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GENERALIZATION OF THE PASCAL THEOREM
TO THE N-DIMENSIONAL PROJECTIVE SPACE

1. Introduction

In nearly every book concerned with projective geometry
(e.g. [4), page 194) it is possible to find the Pascal
theorem about the hexagon inscribed into the conical curve.
This theorem is often used in the proofs of other theorems
and in the constructions linked with conical curves on a
projective plane. It turns out that important generalizations
of these theorems exist with regard for the space dimension
as for the type of the skew polygon inscribed in the normal
curve. In the present work methods of synthetic geometry are
being applied.

Notations :
c" - a normal curve of a projective space P" ,
[AkAl] - a line determined by the points A and A ,

[A1A2"'Ak]_a hyperplane determined by the points Al'Az""Ak’

g - a k-dimensional hyperplane ,

[klkz...ks]-a hyperplane determined by the lines k1’k2""’k ,

s
lﬂkA] - a hyperplane determined by a k-dimensional hyperplane

and point A ,
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3k(a1,a2,...) - a pencil of k+1 - dimensional hyperplanes
with a k-dimenslonal 3k hyperedge ,

Bk(al,aa,...) = p(Ax’Aa”") - a pencil of hyperplanes @,
LT with a hyperedge 3* which 1is perspective to a
series of points p(A1’A2"") ,

3:(al,a2,...) = 3:(«1 » & ,...) — a pencil 3: of k+1 -

dimensional hyperplanes a;,a;,... is projective to a
pencil 8: of k+1 - dimensional hyperplanes a;',a;’,... ,
Skl - the Serge manifold which has k and 1 as dimensional

generating lines ,

PC - the Pascal system.

2. The Pascal theorem about the n+5 angle inscribed into

a normal curve

We designate a normal curve in the projective space P"
as algebraic curve of the order n of this space which is not
included in the space whose dimension is n-1 ([3], page 5).

Definition 2.1.

1. On the normal curve c" we choose n+5 of different

points A ,A,...,A (where n = 2k+1, k € N). The cycle of
0o 1 n+4

points (Ao’A1""’An+4) together with the lines [AbA1]’

[A1A2] ey [Amuﬁo] will be designated as n+5-angle

inscribed into the normal curve c". We denominate the peints

Al as vertexes and the lines [A1A1+1] as sides of the

n+5-angle (i = 0,1,.. .,n+4, A = A).
n+S [o]
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2. We denominate as opposite sides the pairs of sides

( [A‘A!“l.[Amﬂ“5 A21+n+7]) ; by which indexes greater
2
than n+4 are reduced modulo n+5.
3. We designate as opposite faces two ntl dimensional
hyperplanes from which one is determined by 251 of the next
sides and the second by E%l of the sldes opposite to them.

Figure

For n = 4k - 1 (k € N) the following theorem is true.

Theorem 2.1. The intersection lines of E%g pairs
of opposite faces of the n+5-angle inscribed into the normal
curve c" are included in one hypersurface of the second
order.

Proof. We write down pairs of opposite faces of the
n+5-angle inscribed into the normal curve c" using the

appropriate diagram :
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A A ... A A A . . . A
0 1 n+3 n+S n+7 n+4
2
[Ao A1 An+1] [AﬁAﬂ e e An+3]"'lo
2 2 2
[A A ... A ] [A A .. A 1001
1 2 n+3 _rﬂris n+4d 1
2 2 2 2
+ < H
[A As nes [A:_\:gArLl A ] 12
2 2 2
[A A ... A 1 [A A .. A 1...1
n+3 n+S5 n+1 n+d 1 E m
2 2 2 2
J
In order to show that the 1lines 1,1,...,1 are
o' "1 ned
2

included in one hypersurface of the second order, it is

sufficient to prove that the Serge manifold Sn_1 , to which

2
belong those lines, exists. In this aim we have to show
three n;__l - dimensional hyperplanes which are reciprocally
skew and intersect the lines 1, 1,...,1 (compare [2],
o' 1 ns3
2
page 230).

It is known that the points of the normal curve c" are

projected from two different 1%1 - dimensional hyperplanes
n;_l - dimensional hyperplanes ([1], page 323). Let us
. n-1

consider these two projective pencile with hyperedges 312 =

n-1

. 2
[A3A4...AM5] and 32 = [A A ..A 1. Let au denote
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a E%l - dimensional hyperplane which belongs to the pencil

n-1

3:! and goes through point Aj. Then we get the following
projection :

n-1 n-1

2 ' 2
(1) 31 (alo.all,ala,alegz,...) = 32 (aéo,a21,a22,a25%z,...)

n-1

We cut a pencil 312 with the line P, = [AoA1]’ and the

n-1

pencil 122 with the line p, = [A1A2]. We obtain series of

points which are perspective to the pencils of the

hyperplanes :
-1
. Sy L 2
p1(Ao’A1'Aé’An+7"") = 31 (axo'a11’a12’a1egz"')’
2
(2) 4 n-1
’ ’ — 2
p2(Ao ’A1'A2’An+7"") = 32 (azo’a21’a22'aéegz R I
2

From the equivalence (1) and (2) results the following

projection of series :

P Ay ALALA o

2 2

)=z PZ(AO ,Al,Aa,AE:Z,...).

