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AN INVERSE SPECTRAL PROBLEM 
FOR UNEAR OPERATORS IN HILBERT SPACE 

I n t r o d u c t i o n 
I n 1929 W.A* Ambarzumian published the fo l lowing 
T h e o r e m A. ( [ l ] ) . I f the sequanoe of e igenva lues 

of the problem 

(1 ) - 7 " + qy = Ay, y ' ( 0 ) = y ' ( J t ) = 0 , q c C ( [ O f J t ] ) 

i s i d e n t i c a l with the sequence of e igenvalues of the problem 

(2 ) - y " » Hy, y ' ( 0 ) = y ' ( i t ) = 0 , 

then q (x ) = 0 f o r x t [ 0 , n ] f t h a t i s to say the problems (1 ) 
and ( 2 ) are i d e n t i o a l . 

This theorem or ig ina ted the s o - o a l l e d inverse s p e c t r a l 
problem of the S turm-Liouvi l l e type . This problem mainly con-
s i s t s i n determining the dependence of the cons ider ing prob-
lem on the s e t of i t s e i g e n v a l u e s . At p r e s e n t , t h i s problem 
has the e x t e n s i v e b ib l iography concerning the d i f f e r e n t i a l 
o p e r a t o r s . 

Immediate g e a a r a l i z a t i o n of Ambarzumian's theorem have 
been done by N. Kuznecov i n paper [ 9 ] in 1962. I n t h i s paper 
Kuznecov considered the e igenvalue problem f o r the fo l lowing 
equat ion 

(3 ) -Au + qu = Au, q e C(Q) 
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2 J» Boohenek 

with boundary condition 

(4) j j f - 0 on 9ft, 

where Si i s a bounded domain in R or R , with suf f i c ient ly 
smooth boundary dft. In pape'r [ 9 ] Kuzneoov proved the following 

00 
T h e o r e m K. I f 1° X ] - i s convergent 

r i n«1 
where I denotes the seqaenoe of eigenvalues of problem 
( 3 ) , (4) 

and denotes the sequenoe of eigenvalues of th i s 
problem with q = 0 in 0, 
2° = . then q » 0 in Q. 

The next generalizations of Ambarzumian's theorem are con-
tained in author's papers [2 ] , [ 3 ] , [5 ] and [ 6 ] . These genera-
l iza t ions go in three direc t ions . F i r s t - generalization of 
the Kuznecov's result by reduction of the assumptions in 
Theorem K, in particular the assumption 1° . In paper [6] the 00 _ . _ assumption 1° of Theorem K i s replaced by "XI] g | - | i s 

n=1 
2 3 

convergent Second - replacement the space R or R in 
Theorem K by the spaoe Rm fo r any meN (see [ 2 ] and [ 3 ] ) . 
Third - replacement the Neumann boundary condition by the 
third kind boundary condition [ 2 ] and the Laplace's opera-
tor À in equation (3) by any e l l i p t i o operator of second order 
with constant coe f f i c ients (see [ 3 ] and [ 6 ] ) . 

The other direction of generalization of Theorem K l i e s 
in replacement the equation of second order by the equation 
of higher order. In author's paper [ 5 ] i s considered equation 

( - 1 ) B y ( 2 m ) + qy = in U . b ) , m » i , 
with boundary conditions 

« . / ^ ( a ) - « 2 y ( 2 ^ 1 > ( a ) = 0 , ( ^ ^ ( b ) + P 2 J ( 2 * + 1 > (b) . 0 , 

where ? = 0 , 1 , . . . , m - 1 , o^ , cx^, , P2 are nonnegative con-

stants f u l f i l l i n g the condition (oif+ou)(fi?+(i|) > 0 . 
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An Inverse speot ra l problem 3 

S . Poetawa In paper [11] t r a n s f e r s author ' s r e s u l t s t c 
the following problem 

A2U + qu = /U i n flcRm 

- 0 and ^ i T 1 " 0 0 , 1 

The f a r t h e s t genera l iza t ions of Theorem K, and thus the 
author 's r e s u l t s , i s contained in P ie l i chowski ' s paper [ 1 0 ] , 
The r e s u l t s of t h i s paper concern the s e l f a d j o i n t e l l i p t i o 
d i f f e r e n t i a l operator of order 2m with constant c o e f f i c i e n t s . 

Quite other d i r e c t i o n of genera l iza t ions of Ambarzumian's 
theorem i s originated in author ' s paper [ 4 ] . In t h i s paper are 
given some s u f f i c i e n t condit ions concern the only f i r s t e igen-
value of problem ( 3 ) , (4) in order the funotion q = 0 i n fi. 

The purpose of t h i s paper i s the fur ther genera l iza t ion 
of the r e s u l t s df paper [ 4 ] . 

