N nor-
mal to M4n"1 with respect to the metric g and g(N,N) = 1 . 
Then for an arbitrary vector f ie ld Xer(M4 n ) we have the de-
composition 

(4) FX = FX + ew(X)N, a = 1,2,3, a a etc*. 
where F denotes the tensor f ie ld of the type (1,1) , 

FXer (M 4 0 " 1 ) , w-tensor f ield of the type (0,1) , ( [ l ] ) . 

We introduce the notations 

(5) i? - PNe T (M 4 n " 1 ) , A. = W (K ) C R . 
ot a a a 

In particular we have 

(6) PR = n + eftK. 
a a ma 

With respeot to (4) we get 

(7) FX o FX + t u ( I ) K for X£ r (M 4 n " 1 ) . a or a a 
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3 - s t r u c t u r e generated on M«R 2 

In t h i s way tke 3 - s t r u c t u r e | f J on the manifold M4n 

induces on an or ien ted hypersur face the t enso r f i e l d s 
F, w, o , a = 1 , 2 , 3 s a t i s f y i n g the fo l lowing cond i t ions (Theo-o CX CK 
rem 2, [ l ])» 

F2 = 
a. e ( l - u® n) , 

cx a <& 
CO 0 p 

<x cx 
= - e A co, 

a a a 
Fr? = 
a ex 

- e Ai?, 
a a a 

= 1 - E* 2 , a a 
F 0 F 
« (3 

= e F - ew®i 
CKPT PP « 

(j op 
a P 

= e u - e i l u 
PT 3* P a p 

sr e 7 - e JL *?» a p f p p <i 
= e a - e A. A. 

a £ (i 4 "Jf ^ a and where I denotes the i d e n t i t y mapping on 
TM4n"1 . 

This t enso r f i e l d s are ca l l ed the 3-E almost contac t 
s t r u c t u r e on the manifold M4n and denoted / 7 1 . 

4n-l ** On the hypersurfaoe Nr we in t roduce the metric g 
induced by g as fo l lows 

(9) g(X,Y) = g(X,Y) f o r X,Ye r(M4n_1). 

For the metric g and the t enso r f i e l d s F, co, r? we have 
a 01 a 

(10) g(X,7) = w(X), g(FX, FY) = g(X,Y) -«(X)co(Y) 
01 o< cx a c* a 

f o r a r b i t r a r y X ,Yer (M 4 n " 1 ) (Theorem 3, [1 ] ) . 
With r e spec t to (1 ) , (3) and (7) we obta in 

1) I f E = - 1 , then A = 0 and g(N,F(N)) = 0. CX Oi o< 

2) I f E = 1, then g(N,F(K)) = X. 
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2. The 3-struoture on M4n = M 4 n" 1*R 

Let M 4 n _ 1 be a smooth Riemannian manifold with the 3 - s t r u c -
ture r? L and metric g , where F, w, n are the tensor fields la a a J a cx d 
on M 4 n _ 1 of the types ( 1 , 1 ) , ( 0 , 1 ) , ( 1 , 0 ) r e s p e c t i v e l y , s a -
t i s f y i n g the conditions (8) and a Riemannian metric g on 
M4n~1 s a t i s f i e s the conditions (10) o 

Let us consider a vector f i e l d XeP(M4 n""^) and a veotor 
f i e l d a e T ( R ) . Then X = X a ^ e T(M 4 n) and we put 

(11) P(X) = FX + arj + e (w(X) + fl,a) 4-j . ft a cx o; cx a 

We know, that t jM4n = TpM © T^R and f o r any vector 
w e T ( p t ) M 4 n t h e r e e x i s t s the vector f i e l d X + a ^ e H M 4 * 1 ) 

such that X(p) + a ( t ) = w. So the formula (11) defines the 
tensor f i e l d of the type ( 1 , 1 ) on M4 n . 

