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OF ENTIRE FUNCTIONS IN ORLICZ SPACES 

1. Preliminaries 

In [l]-[3] we obtained some inequalities between two 
<p 

norms of trigonometric polynomials in L^ , where tp is a 

^-function : the Luxemburg norm and the Nikolskii-type norm. 

We thus generalized results known in the case of L^-spaces. 
Also, we applied these inequalities in order to estimate the 

v 

averaged L -moduli of continuity and smoothness of a 

bounded, measurable function by means of the norm of its 

derivative. This was applied to obtain converse 

approximations theorems for averaged moduli in Orlicz 

spaces. 

The inequalities for trygonometric polynomials in L ^ 

were transferred in [4]-[7] to the case of entire functions 

of finite expotential order, belonging to L p ( - o o , oo). 

The aim of this paper is to extend tha later results 

from spaces L p ( - o o , o o ) , 0 < p < oo , to the case of Orlicz 

spaces Lv' L^C-oo.oo), both for convex and for concave 

functions >p. Also, we give estimations both for the norms 

and for the modulars. The resulting inequalities may be 

applied to problems of converse approximation theorems in 
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and 

the above classes of functions. 
ip Let <p be a ^-function and let f e L . We write 

r00 

p ^ ( f ) = J <p( | f ( x ) | ) d x 

00 
p*(f) = h sup £ ?(|f(x + V )|) , h > 0, - 0 0 < X < CO J = - 0 0 

where v^ = jh, J = 0,±1,±2,... These two modulars define two 
norms in the respective modular spaces. In the case of 
convex <p, this is the Luxemburg norm 

= inf iu > 0 : p^f/u) s 1 } 

and the Nikolskii-type norm 

| f | J = i n f { u > 0 : p £ ( f / u ) s i } . 

In the case of s-convex <p with 0 < s £ 1, these are the 
s-homogeneous norms 

If I = inf { u > 0 : p (f/u1/s) s 1 > " "s ,<P <P 

and 
||f||h = inf { u > 0 : ph(f/u1/s) s 1 >. 11 "s.^p <P 

Besides the above, we shall need modulars and norms for 
sequences w = (w ) 00 , defined as follows : J J=-°° 

00 

p'h)(w) = h £ <p{ Iw I), h > 0 
9 j = - 0 0 

and 
||w||̂ h) = i n f {u > 0 : p^h)(w/u) * 1 } 
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in case of convex <p, 

||w||(h) = inf {u > 0 : p(h)(w/u1/s) * 1 } 

in case of s-convex <p, where 0 < s s 1. 

2. Estimations for Nikolskii-type norms 
Let E^ be the space of entire functions of expotential 

type <r > 0, and let B be the space of all f € E such <r,<p or <P 
that the restriction of f to the real axis belongs to L . 

The following transfers the result of [2], Lemma 1, to 
the case of entire functions in place of trigonometric 
polynomials : 

L e m m a . Let cp be a convex a>-f unction and let fe B 
Let us write fv = (f(v )) with v = jh, j = 0,±1,±2,... 

J J=-°° J 
Then there hold the following inequalities : 

llfv ||;h) * (1 • ah)\r\9 . 

(b) if <rh > 1, then p(h)(fv) £ J (1 + ch) p (2f). 
<P 2 1P 

P r o o f . Let |f (tj ) | = min |f(t)|, v :£ tj s v , 
J V st£V J 1 J+1 

J J+i 
T) = (t) , and let u > 0. Then, by Jensen's inequality, J J=-oo V 

P ; h W u ) = h l j [ I | J " J i M l dt ] * efl f/u). 

Hence 

Thus, 
£ - fii;w + ifi 
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Again by J e n s e n ' s inequal i ty , we have 

But, by B e r n s t e i n ' s inequal i ty ( [ 8 ] , p . 2 7 7 ) , 

whence 

(h) f fv - ft) 1 f irhf 1 . p — s p f o r u > 0. 
f L u J L u J 

Consequently, 

|fv - f*|<h ) i < r h |f| 

and so 

¡ f v [ ; h ) i d + oh) | f | f . 

Next, supposing <rh s 1, we have 

C * k P ; h > ( 2 ( f v - f ^ ) ) + \ P ; h , ( 2 f ^ ) * 1 pv(2<rhf) • \ P f ( 2 f ) * 

s J (1 + <rh) p ( 2 f ) . 2 

Applying the above Lemma, we prove now the following 

T h e o r e m 1. Let <p be a convex ^p-functlon and l e t 

f e B . Then <r,<p 

<*> i% * i f » ; - ( i + « % . 