1 . Let H be a r e a l Hi lbert space and l e t L be a l i n e a r 
s e l f - a d j o i n t operator defined in DT dense in H. We assume 

- 1 - 1 that L i s bounded bellow in D^, such that L e x i s t s and L 
i s a compact operator on H. Let V : H — H be a l i n e a r symme-
t r i c and bounded operator. We s h a l l consider the l i n e a r e igen-
value problem with a parameter 

(5) (L - t V)u = Au, 

where A eR i s the eigenvalue parameter and t e R i s a parame-
t e r . 

In the sequel we s h a l l need the following r e s u l t 
T h e o r e m 1. For every t e R the problem (5) has 

the f i r s t eigenvalue = / ^ ( t ) suoh that the funct ion 
t -*• / ^ ( t ) i s continuous f o r t e R and i t i s d i f f e r e n t i a b l e 
for t e R except at most ooontably many points and 

(6) t ) = - ( V O j , ^ ) , 

where û . i s an eigenvector of problem (5) associated with the 
eigenvalue ^ ( t ) , normalized by ||û  || = 1 . 
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The proof of Theorem 1, in rea l i ty , i s identioal with the 
proofs of Lemmata 4 and 5 of paper [ 7 ] , and i s omitted. 

In this paper [7] , we have proved also that the function 
t %\(t) ie a decreasing for t e R (o f . [7 ] , Corollary 1). 
Prom this follows there exists at most one point t Q e R such 
that 

(7) ^ ( t o - 0 ) * 0 and + 0) * 0, 

unless /^(t ) = 0 in some interval of R, i . e . ^ ( t ) =• const, 
in this interval . 

By (7) and by continuity the function t ^ ( t ) , we have 
the following 

C o r o l l a r y 1. I f the function t —• A ^ t ) is 
not constant in any interval of R, then i t cannot attain a 
minimum and i t can attain his maximum at most in one point 
t o e R . 

We shall prove the following 
T h e o r e m 2. I f the function t is con-

stant in some interval (o<t|3)cR, then i t i s constant in the 
whole R. I t is possible i f and only i f N0cKerV, where NQ de-
notes tha eigenspace of the operator L corresponding to f i r s t 
eigenvalue ^ ( 0 ) . 

P r o o f . By assumption A., (a ) = /l.,(|3) and ^ ( a ) = 
= ^ ( ( i ) = 0. Prom this by ( 6 ) we get (Vua, ua) = (Vu^.up) = 0. 
Using the variational def init ion of eigenvalues of problem 
(5 ) , we have ( c f . for ex. [ 8 ] ) 

^(oO = min{(L<p,cp) -ot(V<p,cp) : sPeDL» IMI = 1 } = (L aa. 'aa) 

and 

^ { (b ) = min{(L<p,<p) -/i(Vcp,tp) : <peDL, ||<p|| = 1} = (Lup ,up ) . 

Since ^ ( a ) = A., (/J) then (Lua,ua ) = (Lu^.u^). This follows 
that Up e Ha and u^eN^, where Ha and N^ denote the eigenspaces 
of the operators L - aV and L - /3V corresponding to eigenva-
lues /L and A.<(fb)» respectively. ]from this we get 
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An inverse spectra l problem 5 

(L - aV)u a = ^ ( a )u ( 

(L - |3V)ua = a 

a 

therefore (a-(i)Vu = 0. Since a 4 P then 

(8) 

(9) (L - tV)u a = ^ ( a j u 

The equal ity (9) denotes that ^ ( a ) i s an eigenvalue of prob-
lem (5) which corresponds the eigenvector uw. For t e [ « , |J] 
ft.j (a) i s the f i r s t eigenvalue of problem (5) , by de f in i t ion . 
We sha l l prove that i s the f i r s t eigenvalue of problem 
(5) for every t e R . 

Suppose that e > 0 i s any number. Let (P+e) < fl^ ( « ) . 
Since t - ^ ^ i t ) i s continuous for t e H, then A^li + e) - » ^ ( a ) 
i f e \ 0. On the other hand i s isolated eigenvalue of 
L - aV. We arr ive a contradiction. This contradiction proves 
that the f i r s t eigenvalue of problem (5) i s constant and 
^ ( t ) = A., (a) for every t e H. In part icular ^ ( 0 ) = A., (oc) 
and every u e N . i . e . cH„ and vice versa B„cH or H = N . ex o a o o oc o 
From th i s and from (8) we have 

(10) Nqc KerV. 

Conversely, i f (10) holds then each vector n0eN0 s a t i s f i e s 
the equation (5) for X = ^ ( 0 ) and t e R , i . e . for any t e R 
^ ( t ) = ^ ( 0 ) . The proof i s complete. 

C o r o l l a r y 2. If (KerV) nNQ = {o} or, in par-
t i c u l a r , KerV = {o}, then the function t —*• JLj(t) i s not con-
stant in any interva l of R, i . e . the assumption of Corollary 1 
i s s a t i s f i e d . 

