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A FORMULA FOR THE NUMBER OF RETRACTS
OF FINITE BOOLEAN ALGEBRAS

In this paper we will construct and count the retracts
of a finite Boolean algebra. The construction is based on
some of the already known facts from the theory of Boolean
algebras. We denote a Boolean algebra by A.

1. Let A be the (principal) ideal of A generated by an

element -E € A . Then
A | E = A/ A.
The isomorphism is given by
h(A) = [A] for A e A | E

(Sikorski, [1] pp. 30-31}.
2. Let h : A —— A be an endomorphism, h is a retract
if h|h(A) = identity, i.e.

h(x) = x for all x € h(A).

Since, h(ﬁ) = é / A, we can find retracts as follows.
We take A (generated by -E € A . We find A / A and the

isomorphism h : A —— A / A . We have
A|E=A/ A where h(ﬁl) = h(A) .

Now let A1 be a subalgebra of A with k elements such that,
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h(A1) = A / A. Then 51 2 A / A (both subalgebras have the
same number of elements, so they are isomorphic).-

Let 1 : A/ A — 51 be this isomorphism. Then i[x] = x,
h1 = ioh 1is a retract.

Proof. h1 : A—> él S A is an endomorphism

h1(A—) ='§1. For x € A we have

h1(X) = ioh(x) = 1([x]) = x .

3. Theorem Let Abea finite Boolean algebra

A = 2" n < o There are exactly n retractions onto two

elements subalgebra éo = {@,1}.
Proof. Take k =1 and let E = (ai}, -E = {aa,....an}.
(al,...,a)
Thenl_\|E={z,{al})and A =2 " . Then A|E=

A / A vhere the isomorphism is given by h(A) = [A] for A €
A | E (Sikorski [1], pp. 30-31). We have

[2] = {&,{2)},...,{a},...,{a_,...,2a }}
2 n 2 n
[a1] = {(al},{al,az}....,{al,az,...,an}}
él = {z,{al,...,an}}, we find only one possibility. Hence

the number of possible four selections of E is (:). Hence,
the number of possibilities is -('1‘)- 1=n.

4. Theorem Let Abe a finite Boolean algebra
|A] = 2", n = 2. There are exactly (2)2“-2 retraction onto

four elements subalgebras.
n

Proof. Let A=2, A= 2x, where X = { al,...,an}

are atoms. Take an element E € A and -E complement of E € A.

E=4{a,a,...,a}, -E={a ,...,a}. Take k = 2. We have
1 2 k k+ n

1
E

{al,az}, -E = {a3,a4,...,an} ,
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Formula for the number of retracts

A|E= {z.(al),{az),{ai,az)} and the principle ideals

A= {z.(ab},....{ab,a4,...,an}}
(as,...,a )}
A=2 " and A|E=A/A
[e] = (z,{aa},...,{ah},{as,...,ah)}
[all = {{ai},(ai.aa},{ai,aq},...,{al,as,...,an}}
[a2] = {{az},{az,as},....{aa,aa,...,an}}
[a1’az] = ({al,az},{ai,az,as},...,{ai,az,aa,...,an}}
A = {z,{ai,aa},{az,a4,...,an),(ai,az,...,ah}} .
In general, we have
A = {2,A, -A, {al,...,an}}
where A e IaI] , -A € [azl .

The number of elements in the class equals the number of
all elements of A 1i.e. the number of all subsets of
{asp...ah}, that is ZWQ. The number of possibilities for
selection of E is (:). Hence, the number of possibilities
(5)-2"2

5. Definition LetP(nk), n=1,2,..., 1= k=n
denote the number of partitions of {1,2,...,n} into k
non-empty disjoint subsets (blocks) such that no member of
these partitions is a subset of {k+1,...,n}.

6. Theorenmn Let A be a finite Boolean algebra

n

|| = 2"
subalgebras of A (1 = k = n) is exactly (:) P(n,k).

The number of retracts of A onto the 2k - elements

Consequently, the number of all retracts of Ais
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& n
Z (k) P(n, k)
k=1

Proof. For k =1 we have P(n,1) = 1. Hence the
number of retracts of A onto two elements subalgebras is
(:)-1 = n , is agreement with Theorem 3.

( P(n,1) = 1 because there is only one partition of
{1,2,...,n} into 1 block - namely {1,2,...,n}; and this set
is not a subset of {2,3,...,n}. For k=2 we have P(n,2)= 2"°
(in fact, there are 2" 2 partitions of {1,2,...,n} into two
blocks in such a way that no member of this partition in a
subset of {3,4,...,n}). One member of such a partition is of
the form {1} u A, where A is a subset of {3,4,...,n},
the other member of this partition is {2} u B, where
B = {3,4,...,n}) - A). Since there are 2" 2 subsets of
{3,4,...,n}, we obtain P(n,2) = 2”2 as above.

Hence the number of retracts of A & 2" onto the four
elements subalgebras is (;) 2"? as proved in Theorem
4.Hence Theorem 3 and 4 are special cases of Theorem 6.

We now prove Theorem 6 in general case for arbitrary
1s k= n. We may assume that A = 2* where X = {al,az,...,an}.
To obtain retracts onto 2k elements subalgebras we take e.g.
E = {ai,az,...,ak}. We have (:) such selections for possible
E with k elements.

By the procedure explained previously we take

-E = {ak+1,...,an} .