T h e o r e m 1. The 3 - e almost contact s t ructure 
|p,io, rj j. on M4 n"1 generates the 3 -s t ructure j F J on M4n s a t y s -

fying 

( 1 ) P 2 = e l , F ° F = e F, a j i i i j i ^ ^ a , 
a a « ft «(i g-

where I denotes the ident i ty mapping o n r ( M 4 n ) . 
P r o o f . For X e T ( M 4 n ) we have 

F 2 (X) = P(FX + a n + e (<o(X) + * a ) ^ r ) = ft a « a f t » « a * 

= P2X + aP 7 + t (u>(X) + aa ) n + 
a a oi cx a « cx 

+ e f ( u o P ) ( i ) + au>(7) + eA(o(X) + Aa)1 . 
a l c x « <Xft a a a 01 J 

Then according to (8) we have 

P^fx) = ex . 
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3 - s t r u c t n r e generated oa MxR 5 

Simi lar ly f o r «x 4 I* we obta in 

< f . | ) ( X ) - | ( F X + a r | [ . U ) + j « ] -

• « [ ( g . J i U ) + . 

Then according t o (8) we hav« 

( 1 2 ) 

( P 4 F ) ( X ) m e ? ( X ) f o r a i |5 4 t i «. 
« (3 «(iff 

We d e f i n e the Rienannian metric g on M4n as f o l l o w s 

g(X,Y) - g(X,Y) 

«(X. f t ) - 0 

fo r X,Ye r ( M 4 n _ 1 ) . 
T h e o r e m 2 . I f t h e m e t r i c g on M 4 n " 1 s a t i s f i e s 

t h e c o n d i t i o n s ( 1 0 ) , t h e n the m e t r i c g on M4n d e f i n e d by 
c o n d i t i o n s (12) i s compat ib le w i t h the 3 - s t r u c t u r e J F I on 
TM4n, i . e . s a t i s f i e s t he c o n d i t i o n 

(3*) i ( K f FT) - g(X,Y) ot cx 

f o r each X,Ye r ( M 4 n ) . 
P r o o f . Prom (12) i t f o l l o w s t h a t 

g(X,Y) - g(X,Y) + ab 

f o r I = I + a ^ , Y - Y + b j j , X , Y e r ( M 4 n ' 1 ) . 
Then a c c o r d i n g t o (10) and (8) we have 

g(FX,FY) = g(FX, FY) + bg(FX, q) + ag(t?, PY) + cx cx o, cx o, ot a cx 

+ a b g ( q, y) + ( c j ( X ) + a i l ) M Y ) + b a ) = g ( X , Y ) - u ( X ) w ( Y ) + 
cx a a a a a cx c* 
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bAu(X) - eaAu(Y) + a b ( l - e 51 ) + cj(X)u(T) + a a a cx cxcx a cx a a 

+ aAtj(Y) + bA,u>{X) + abJl2 = g ( l , T ) + 
acx a a a 

+ (1 - e)Jl [bu(X) + acj(T) + at»*], 
a a L a a a j 

Then i f e = 1 
c* 

or e = -1 ( t h e n % = 0) we o b t a i n ( 3 * ) . 

E x a m p l e 
4**1 degree« 

Let us take the f o l l o w i n g mat r i ces o f 

A'« 

- ^ 0 V f 
3 

V? 
3 t T 0 _ 1 

3 

V I 
3 

3 

a2 = 

3 

V I 
3 0 

2 
3 " 6 

V2 
6 3 

V? 
6 0 V3 

" 3 
V? 
2 

V2 
T ~ -

V I 
3 

2 
" 3 

Vb1 

- T " 

V2 
3 

V ? 
2 

V51 

" T ~ 0 

0 V? 
6 

V2 
" 2 

_ V I 
3 

V6 0 V3 
3 

V2 
2 

V? 
2 

VJ 
3 0 V61 

6 

VJ 
T ' 

i? o ^ 
" I T 0 
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These matrices satisfy the conditions 

r a v = 1 1 I , Â  Â  

(13) A'A' = 1 2 A 2 A ̂  = Â  

A2A3 = ~ -A 

k'jk'3 = - I 

+ h 
where I i s the identity matrix of 4 degree. Crossing out 
the f i r s t line and the f i r s t column in eaoh matrix we obtain 
the matrices: 