2, In th i s section we sha l l formulate and prove some a l -
ternat ives of the Ambarzumian's theorem. 
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6 J . Bochenek 

T h e o r e m 3. I f (KerV) nHo = { 0 } and the opera-
tors L and V sat is fy the assumptions of Introduction and i f 
there exis t r e a l numbers t ^ t ^ t ^ e E , t i ^ t 2 ^ t 3 s u c i l t h a t 

(11) V V = ^ ( t 2 ) = a 1 { t 3 ) , 

then the operator V = 0. 
P r o o f . By Corollary 2, from assumptions of Theo-

rem 3, follows that the function t ^ ( t ) i s not constant 
in any interval of R. Prom t h i s , by Corollary 1, th i s function 
cannot a t ta in a minimum in R. Therefore th i s fact and cont i -
nuity the funotion t - » ^ ( t ) , contradicts equality (11) . 
Theorem 3 i s proved. 

Theorem 3 may be formulated in the following form 
T h e o r e m 3a. I f the operators L and V sa t i s fy 

the assumptions of Introduction, (KerV) nNQ = { ( ) } and i f the 
f i r s t eigenvalues of the problems 

Lu = Au, (L + V)u = Au, (L - V)u = Aa 

are equal, than }J i s the null operator on H. 
T h e o r e m 4. Under assumptions of the Theorem 3a, 

i f the operator V i s non negative or non positive on H, i . e . 
for every x eH (Vx,x) ^ 0 or (Vx,x) $ 0 , and i f the f i r s t eigen-
values of the problems 

(12) Lu = ¡lu, (L - V) u = A.u 

are equal, then V i s the null operator on H. 
P r o o f . Prom the assumption that V i s non positive 

or non negative operator and from (6) follows that t —*iL|{t) 
i s the monotonic funotion. Here ^- j(t) i s the f i r s t eigenvalue 
of problem (5) for fixed t e R. On the other hand the f i r s t 
eigenvalues of problems (12) may be written as ^ ( 0 ) and 
A^(1), respect ively . The monotonicity of the funotion 

t - - » ^ ( t ) and the assumption A.,(0) = ^ ( 1 ) follow that 
^ ( t ) = const, in R. By Theorem 3, i t i s possible i f and only 
i f the operator V i s the null operator on H. 
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R e m a r k 1. Theorems 3 and 4 are jus t the new ver-
sions of Kuzneoov's or Ambarzumian's theorems and of the r e -
s a l t s of papers [2] , [ 3 ] , [ 5 ] , [ 10] , and [ 1 1 J . The differenoe 
l i e s In that the assumptions of Theorems 3 and 4 oonoern the 
f i r s t eigenvalues of oonsiderating problems, whereas the 
assumptions of previous theorems involve the whole sequenoes 
of eigenvalues of these problems. 

R e m a r k 2. In Theorems 3 and 4 L and V are a rb i -
trary operators in Qilbert spaoe s a t i s fy ing the assumptions 
of Introduction, whereas in previous theorems L i s a spec ia l 
d i f f e r e n t i a l operator and V i s a multiplication operator in-
duced by a function q. 

R e m a r k 3* Similar r e s u l t s to th i s paper are 
obtained in author's paper [4 ] for the spec ia l d i f f e r e n t i a l 
operator in bounded domain J2 cRm and V the mult ipl icat ion 
operator induced by a function q e C(q). 

R e m a r k 4« In the case when L i s a d i f f e r e n t i a l -
operator s a t i s f y i n g the assumptions of Introduction and V i s 
a multiplication operator induced by a function q, the assump-
tion (KerV) nNQ = { o } i s s a t i s f i e d automatically, unless 
q = 0. 

3* In thi s section we sha l l consider two following prob-
lems 

(13) Lv = ¿iv 

where L i s the operator defined in Introduction and W i s 
a l inear se l fad jo int and bounded operator on H. Let us denote 
by ^ and the f i r s t eigenvalues of problems (13) and (14) , 
respect ive ly . Let us put 

and 

(14) (L + W)u = <>u 

(15) c := in f { (Wx,x) : x e il, ||x|| = 1} 

We have the following 
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T h e o r e m 5. The f i r s t eigenvalue ^ of problem 
(14) sat is f ies the inequality 

(16) + o $ ^ $ + ||W||t 

and ^ = |j1 + c or ^ = jj1 + ||W|| i f and only i f V i s the mul-
tiplication operator induoed by o or II WIIt respectively. 

P r o o f . ' The Inequality (16) immediatelly follows 
from variational definition of eigenvalues of problem (5)« 
Suppose that ^ = jj1 + o, where o is defined by (15). Let 
us observe that (14) may be written in the form 

(17) [L - (o - W)] u » (>> - c)u. 

Prbblem (17) is the problem (5) with V - o - W , A , « v > - o 
and t = 1, whereas the problem (13) is i t with t > 0. By de-
f init ion the number a, the operator V • o - ff i s non positive 
on H. On the other hand, by assumption, ô  - o « A.^(1) -
= tJ1 = A^O) . From this, by Theorem 4» we get V » o - W » 0, 
i . e . W = o. 

I f -¿.J = f i + IIVII, the proof is analogous. Theorem 5 i s 
proved. 
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