
DEMONSTRATE MATHEMATICA 

Vol. XXII No 3 1989 

Miroslawa Mlkosz 

CONNECTIONS BETWEEN THE GENERALIZED FOURIER TRANSFORM 
AND THE FOURIER GAP SERIES 

In t h i s paper some two theorems concerning abso lu t e 
convergence of Four ie r gap s e r i e s a re given. 

Denote tyy Lp (1 s p s co ) the Banach space of a l l measu-
r a b l e f u n c t i o n s , Lebesgue- in tegrable with p - t h power on 
i n t e r v a l (-oo, co ). 

The norm of f e Lp i s de f ined as 

•) i/p 
j > ( t ) | p d t j . 

Let A be a cont inuous and odd f u n c t i o n inc reas ing in the 
i n t e r v a l (-oo, » ) such t h a t A(0) = 0, and |A(x) | » oo as 
x —» ± oo . Moreover, l e t the inverse f u n c t i o n X 1 be 
con t i nuously d i f f e r e n t i a b l e in (— oo, oo ) and (A ( t ) ) * M f o r 
a l l r e a l t , where M i s a p o s i t i v e cons tan t . 

Let a d d i t i o n a l l y n^ = A(k) f o r i n t e g e r k, where n^ a re 
i n t e g e r s as wel l . 

D e f i n i t i o n 1. (see [2] p. 65). 
Let f e L1. A f u n c t i o n given by 

CO ^A, . I f „, , -iA(x)t ,. f (x) = ^ I f ( t ) e dt 

wi l l be c a l l e d the gene ra l i zed Four ie r t ransform. 
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D e f i n i t i o n 2. (see [2] p. 73) 
2 

If f € L , by Schwarz's inequality, f is locally 
integrable and following integrals exist 

fj(x) = ^ J f(y) e" l X ( x ) y dy , R > 0 . 

I y 

The sequence •{ f n }• defined as above tends with R — » » , 
2 2 to an element f of space L .This limit in L will be called 

the generalized Fourier transform of the function f. This 
definition is similar one to that of Fourier transform in 
ordinary sense and argumentation is of the same type as 
given in [3] p. 39. 

If f € L1 with period 2ir, then 

c A ( k r ? A ( k ) = k f f ( t ) e _ a ( k , t d t = fc f f ( t ) e ~ 1 V d t - \ 

are Fourier gap coefficients of the function f and its 
Fourier series with gaps can be written in the form : 

oo In y 
S[f] = £ c e k . 

k = -oo "k 
If f e L1, f* 6 L1 then the Inversion Formula (see [1], 

p. 19) 
00 00 ̂  

(1) f(t) = | f \ x ) e l X ( x ) tA'(x) dx = | f(x) e l x t dx 

holds almost everywhere ; if in addition, f is continuous, 
then (1) holds everywhere (f(x) - is the ordinary Fourier 
transform). 

T h e o r e m 1. Suppose f is a bounded function with 
period 2ir, 0 < S < n and f(x) = 0 for ir-ô s x ^ n. 
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Let g be defined for all x by 

f(x) for |x| s n 
g(x) = 

for | X | > 7T 

Let ^p(t) be an even, positive function, non-decreasing for 
t > 0 and such that 

(2) <p(2t) s C ?>(t) 

for some constant C, and X be as above. Then 
00 00 

g(x) = | ¿ A(t)e l x X ( tV (t) dt = | g(t)elxt dt 

where 
j» i I ¿ A ( t ) | v ( t ) d t < oo 

if 
00 In x 00 

f(x) = £ c^ e , where £ |c |<p(k) < oo . 
k = - o o k k = - o o k 

P r o o f . Condition (2) implies that y(t) < C (|t|p+l) 
for some positive constants C^ and p. 

Let h(x) be a function with infinitely many derivatives 
(see [6]) such that h(x) = 1 for |x| i it - 5 and h(x) = 0 
for |x| i 7i. Since the function h has a compact support then 
h e S where S denotes the space of the quickly decreasing 
functions, hence the next estimate is true 

,00 ^ C 
e dt < (3) | h*(t)| = \ | h(x) 

where C is some positive constant. 

It|p+2
 + 1 
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Since g(x) = f(x)h(x), we have 

. 1 r*0 / i -iA(t)x , g (t) = I g(x)e dx = 

- k f i E Cn e"lxa(t)-X(k))lh(x) dx = I c n MA(t)-A(k)). 
-& L ic = -œ "k J k = -oo "k 

oo 
As the assumption of £ |c |<p(k) < co leads to a conclusion 

k=-«o nk 
00 

of absolute and uniform convergence of £ c^ e lx< (t) <k)) 

k = -oo "k 
we could integrate the series term after term. Thus 

dt = J | gA(t)| #>(t) dt s f £ |cn | |h(A(t)-A(k))| #>(t) 
-to -to k = -co k 

00 00 

= [ |c I f |h(A(t)-A(k))| ?(t) dt. 
k = -oo "k -& 

For k > 0 we make the following estimates 
2k 

oo 0 oo 

| | h(A(t)-A(k)) | ?>(t) dt = J + J + J = li + Iz + l3 . 

° 2k 

By (2), (3) and the following estimate for the function A : 

|A(t)-A(k) I * g |t - k| . 