(b) i f <rh £ 1, then p ( f ) £ p h ( f ) s J (1 + <rh) p ( 2 f ) . 
<p <p 2 <p 

- 708 -



Estimations of averaged moduli 

P r o o f . Since 

v n = L r ^i^v3 dt * pim' 
we obtain the left-hand side inequality without assumption 

of convexity of <p, immediately. 

Let f € B^ , g(z) = f(x+z) for a fixed real x. Then g 

€ ip ' = i** 11̂) ' ^ ^ applying the Lemma we obtain 

|gvi;
h) ^ (i + oh)|f|f 

and for di s 1 

P^h)(gv) s i (l + Oh) P(pi2f). 

Thus, taking <rh s 1 we have 
00 

h V |f(x+v)I) s J (1 + <rh) p (2f) , 
«- m J 2

 f 

for all real x. Hence we get the right-hand inequality in (b). 

In order to prove the right-hand inequality- in (a), we 

note that 

I s gv r s 8 

I u 8 

for every 0 < 6 < 1, whence 

<h)f 5 gv ") ̂  . . , 
% [ l i ^ U r l , J 5 5 < 1 

and taking S * 1 , we obtain 

(h)f gv "I 
I <l*o*>|f|f J "

 1 * 

This gives the desired inequality easily. 
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Let us remark, that Theorem 1 transforms the result of 

[2], Th. 1 and Corollary, form trygonometric polynomials to 

entire functions. It is also a generalization of Th. 3.3.1 

in [4] p.122 from spaces L p to Orlicz spaces. 

Now, let us recall that a y-function <p is said to be 

s-convex, if p̂(<xu+|3v) s asy(u) + f3s<p(v) for u,v £ 0, a, (3 s 

0, a s + 0 s = 1, and is said to be strongly s-convex, if i>(u) 
l/s 

= #>(u ) is convex (0 < s £ 1). If <p satisfies the 

condition (A^) for all u £ 0, then 

\b{u) = sup < co for all u > 0. 
„ <p(v) 

v> 0 

If <p is s-convex (strongly s-convex), then so is \p (see [2]). 

There holds the following 

T h e o r e m 2. Let <p be a concave, s-convex 

^-function with some s e (0,1> and let it satisfy ( ) for 

all u a 0. Let f € B . Then there hold the inequalities <r,<p 

(a) |f| s ||f||h iC(s) - i - ( l + o-h)|f| 

(b) p (f) s p
h(f) < c(s) - J - d + P ( f ) • 

<p <p crh <p 

where h > 0 and C(s) is a positive constant. 

P r o o f . The left-hand side inequalities being shown 

in the proof of Theorem 1, we are going to prove the right-

-hand ones. Let r be the least integer such that rs £ 2, and 

let t = v = kh, k = 0,±1,±2 s = t - x. By Lemma 
k k k k 

2.1, we have 

oo sin 2<r(x-t ) r sin — (x-t ) -vr-l 
f " " = E ' V w r - 7 7 7 7 

k=-oo k - (X-t ) J 
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for real x, the above quotients being replaced by 1 for 
x = t . k 
We obtain 

oo » co co r sin—(x+v -t ) .r-j 
I ,( |f(«v ) I ) * h I I t { | f ( V I — j r ¡ - M } = 

J =-00 J J =-oo k = -oo -(x+V -t ) 1 J r j k 

j y i f u k ) | ) v k , 
k = -oo 

where 

Y = k E * E t v -8 I 1 V -S >— 1 J k | J *1 or 

sin-(v -s ) r r j k 
- (v -s ) r j k 

= A + B . k k 

It easily to seen that 

A s 2 k 
Moreover, we have 

B [ 0 

I v s J ^ 
|-(v-s )lr •r j k 1 

s 2 0(rr) + 

i/o- r J 0 v 

* 2 *(r') [l + - L ] . 2 [l + , 

by s-convexity of <p. Hence 

Y s 2 (1 + 0(rr)) (1 + -J")-k <rh 
Consequently, 
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00 oo 

h [ *>( |f(x+v ) |) S C(s) I (1 + <rh) [ <p{ |f(tk)|) , 
J =-00 k = -00 

where C(s) = 2(1 + 0(rr)). Hence 

00 
ph(f) s C(s) - (1 + <rh) y If (t ) I) , 

<p <r Li 1 k 1 

k = -oo 

and replacing f(z) by f(t+z), we obtain 

00 

p£(f) S C(s) I (1 + <rh) £ f(|f(t+t )|). 
V k=-oo 

Integrating the above inequality with respect to t in 

<0,t >, we obtain easily the right-hand one of inequalities 

(b). Inequalities (a) follow from (b), Immediately. 

