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ON GENERALIZED FOLIATIONS WITH LOCALLY CONNECTED LEAVES 

R. S ikorski in 1967 (see [ 2 ] ) introduced the oonoept of 
a d i f f e r e n t i a l space ( d 0 s . ) being a genera l iza t ion of C ° ° - d i f -
f e r e n t i a b l e manifold. In the category of d . s . we have the oon-
oept of a generalized f o l i a t i o n being introduced by W. Wali-
szewski [ 6 ] . The same author in [7 ] proved that f o r any gene-
r a l i z e d f o l i a t i o n F on a d . s . M and f o r any point p of M there 
i s an F-adapted ohart on M at the point p. The aim of the 
present note i s to prove the following 

T h e o r e m . I f P i s a f o l i a t i o n on M with l o c a l l y 
connected l eaves , then f o r any point p of M there e x i s t s 
an P-adapted ohart y on M at the point p such that iy(p) = 
= ( P . P ) . 

For some information about d . s . the reader i s re fered to 
[ 3 ] , [ 4 ] and [ 5 ] . Especia l ly simple generalized f o l i a t i o n s 
are considered in [1 ]» 

P r o o f of Theorem. Let p be any point of M. By 
Lemma 1 in [ 7 ] we have a diffeomorphism ip : M̂  —* PipJyxM^, 
p e W c U , p e V , Ue topM, V e topP( p), <p(w) = (<?., (w) ,w) f o r w e W 
such that every connected component of the set U n L , where 
L e P , i s of the form <p~1 [ v * { b } ] , where b e W. Here L denotes 
the set of a l l points of a d . s . L. We have then cp{p) = 
= ( c p 1 (p j ,p) and <p.| (p) e V. Prom l o o a l homogeneity of the 
l e a f F(p) i t follows that there e x i s t s a diffeomorphism 
5 J F( p)A -»> F( p)B such that p e A e topF( p) , ^ ( p) e B e topP( p) 
and 6(p) = ^ ( p ) . Let us set AQ = 6~ 1 [BoV] nV and BQ = 6 [A ] . 
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Wa have than p e AQ c V, AQ e t opP ( p ) , BQ = B nVn S [A n V ] , 
BQ e topF( p ) , 6( p) = tp1 ( p j e B0 c V. Wa a l so have 5 | A Q : P ( p ) A — • 

— * F ( p ) B . Local connectivity of F (p ) y i e l d s the existence 
o 

a set A.j E topF(p) being connected in F (p ) and such that 
p e A 1c A q . Sett ing B1 = 6 [A 1 j we get a diffeomorphism 

(1 ) 6|A 1 i P ( p ) A — ^ P ( p ) B . 

Henoe, s e t t ing f o r z e B^ 

(2 ) 4» ( « i « ( { 5 | A i r 1 ( < P 1 ( « ) ) f q> 2 ( « ) ) 

•4 

we get y : My F { p ) A xll^, where U1 = [ B ^ . Let ( t , w ) e 

e A^W.and i|i(z) = ( t , w ) . Then z = <p"1 (6 (T ) ,w ) , 6 ( t )eB 1c6 [A Q ] = 
= B 0 c v , <p(z) = ( 6 ( t ) , w ) , ^ ( Z ) = (6 | A^) ( t ) and <P2(Z) = w. 

Henoe i t f o l l ows t^iat t = (5 |A1 J"1 (<p1 ( z ) ) . Consequently, 

( t ,w ) = ( ( 6 | A1 ) (cp̂  ( z ) ) , tp 2 ( z ) ) = i|i(z). Thus, we have a smooth 
one-one napping and i t s inverse one 

(3 ) f " 1 : * ( P ) A « My, " • m D 1 

defined by the formula Y~ 1 ( t ,w ) = <p"1 ( 6 ( t ) ,w) f o r ( t , w ) e 
s A ^ X M ^ . By smoothness of (1 ) and a diffeomorphism tp we get 
smoothness of ( 3 ) . The mapping 

( o ) HI : MJJ —> P ( p ) A X 

i s then a diffeomorphism. 
Let L e F and C be a connected component in M of the set 

U.j n L. We have U ^ n l c U n l , The connected component of the 

set U n L containing the set C we deriote by CQ . We have then 

C0 = <p"1[v*{b}], b e W . Thus ,<p[c] c V x { b } . Notice that cp"1 [B1 ] = 

= < P [ b ^ x W] . This y i e l d s that C i s a conneoted component of 

the set 9 - 1 [ B ^ w j n L , Henoe i t f o l l o w s that C o p " 1 [ B ^ w ] . 
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Thus <p[c] cB^W. Consequently, C c<p"1 [ B ^ f b } ] = <p~1[6 [A.,]x{b}]. 