A1 -
1 

" 3 

JH 
3 

3 
A 

" 3 

2 

2 
3 

6 

V2 
2 

Ve' 

Let 

a3 = 

0 

V I 
3 

V2 
" 2 

cx 

VJ V2 
T ~ 2 

0 f 

f » 

for cx = 1,2,3. 

ji o 7 
I f —:r ,•••• —if denotes a natural basis of r (R ) , then we 

3x 3x' 
can define three tensor f i e lds P of the type (1,1) having 

matrices B as matrices representations in this basis. I f o< 
1 3 7 9 X = x + . . . + x ' — j , then we define the forms« 

8x 8x 
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fx» _ V ! 1 t 7 

w2 (X) I T x 18 3 ' 

/ yi ^2" 5 Vf 6 1 7 

and l e t 

r; = (0, 0, 0, 0, 0, 

n 
2 

n 
3 

(0, 0, 0, 0 , f 

(0, 0, 0, 0 , f , - f , - 1 ) , 

e = e = 1 , e = -1, £ = - £ = 1 , 
1 2 3 12 21 

E = - £ = 1, 
13 31 

6 = - £ = -1, 
23 32 

A = — j A = ^ i A = 0» 
1 J 2 3 

Then conditions (8) are s a t i s f i e d . 
Let the metric g in R+ be introduced by 

, - M - 0 f o r i ^ j , i , j = 1 , 2 , . . . , 7 , 

/ 3 3 \ / 3 3 \ / 3 3 \ / 3 3 \ „ 
W ' ¿ r ) = W ' i ? ) = ' a " ? ) = • i ? ) • 

g 

' a 3 \ j a l _ i 

a n ~ 
Let R = R ' x R . Then we can define the (1,1) tensors P 

a 
3 3 

having as matrices rspresentations in the basis — j »•••> —q 
matrices 3 x 3 x 

3 = « 

A 0 ot 

° 4 
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3-Btructura generated on MxR 9 

where 

Henee, 

A f? 
A = a 

we have 

CJ 
cx 

% a 

2 
' 3 0 3 

V J 
3 0 0 0 0 

0 1 0 0 0 0 0 0 

V2 
3 0 1 

~ 3 
Vs1 

3 0 0 0 0 

V l 
3 0 V? 

3 0 0 0 0 0 

0 0 0 0 1 0 0 0 

0 0 0 0 0 1 
" 3 

V61 

3 
VS 

" 3 

0 0 0 0 0 ^ 3 0 -1 

0 0 0 0 0 1 
" 3 

2 
" 3 

2 
3 • 6 £ 

o 
V i 
3 0 0 0 0 

V61 

- I T 0 _ V 1 
3 

V2 
2 0 0 0 0 

vg 
6 

_ VI 
3 

2 
" 3 

V51 
0 0 0 0 

V J 
T~ 

V? 
"S -

V6" 0 0 0 0 0 

0 0 0 0 0 VJ 
3 

V? 
2 

V? 
2 

0 0 0 0 V? 
T~ 

2 
" 3 

V61 V61 

~ 6 

0 0 0 0 V? 
2 

VS1 

" X " 0 -1 

0 0 0 0 V? 
•"18 

1 
' J 

2 
3 
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B-

Than 

0 Vg* 
6 - V £ _ 2 v i 3 0 0 0 0 

V? 
" 6 0 _ V i 

3 
V2 
2 0 0 0 0 

V? 
2 VI 3 0 V6" 0 0 0 0 

V I 3 
V ? _ W 0 0 0 0 0 

0 0 0 0 0 V31 
" 3 

V? 
2 

V ? 
2 

0 0 0 0 V31 0 V6" 
T ~ 

V61 
" 2 

0 0 0 0 V ? 
" 2 

Ve" 0 -1 

0 0 0 0 V ? 
T ~ 

V61 1 
" 3 0 

rv m BB = 
11 

I, BB 
22 

«M W = I, BB 
33 - -If 

BB 
12 

= -BB = 
21 B, 

3 
M M BB = • 
13 

•BB » B, 
31 2 

BB = 
23 

A/ rv -BB = 
32 

** -B 
1 

Hence, the tensors Fw satisfy conditions (1). 
The metric g defined by the equalities 

« r » 3x 

-/ 3 3 «fr^)'0 
satisfies oonditions (3). 