We have 

(|t|" + 1) dt s I < C C f 
1 1 2 -I IA(t)-A(k)Ip+2 + 1 

, M>+2 C C f° ( | t | P + 1 ) dt < « 
1 2 -I It - k|p+2 + M>+2 
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We can easily see that I and similarly are uniformly 

bounded. 

We consider now 

2k A(2k)-A(k) 

f I h(A(t)-A(k))I dt = f |h(t)| |A_1(t+A(k))'| dt s 
o . 

-A(k) 

A(2k) ^ M | |h(t) | dt < oo 

-A(k) 

Then, we have I = 0(<p(2k) = 0(#>(k)). 

For k < 0 we have analogous estimates and thus 

00 00 

f I ¿A(t) I *(t) dt < C £ |cB I *>(k) . 
-» k = -co "k 

The above inequality proves Theorem 1. 

T h e o r e m 2. Let us suppose that the assumptions 

of Theorem 1 are satisfied. We assume, additionally that the 

function A is such that A' (x) £ N, where N is a positive 

constant. Then 

oo in x co 
f(x) = £ C n e , where £ ¡c^ | <p(k) < oo 

k = -co k k = -oo k 

if and only if 

00 oo 

g(x) = | ¿ X < t ) e l x A ( t V ( t ) dt = | ¿(t) e l x t dt, 

where 
CO ^ 

| I ¿X(t)| *>(t) dt < 00 
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P r o o f . By Theorem 1, the above condition is necessa-

ry. We are going now to prove its sufficiency. We have 
c 

c = fA(k) = (h-g)*(k) = h-gU(k)) = (I • h)(A(k)) = 
n 
k 

00 00 
= | g(t)h(A(k)-t) dt = | g(A(t))h(A(k)-A(t)) A'(t) dt . 

A A 
We have made use of the theorem h*g = g * h (see [5], p.74) 

for ordinary Fourier transform, which is not true for the 

generalized Fourier transform. Next 

[ |cn | <p(k) s i £ f |gX(t) | |h(A(k)-A(t)) | ?(k) dt = 
k = -co k k = -oo -& 

00 00 

= ft J l « X ( t ) l I |h(A(k)-A(t))I dt . 
-a k=-oo 

Applying the above argumentation to the sum we have 

oo 0 2t oo 
[ |h(A(k)-A(t)) i>(k) = £ + [ + [ = J 1 + J2 + J-: 

k = -oo k = -oo k = 0 k = 2t 

and similarly as I , I , I we have 

" C C ( Ikl + 1 ) ^ , ,p 
s V 1 2 ' ' s MP+2C C Y (<kl + 1 } * 

1 L |x(t)-A(k) |p+2 + 1 1 2 L |t-k|
p+2

+M
p+2 

k = -oo 1 I k = -oo1 

0 
" f llflP + 11 

< oo <mp+2cc y (i*r+i} 
1 2 L |k|P

+2
 + M' 

k = -oo I I 

because |A(t) - A(k)| £ ^ |t-k| for t > 0 
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09 wP + 2 M C C ( Ik 1+1) , , | , i n 
j s V L J _ U Î ^ c c Y ( N + 1 } < 
3 L |t-k|p+2 + h T 2 1 2 ^ |k|p+2+Mp+2 

k = 2t k = 2t 
2t <p( 2t) C 2t 
r—I <V\C.\. ) L 

< Mp+2 V s Mp+2 C ,(2t) 
L !t-k|p+2 + = n I k = 0 

2_ 
Mp+ 

y 1 -
k=0 

= 0(y(2t)) = 0(#>(t)). 

We see that the expressions J and J are uniformly 
bounded. Hence 

00 
£ |h(\(k)-X(t))| *>(k) = 0(^>Ct)) , and 

k = -oo 
oo oo 
[ |c I p(k) s c [ |gA(t) f»(t) dt . 

k = -oo "k -to 

Taking into account the above esimate we complete the 
proof. 

Let us show examples of the function X fullfilling 
conditions as in Theorem 1 

1) M x ) = 
a - 1 for x ï 0 (a > 1) 

-a + 1 for x < 0 

2) X(x) = sinh x for x € (-oo, n ) 

and the example of the function fullfilling conditions as in 
Theorem 2 

A(x) = x + sin 2 x for x € (-oo, oo ) 
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Finally, we would like to quote two ours theorems (see 
[3]), which are sufficient conditions for the integral 

00 
(4) | #>(x) |fX(x) |*dx, where y(x) = 

|x|^ for xe(-oo,eo)u(0,eo) 

1 for x = 0 

to be finite. 
Assuming that the function A satisfies all the 

assumptions as in Theorem 1, we obtain 
1 2 

T h e o r e m 1'. Let f € L a L and for some 0 £ 0, 
0 s y < 2, there is 

[ |A-1(±2k) [o,(2,(f;2-k)]r < » 
k = l 

Then the integral (4) is finite. 
T h e o r e m 2'. Let f and A be as in Theorem 1* , and 

such that, for some 0 ^ 0 , 0 < y < 2, 1 s r < 2 there is 

I 2"k3r/2 |A"1(±2k)|P+1-y/2 [w(f ; 2~k) ] ( 2 - r ) y / 2 < M 
k=l 

and V (f) < oo 1̂̂ . Then the integral (4) is convergent. r 
Hence the conditions in Theorems 1' and 2' give 

suficient conditions (compare Theorem 1) for the Fourier 
transform with gaps to be absolutely convergent. 

o v f is the r-th variation of the function f as defined r 

in [5]. 
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