These series have got a common point Al, hence they are
perspective. Both series are included in the plane a0=[AbA1A2L
Let us notice that the centre of perspectivity of the series
(pl) and (pa) is the point {Lz) = [AOAO ] n [AéAzl’ where
(Lz} = 12 ne. As a matter of fact ,

14

[AA'] =a Nn[A A ...A A
00 (o] ‘n+9 n+11 n+4 O

2 2
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[AA’]l =a n[AA ... A A],
22 o 34 ns 2
2
[AA’In [AA’]l =an[AAA...A In[A A ...A Al=
00 2 2 o 234 n+s n+0 n+11 n+4 0
2 2 2

« N 12 = {Lz}'

Hence L € [A’ _A’’_]. Let us also remark that
2 n+7 n+7

2 2
A’ _e€el[AA...A 1 nlA A ...AAl1 =1,
n+7 34 n+7 n+11" n+13 01 3
2 2 2 2
A _e[AA...A Inl[A A ...A 1=1 .
n+7 12 n+3 n+7 n+g n+4 1
2 2 2 2

Therefore we have shown the line k = [A’ A’’_] included in
: 0 n+7 n+7

2 2

o« which intersects the lines 1,1 ,1 .
o 1’72’3

After that it is possible to show the line k1 C [AiAzAsl
which intersects the lines 12,13,14 , 1f we take [ABAB"'A 1

n+g

2

and [Amu1Ann3"'Ao] as hyperedges of the considered pencils
2 2

of the hyperplanes. In the same way it is possible to show
the line kn_sc [A A A 1 intersecting the lines 1n .

23 n-3 n-1 ol ol
2 2 2 2 2
, and the line k ¢ [A A A _] intersecting
1’ g 1" Unolnelned
2 2 2 2 2 2
the lines 1 , 1 , 1. At the end one can show the line
m1’ Tma’ o
2 2
k < [A. A A _]1 1intersecting the lines 1 1 ,
3n-1 3n-1 3n+3 3n+7 3n+3 3n+7
4 4 4 4 4 4
n-3 n+5
1 (we reduce the indexes greater than —— modulo —/— ).
3n+11 2 2
4
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The nz__l - dimensional hyperplane fB determined by 1%1 of

.skew lines ko’ ka’ SN kan-g intersect.ing the lines 10, 11,

4
o 1 . The second and third hyperplane looked for are

n+3

2

correspondingly equal to 31=[k1k4. .. k3n-5] , $2=[k2k5. .. kan-1] .

4 4
The hyperplanes 30,31,32 are skew pairs. Actually, if two

from them 30 and 31 intersect, this would determine a n-1 -
dimensional hyperplane B of at least, which would include
the lines 10,11,...,1n+3 in spite of the fact that the lines

2
in question undo the n-dimensional space. Therefore the

lines 1,1 ,...,1 are included in the manifold Serge S
0’1 ns3 n1
2 2’
If n = 4k-1 (k € N), it means a second order surface H
exists and that it contains S, (compare (2], page 230).
2!

In the case where n = 2s+3 (s € N) on the basis of the
proof of Theorem 2.1., it is possible to formulate the two
following theorems :

Theorem 2.2. The intersection lines of 5 pai S
of opposite faces of the n+5 - angle inscribed 1nto the

normal curve c" belong to one manifold Serge Sn_.1

—_1

2
Theorem 2.3. If the points A, A,...,A are
0 1 n+4
different and belong to the normal curve c” (n = 2k+1, ke N)
and [AIA In [Al 3A1 'y "A21+n+s] = {Cl}’
[A1+2A1+3"'A21+n+3] n [A21+n+7A21+n+9 "'Ail =1
2 2 2
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A21+n+5A21+n+7“'Ai+n+3] n [Al+1A1+2] = {Dl} ’
2 2

It results that the lines [ClDl] and 1l intersect.

3. The Pascal theorem about the 2n+2 - angle 1inscribed

into a normal curve

The second of the generalizations concerns the 2n+2 skew
angle inscribed into the normal curve c". Let us assume the
following definitions :

Def initilon 3.1. We will consider the set of
n-2 - dimengional n+1 hyperplanes out of which every two
ones have a common hyperplane which is at the utmost n-4 -
dimensional a.nd' 2n+2 of reciprocally skew lines which
intersect all these hyperplanes. We refer to this set as
"Pascal system” and designate it by the symbol PC.

Definitjon 3.2.