Generalization of this example to the space can be 
made replacing the matrices A' of the fourth degree by the ot 

f L 

matrices of 4(n-1) degree written in a cage form as follows 
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3-structure generated on M*R 11 

A = a 

/1 

, ' i 

>2 

' n-1 

where A are the matrices of the fourth degree and sat is fy ing 

the conditions (13) for each i = 1 ,2 , . . . ,n-1 . Further con-
struction i s made as above. 

3. The integrabi l i ty conditions 
Let us consider the integrabi l i ty conditions for 3-struo-

ture {J;}. 

D e f i n i t i o n . The 3-structure { p j on M4q i s 
I 01 . 

cx-integrable i f the Nijenhuis tensor f i e l ds H disappears, 
where 

N(X,Y) = N(X,Y) 
a ac* 

f o r X,Ye P(M4 n ) . 
D e f i n i t i o n . 

= 2 F,X,FY - F ?X, Y - F X,FY 
1 a <x a a cx a 

f [ x , y ] 

The 3-structure {1} 

+ F » 
« cx 

on M4n i s 

integrable i f a l l Nijenhuis tensor f i e lds H disappears where 
a|3 

N (X,Y) = 
a f h 

FX,FY 
0( ft 

FX, FY 
lb a 

+ (FF + FF ) [X ,Y1 
a ( i l i a L J 

FX, Y 
(i 

F X,FY - F FX,Y 
/V 

- F X,FY c* (i a (1 a 

. However, 

for X,Ye r (M4n ). 
Let N and N denote the Nijenh'uis tensors corresponding 

cx a p 
to the 3~e almost contact structure Jj?',u>, rjl on M4n~1 

I cx cx cx J o o 
let IJ and N %ro components of the corresponding Kijanhuis cx a(} 

~ ~ 4n—1 tensors U and " on M . Henca 
a cx [i 
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N(X,Y) = N(X,Y) + a(X,Y) 
cx a a 

N (X,Y) = H (X,Y) + a (X ,Y ) 
a|J a ( i a (J 

f o r X,Ye r ( M 4 n " 1 ) . 
o 

T h e o r e m 3. Between the t e n s o r f i e l d s N, N and 
o ot o< 
N , N on we have the f o l l o w i n g r e l a t i o n s ! 

ap> r 0 

N(X,Y) = N(X,Y) - 2ed(j(X,Y)n, 
ot a a ot d< 

(14 ) 

where 

N (X,Y) = N (X,Y) - edu(X,Y)7 - edu(X,Y)r?, 
a (3 afl a a p, (i (1 o< 

du(X,Y) = 3 y u (Y) - aYu(X) - oj( [X,y] ) . 

P r o o f . We have 

S(X,T) = 2{[FX,PY] + e 8 „ u ( T ) & - e 8 p y u ( X ) fe + 

+ ( P ° F ) [ x , y ] +eco ( [x ,Y ] ) r ? - F[PX,Yl - ew( [FX,Y]) + 
ot a ota a oc La J aoc La J a" 

+ - ^ p ' f ] - i z { [ x > z ? } ] fc -

- e d r u ( Y ) ( q + e/l4x U = K(X,Y) - 2 e i 3 T u (Y ) - 8Yw(X) -
« Aot Vex a a D ' /J a « 1 A a I<* 

- c o ( [ x , Y ] ) } r ? + ¿ e j a - y o i Y ) - 8pY t j (x) - w ( [ p x , y 1 ) -
a J a a I ¿ i I a a La J 

- u ( [ x , i r ] ) + e a a Y u ( x ) - e a 9 T u ( Y ) ) . 