Let ue<p~1[6 [A 1]x{ b } ] . Then cp( u) e 5 [A.,] x {b} . This y i e l d s 
cp-j(u) = 6 ( t ) , t e A 1 , and «Pg^ E H e n o a i t fo l lows that 

t = ( 6 | A1 ( u) J . So, m C u) = ((6| A1 ) " 1 ( < f l ( u ) ) , cp2(u)) = 

= ( t ,b ) e A^ x{b}, Consequently, cp~1 [6 [A.,]x{ b}] c q" 1 [ A ^ j b}] . 

Now, l e t us take any u e tp~1 [A^*{b}] . Then u e Û  and qi(u) e 

€ A ^ f b } . Thus, u e ^ 1 ^ ] and ((6 | A 1 ) " 1 (<p., ( u)) ,<p2( u) )eA.,*{b}. 

Henoe cp1 (u) £ B 1 = 6 [ A1 ] and <p2(u) = b. Consequently, <p(u) = 

= (cpn ( u) ,<p2( u)) e 6 [A 1] * {b } and u e 9" 1 [6 [A. ,]x{b}] . Therefore, 

we have 

(4) < P ' 1 [ 6 [ A l H b ) ] -
and 

(5) Cc l t . - 1 [A 1 x {b} ] . 

Let us notioe that ip""1 [ A ^ f b } ] c <p""1[Vx{b}] = CQ c U n L. Thus, 

(6) ^ [ ^ » { b l l c l , 

By (4) we have 4)"1 [A 1 «{b} ] = <p~1 [B.,x{ b } ] . 

Taking any ue cp"1 [B 1 »{b}] we s tate that <p 1(u)eB 1 or , 

eq u iva lent ly , u e cp^1 [B1 ] = U1 f th i s y i e l d s 

(7) v ~ 1 [ v { b } ] c U r 

Prom (6) , (7) and (5) i t fo l lows that 

C c y - 1 [A1 x { b } ] c D ^ I , 

Connectivity of Â  in F(p) y i e l d s the same property of 
41"1 b } ] . Therefore 

C = H»"1 [A^-{b}] . 

- 969 



4 H. Matuszozyk 

From (2) i t f o l l o w s t h a t f o r any w e W we have qi(w) » ( ^ ( w ) , 
<P2(w)). Moreovar, <p2(w) = w. Thus, ip(w) • ( ^ ( w ) , * ) f o r w e W. 
Also, by ( 2 ) , we get 41 ( p) - ( (6 | A1) " 1 ( p )} , p) -
- ( ( 5 | A 1 ) " 1 ( 8 ( p ) ) t p ) = ( p , p ) . What ends the p r o o f . 

R e m a r k 1. I f I n t h e d e f i n i t i o n of a g e n e r a l i z e d 
f o l i a t i o n we would not assume t h e l o c a l homogeneity of the 
fami ly of a l l l e a v e s but l o c a l homogeneity and connec tedness 
of every l e a f , then the t h e s i s of Theorem would be s a t i s f i e d . 

R e m a r k 2. The theorem suggest a l s o a s l i g h t modi-
f i c a t i o n of the d e f i n i t i o n of a g e n e r a l i z e d f o l i a t i o n i n the 
ca tegory of d . s . Namely, a l o c a l l y homogeneous and l o c a l l y 
connected d . s . F suoh t h a t F = M could be r ega rded as a gene -
r a l i z e d f o l i a t i o n on M provided t h a t f o r any peM t h e r e e x i s t s 
an F-adapted cha r t on M a t the point p which sends p t o 
( p , p ) . Then each l e a f b e i n g , by d e f i n i t i o n , a connected com-
ponent o f . F would be an open subspace of F. 
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