-E
A=2" = {z,{ak+l},...,{an},...,{ak+1,...,an}}

Since A | E = A/ A we have
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Formula for the number of retracts

8] = {57{a } ...,(ah},....{ak+1,...,an}}

[a1] = {{al} {axak+1}”"’{a1ak+1"’"an)}

[a2] = {{a } {aéak+1} ..,(aéak*l,...,a;}}

[al] = {(al} {aiak+1},...,{alak’l,...,an}}

[ak] = {(a } {akak 1) ..,{akak*l,...,ah}}

{alaz} {{a a, } {aiazak 1} (alaaak . ..,an}}

[ala2 ..,ak] = {{aiaz,...,ak),...,{al,az,...,akak*l,...,an}}.

Now we have to select for each class

[2], [aI], ...,[ak],...,[al,...,ak]

exactly one element in such a way that the selected element
form a 2* element subalgebra of 4 (in this way we obtain an
isomorphism

i: A/ A —>A) . Clearly we must have

i(lel]) =2 =0¢€ A

1([a1,...,ak]) = {al,...,ak, ak+1,...,an) =1e¢€A

First we make a selection from the k abstraction classes
[a1],... ,[ak].

Let Ai be selected from [all, i= 1,2,...,k. We show that
all Ai are pairwise disjoint, Ai n AJ = o for 1 # jJ. From
the construction of [aj], i=1,2,...,n it is clear that no
inclusion Aig Aj or Ajs Al is possible (no member of the

class [ai] may be contained in a member of the classes [aj]
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-sowe have a e A- A and a € A- A).
1 i 3 b J 1
Assume that we have
A nA #02.
i J

Since Al- AJ * 2, AJ— Al # @ we see that the subalgebra
generated by the two elements Al, Aj would contain at least
three atoms (contained in Ai- AJ: 2, AJ- Al + @ and Aln AJ#a).

Hence every pair of integer elements would give at least
3 atoms and one atom would belong to A. This means that the

subalgebra generated by the elements A1""’Ak would contain

more than 2k elements - a contradiction. Hence only selections

A1""’An with disjoint elements are possible.

Let now {a.a ,...,a }=A VA ,...,uA be a partition of
1 n 1 2 K

2

*) {al,...,an} into k disjoint subsets such that no subset

Al is contained in {k+1,...,n}

We show that every Al belongs exactly to one class [aj].
It suffices to show that for each Al there is aj such that Al
€ [aj] (the elements A1""’An are disjoint, no two of them
can belongs to the same class [ail). If Al is a one-element
set, this is clear because A1 must be then one of the set
{al},...,{ak}. If A contains more than one element it must

bé the form

{a} uB where B < {a
J k+
1 ==k B#o

1,...,an}
i.e. Ai must contain no more than one element from
{a ,...,ak}.

1
In fact, if some A1 would be of the form e.g.
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Formula for the number of retracts

EER ,an}

A1 = {al,az} vB Bs {ak+

then As could not be a member of partitions satisfying the
condition (*). In fact taking

{al,...,ak,ak41,...,ah) = ({alaa} v B) v ({aa} v Bs) v
v ({a4} v 84) V... VU ({ak) v Bk)
as possible partitions with Bh’B4""’Bk < {ahu,...,an} we

would obtain a partition into at most k-1 blocks, not into k
blocks as required.

Hence A, 1is of the form {aj} uB
B¢ {ak+1,...,an} and consequently Al € [aj].

Hence for every partition X = A1 v ... Vv Ak satisfying the

condition (*) we have (after suitable remembering)
A = (al} v B

A = {aa} v B2

2
Ak = {ak} V) Bk
where Bl edA, i=1,2,...,k
Since A1’A2""’Ak are disjoint, the subalgebra generated

by them has exactly 2* elements. We have exactly 2"

abstractions classes A / A. Every element of this subalgebra
is of the form A u B where A< {a,...,a}, Bs {a ,...,a}.
1 k k+1 4
Every element belongs to some abstraction class A/ A, and
no two elements may belong to the same class. In fact, if

A1 v 81 and A2 v B2 are two differents plements, then Al¢ Az
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{a_,...,a)}
because this subalgebra isomorphic to 2 and

A1 V) B1 € [All, A2 v B2 € [A2] belong to a different classes.

Thus we have shown that for every partition of {1,...,n}
into k blocks such that no block is subset of {k+1,...,n} we
can have a subalgebra of A formed from elements selected from
the abstraction classes A / A, and for different partition we
obtain different subalgebras. Since every subalgebra defines
a retract of A onto this subalgebra for a fixed E, we obtain
P(n,k) retracts onto 2*- elements subalgebras. This ends the
proof of Theorem 6.

7. Le mma. We have

P(n,k) = K"* .
Proof. We prove first the recurrence formula
P(n+1,k) = P(n,k) 'k .
In fact, from each partition T of the set

{1,2,...,k, k+1,,...,n}

into k non-empty disjoint subsets (satisfying the condition
of Def. 5) we can obtain a partition of the set {1,2,...,n+1}
into k non-empty subsets by adding to a member of T the
element n+1.

Of course, no member of this new partition is a subset of
{k+1,...,n, n+1}

From each partition of {1,2,...,n} (satisfying Def. 5) we

obtain in this way k new partitions of

{1,2,...,n+1)
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Conversely, for partition T1 of {1,...,n+1} into k disjoint
non-empty blocks such that no block 1is a subset of
{k+1,...,n, n+1} there is partition of {1,2,...,n} (such
that one block differs by {n+1} from a block of T1 (no block
of T1’ contains only {n+1}).

Hence we obtain exactly
P(n+1,k) = P(n,k) 'k ,
P(n,k) = P(n-1,k) -k .
Since P(k,k) = 1, we have by induction

P(n,k) = kK"*.
8. Corollary. The number of all retracts of

A= 2" onto its subalgebras 1is equal to
m
n n-k
DRI
k=1

This corollary follows directly from Theorem 6 and Lemma 7.
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