a a aor acx A a J 0 • 

Henae 
N(X,Y) = N(X,Y) - 2edu(X,Y) 
w ot oi a 

and 

a(X,Y) = 2 e J 3 , t u ( T ) - d ^ ^ X ) - o j ( r F X , Y l ) - u d X . F Y l ) + 
« a l S A o £ a ot La J ot L a J 

+ e/l3 rw(X) - € i ,3 T u(Y)14* , 
ofot ot ota ot Ja® 
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3 - s t r u c t u r e generated on M*R 13 

¿ Í ( X , Y ) - [PX.PY] + S 9 u(Y) fc - 6 8 <o(X) fc + [PX.PY] 
p 

fc - í V i g i » fr * + 

fe) - ! ( [ p . i ] - - K W + 

+ I V 1 1 - I d ? - 1 ] - - S Q * - ? ] + 

+ e3Tu(Y) f t ) - H ( X ' Y ) - £ Í 9 y " ( Y ) - -
a zcx d t / afi a \ x a Y a 

- u ) ( [ z , Y ] ) } Q + e | a x u ( Y ) - U ( [ I , Y ] ) } 5 + 

+ | e ( 9 p x u ( Y ) - 9 p y w(X) - c o ( [ > X , Y ] ) - 0 ) ( J X , P Y ] ) ) + 

+ EOPYU(T) - 3 , U(x) - TO( TPX,Y]) - U( r x , P Y ] ) J + 
P a ß a a P & L« J (5 L a J 

+ ( e + e )eco( [x ,Y J ) + e e (A.9vu(x) - A9 t<J(Y) + 

cx|i ßo« 2T2T ex ß a a A|5 

+ jWygU) - A 9 x u ( Y ) ) } J j . 

Hence we obtain 

N (X ,Y) = N (X,Y) - edu(X,Y) i? - e d u ( X , Y ) r?, 
a ß «(i a a ¿ ß (ì a 

and 

a (X,Y) = J e ( a p y u ( Y ) - 3PYCJ(X) - ( O ( [ P X , Y 1 ) -
aß \ot FY« a Lß J 

- U( [X,PY1 ) ) + EOPYIO(Y) - 9PV(J( X) -U(|"FX,Y"|) -
« L ß J ß a & a I3 ß L« J 

- u( [ X . P Y ] ) ) + ( e + e )ew( [ x , Y] ) + e e ( a 3 v u ( x ) -
ß L a J aß ßa XT . a ß « 

- AAY£J(Y) + A3V6J(X) - Ä3 Y U(Y) )1 4+ . 
a A ß ß ß Áa J d t 

T h e o r e m 4 

a - ; e grable . * h : 
I f the induced 3 - s t r u c t u r e |p | i s 
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14 M. Maksym, A» ¿murek 

N(X , I ) - 2edu ( I ,T j o . 
ex a a C( 

Thus i t results in the case of 3-structure oompleteness 
of ÍF ,u ,r j l on with regard to each operatort 

l<x a a j 

N = 2edu ® n . 
« a a A 

Here completeness means that the value of Nijenhuis tensors 
for eaoh operator are collinear to the corresponding r? f i e lds 

o> 
independent of the choioe of the vector f i e lds X,Ye r ( M 4 n _ 1 ) . 

T h e o r e m 5• I f induoed 3-structure j p j i s tx-in-
tegrable then 

H (X,Y) = Edu(X,Y) n + edu(X,Y) o . 
<x|i a a (5 p |5 a 

Heno«, in the oase of the oompleteness of the 3-structure 
! > , « , • ? I on M4 n"1 
} o o (*J 

N * 2ed(j®rj, N * e d u ) « n + edu)®n. 
« a a o< a|3 a ex ¿ fi ÍJ <x 

That is to say that Nijenhuis tensor values are inoluded in 
the spaoe spanned by rj, Q, q independent of the ohoice of 

1 2 3 
the f i e lds X,Ye r ( M 4 n ~ 1 ) . 
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