Theorem 2 in case of trigonometric polynomials was given 

in [2], Th. 2. In case of entire functions with Lp-norms, 

0 < p s 1, it was obtained by R. Taberski in [5], Th. 7.1, 

p. 178. 

3. Inequality for averaged moduli 

First we shall recall the fundamental notions. Let f be 

a bounded, measurable function on ( - 0 0 , 0 0 ) . Then 

w(f;x,5) = sup |f(u) - f(v)| 
u,v e i5(x) 

S S where I-.(x) = <x - — , x + ^ >, -» < x i », 6 > 0, is measu-

rable, and one may define the averaged moduli of smoothness 

of f in L^f-oo.oo) as follows : 

T*(f; 5) = p (w(f; X, 5)) , x(f;5) = flw(f; •, 5) II 
<p 11 " s ,<p 

where <p is an s-convex ^-function. It is easily seen that 
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both moduli are nondecreaslng and subadditive functions of 
5 > 0. 

Next results give estimations of both averaged moduli by 
means of the norm resp. modular of the derivative of the 
function f in the Orlicz space. First, we shall deal with 
convex <p ; In this case the result does not require f to be 
an entire function and is immediate. Namely, we have 

T h e o r e m 3. Let <p be a convex ^-function and let 
f € L** , f absolutely continuous in (-eo, w). Then 

T*(f;5) s Py(df) , x(f;5) * 5 |f | . 

P r o o f . We have, by Jensen's inequality, 
x+5/2 

x*(f;5) * | <P J J |f'(t)| dt J dx s 
x-5/2 

X + 5/2 

I ( J f(8|f'(t)|) dtj dx - p^CSf*). 
X-5/2 

Theorem 3 in case of trigonometric polynomials and k-th 
derivatives may be found in [1], Theorem 2, p. 288, and in 
case of entire functions and powers p £ 1, in [6], 
Prop. 2.6. p. 487. The some result In case of trigonometric 
polynomials and k-th derivatives, but in case of concave, 
strongly s-convex <p, is given in [3], Prop. 1.3. In case of 
entire functions and i>(u) = |u|p with 0 < p s 1 it was 
obtained by R. Taberskl in [7], Lemma, p. 254. These results 
are generalized by the following. 

T h e o r e m 4. Let <p be a concave, strongly s-convex 
(with some s € (0,1>) ^-function and let it satisfy (A ) for 
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all u t 0. Let f e B and a > 0. Then for 0 < 5 s a/o* we 
<r, <p 

have 

(a) 

(b) 

T*(f;5) s C*(a, s) p (5f* ) , 
9 

x(f;5) s C(a,s) 5 s |f | 

with some positive constants C (a,s), C(a,s) 

P r o o f . We have (see [7], p. 255) 

i+h oo E if (tk)| u k = -00 

»in - (t-t ) 
r k 

F 

r-1 
dt 

where t = = — k , k » 0,±1, +2 h > 0, u real, and r is 
k ¿C 

the least integer such that (r-l)s > 1. Hence 

c+5/2 

ti>(f; x, 3) s J £ |f'(tk) 

-5/2 
k = -oo 

sin - (t-t ) 
r k 

? (t"V 
r-1 

dt . 

Consequently, by subadditlvity of ip and the definition of ip, 

we have 

r*(f:5) E/(5|f,(VI jf* {b J 
" x-5/2 

X+5/2 . <r ,, . . 
sin - (t-t ) 

r k 

% ( t " V r k 

r-1 . 
dt [dx. 

But 

max 
t -5/2S ts t +5/2 
J J + i 

sin- t 
r 

i t 
r 

r-1 
s C (a,r) — — -

1 I ..r-1 

(see [6], p. 255). Hence 
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JW / 
x - ô / 2 

x+Ô/2 , cr . . 
s i n - ( t - t ) r k 

r k 

r - 1 « e C ( a . r k 

2 1 C ( a , s ) 
s ( a , r ) ) Y — V = -

¿(T 1 L . ( r - l )s <r 
J —• ̂  J 

Thus 
CO 

x * ( f ; 5) S C ( a . s ) i J f » ( « | f ' ( t )|) , 
k=-oo 

f o r 0 < 5 s a/or . By Theorem 2 applied to S f ' In place of f , 

with h = ^ , we obtain 
¿cr 

. 0 0 

i y *>(5|f'(t )|) S £ p"/2<r ( S f ' ) * C (<x,s) p ( S f ' ) . <r L 1 k 1 IT <p 3 k = -oo 

Hence 

t ( f ' Ô ) s C 3 ( a , s ) p ( S f * ) , 

i . e . ( a ) . The inequal i ty (b) follows from (a ) , immediately. 
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