1. On the normal curve c" we choose 2n+2 different

points (Ao’Al""’AZnu) (n € N). We consider the cycle of
points (A ,A,...,A_ ) together with the lines [AA_],
0’1 2n+1 01
[AAL,...,[A A ]l and we call it 2n+2 - angle inscribed
12 2n+1 0

in c”. We call the points Ai vertexes and the lines [A1A1+1]
i 2 i = =
sides of the 2n+2 angle (i 0,1.,...,2n+1, A2n+2 Ao).
2. We denominate as opposite sides the pairs of sides
([AA 1,[A A 1) where the indexes greater than 2n+1
11+ t+n i+n+1
are reduced modulo 2n+2.
3. We denominate as opposite faces of the 2n+2 angle
inscribed into ¢" two n-1 - dimensional hyperplanes from

which one is determined by n-1 consecutive sides and the
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second by n-1 of opposite sides.
We will prove the next theorem.

Theorem 3.1. The n-2 - dimensional hyperplanes
of intersection of n+l1 pairs of opposite sides of the 2n+2 -
angle Inscribed in the normal curve c” belong to the Pascal
system PC.

Proof. We write down the pairs of opposite faces of
the 2n+2 skew angle Inscribed in the normal curve c" using a
diagram similar to the Pascal diagram applied in the proof
of the Theorem 2.1.

A A .« « A A A . .« . A
[0} 1 n n+l n+2 2n+1

n-2

(A, A .. A _1T1IA A ... .A 1...9
n-2

[A1 Aa o An ] [Ah+2An+3 e A2n+1]' A + ¢ PC
n-2

[An An-&l' : 'A2n-1] A2n+1 o ~ °° An:I T 7n

n-2
n-2 1
XA hyperplanes belong to PC we have to prove the existence

In order to show that the n-2 - dimensional 724,7

9 .

of the lines ko’k1”"’k2n+1 with pairs of skew lines
intersecting these hyperplanes. It is known that the points
of the normal curve are projected from two different n-2 -
dimensional hyperplanes n-1 secant as two projective pencils
of hyperplanes n-1 - dimensional ([1], page 323). Let us

consider these projective pencils with hyperedges iq-a =
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[A:c A‘...Anu]. Let @« denote the hyperplane n-1 -dimensional

belonging to the pencil (3:-2) and going through point A

Then we have got the following projection :

(3) B:'z(aw,a ,a ).

-2
11° 12° 1 n+2"“):$: (@ @y @

a ..
20" 21" 22" 2 n+2’

Let us intersect the pencil (3:-2) with the line p = [AA ]
and the pencil (3:“2) with the line p, = [AA]. We will
obtain series of points which are perspective to the pencils
of the hyperplanes :

) ,3n-2(a1 , & » & , & -) »

px(Ao'Ax'Az’Amz"" 1 0’ 11’ 12" 1 me2" "’

(4)

yeoo ).

(3 > -2
PAy s AL ALA L) 3: N L L

22
From the corresondence (3) and (4) results the projection :

PALALALA ...) = P (A ALALA L)

These series have a common point A1’ they are therefore

perspective. Both series are included in the plane o, =

=[A0A1A2]. The following relations are resulting from this :
[Avo In [A2A2 In [An+2An+2] = {s} ,

[AA’] = A A ...A Alna ,
[o I} n+3 n+4 2n+1 O 0

[A2A2] = [A3A4°"An+1] na .,

- ) ’ = n-2
{8} = [AOAO I n [A2A2] r, ne.,

()
s _ .n-2
An+ZE [A3A4. . An+2] a [An+4An+5° . AZnﬂAOAl] 73 ,
’ _ .n-2
AL [A1A2' ) 'An] n [An+2An+3' ) 'Aznu] =
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As a consequence the line ko = [An+2An+2] na, to which

-2 2
P ™ *. These
2 3

three hyperplanes are intersections of the second, third and
fourth pailr of hyperplanes which appear in the Pascal
diagranm.

belongs the point S, intersects 7:-2, 7

Because «, is also included in one of the hyperplanes of
every other palr of hyperplanes from the Pascal diagram,

therefore intersects the remaining hyperplanes 7':'2 for I =

0,4,5,...,n. Changing only the symbols in the above
ment ioned reasoning it is possible to show the lines kic
[A1A2A3]. kzc [A2A3A4],...,k2nﬂc [Aan+1AoA1] which intersect

"2 (1 =0, 1,..., n). From the

each of the hyperplanes v,
property of the normal curve it results that the lines which

n-2
1

were pointed out are skew. Hence the hyperplanes 7:_2, r 4
e ,7:_2 belong to the system PC.

Let us consider that, in a three-dimensional projective
space, Theorems 2.1. and 3.1. concern a skew octagon
inscribed into the normal curve c>. In this space f:he
manifold Serge S1,1 is equivalent to the second order
surface ([2), page 230) and the Pascal system is equivalent
to the set of four skew lines of one family of lines od a
determined second order surface and to the set of eight
other lines from the second family of lines of this surface.
Theorems 2.1. and 3.1. can be formulated under one theorenm :
the intersection lines of four pairs of opposite faces of
the octagon inscribed into the normal curve c? belong to one

family of a second order surface Hz.
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