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THEOREMS ON MAPPINGS INTO HAUSDORFF SPACE

In the present paper some properties of H.a.c. functions
and weakly continuous functions into Hausdorff space are
investigated.

Let X be a topological spaée. A subset S is said to be
semi-open [4] if there exists an open set U of X such that
Uc S cCl/U A subset S is said to be preopen (resp. a-set)
[6] (resp. [9]) if S c Int C1 S (resp. S ¢ Int Cl(Int S)).
The family of all preopen set in X will be denoted by PO(X).
The complement of semi-open set (resp. preopen set, resp.
a-set) 1is <called semi-closed (resp. preclosed, resp.
a-closed). The set  { FcX ; F is preclosed and AcF } is
called the preclosure of A and denoted by Pcl A [1].

Let X and Y be two topological spaces. The function
f: X ——> Y 1is H-almost continuous (H. a. c.) at xeX if for
each open set V ¢ Y containing f(x), x € Int Cl(£ 1(V)) [2].

The function f: X ——> Y is H. a. c¢. if it has this
property in any point xeX. The function f: X — Y is weakly
continuous (w. c.) [5] at xeX if for any open set G ¢ Y with
f(x) € G, there exists an open set U ¢ X containing x such
that f(U) < Cl1 G.

The function f: X —— Y is w.c. if has this property in

any point x € X. The function f: X —— Y is semi-continuous
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[4] (resp. precontinuous [6], resp. a-continuous [8]) if
inverse image of each ower set is semi-open (resp. preopen,
resp. a-set) in X.

The concepts of H-...::x:. continuity and precontinuity
are equivalent [B].

Some properties on mappings into Hausdorff space are
studied in [7]), [10) - [13], (18}, [i8].

The purpose of the present ncte is to investigate some

properties of H. a. ¢c. and w. c. functions intoc Hausdorff

space.
The following theorem was “:oved v (.91,
Theorem 1. Let - ! . 2. arbitrary topological

space and let Y be a Hausdorff space. Let f and g be
sootions from X into Y. If £ is continuous and g is
“-alrost continuous, then the = {xeX : f(x) = g(x)} is
preclosed in X (Theorem 3 ; [15
The purpose of Theorem 2 i - generalize and improve
Theorem !. The method used to pr~v> Theorem 2 1is similar
with Lhe method used in the demons:iiation of Theorem 1 from
Gl
Theorem 2. Let X and Y be wo topological spaces.
If g: X——> Y is H. a.c. and S is a closed subset of X x Y

then p1(S n G(g)) is preclosed in X, .tere G(g) denotes the

graph of a function g and P : X x Y ——— X represents the
projection.
rooft Tt x € Pel [pl(S n G(g))]l, where S is a

closed subset of £ x Y, let U be an arbitrary open set

containing x, and let V be an arbitrary open set containing
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g(x) in Y. Since g is H. a. c., g (V) € PO(X) by Theorem 1
of [6]. It is shown in Lemma G of [7] that an intersection
of an open set with a preopen set is preopen. Therefore U n
g*(v) is preopen. Since x € Pcl [pi(S n G(g))], by
Lemma 2.2 of [1], [Un g (V)] np (SnGg) # o

Let u e [Un g (V)] n [p (S n G(g))] be. This implies
that (u,g(u)) € S and g(u) € V. Therefore (UxV) n S # @2 and,
consequently, (x,g(x)) € C1 S, thus (x,g(x)) € S n G(g).
Hence x € pi(S n G(g)) is preclosed.

Corollary 1. If f: X ——> Y has a closed graph
and g :X —— Y is H. a. ¢. then the set {xeX : f(x) = g(x)}
is preclosed.

Proof. Since {xeX : f(x) = g(x)} = p1[G(f) n G(g)]
and since G(f) 1is a closed subset of X x Y the result
follows from Theorem 2.

Corollary 2. If f: X —> Y is weakly continuous,

g : X —> Y is H a. c. and Y is Hausdorff, then the set
{xeX : f(x) = g(x)} is preclosed.

Pr oo f. It is shown in Theorem 10 of [12] that a

weakly continuous function into a .Hausdorff space has a
closed graph, hence the result follows from Corollary 1.

Corollary 3. Theorem 1.

Proof. It is known from [5] that continuity implies
weak continuity.

Corollary 4. 1If f,g: X —— Y are a-continuous
and Y is a Hausdorff then the set { xeX : f(x) = g(x)} is
a-closed. (Theorem 4.9 [13]).

Proof. If f and g are a-continuous then by Theorem

3.2 of [13] f and g are semi-continuous and H.a.c. and by
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Theorem 1 of [14], f and g are w. c. Then by Corollary 2 of
[3] the set { xeX : f(x) = g(x)} is semi-closed and by the
set { xeX : f(x) = g(x)} is preclosed. By Lemma 3.1 of [13]
A is a-closed.

The following theorem was proved in [15].

Theorem 3. Let f1: Xl——)Ya.ndfaz Xa——>Ybe
two H. a. c. mappings. If Y is a Hausdorff space, then the
set {(xl,xz) : f1(x1) = fz(xz)} is a preclosed set in the
space Xix Xz.

The following theorem shows that "f1 is H. a. c." in
Theorem 3 can be replaced by "f1 is weakly continuous".

Theorem 4. Let f1: Xl—)Ya.ndfzz Xz—-)Ybe

two mappings where :

a) Y is a Hausdorff space,

b) f1 is weakly continuous,

c) f,is H. a. c..

Then the set {(xl,xa) : f1(x1) = fa(xz)) is a preclosed set
in the space X1x Xz'

Proof. Let A = { (xl,xz) : fl(xl) = fz(xa) }. Ve
shall show that the set Xlx X2-A is preopen. Let (xl,xa) € A,
Then f‘l(x1)=t fz(xz)’ As Y is the Hausdorff, there exists two
open sets Vlc Y, i=1,2 such that fi(xl) c V1 and V1n V2 = 2.
This implies Cl Vln V2 = @, As f1 is w. c¢c. by Theorem 2 of

(5], xef (V)ciInt £3(C1 V). Asf isH a. c., X €
1 1 1 1 2

s f;l(Vz), were by Theorem 1 of [6], f:(V) € PO(X)). Let

U= Int £(C1 V) x f:(Vz) be, then by Lemma 2 of [15), U

-1
€ PO(Xlx Xz). If (yl,yz) € U then y,€ Int f'1 (c1 Vl) and
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y,e £, (V) so £(y) e Cl V_ and f (y)) € V, or Cl Vn
V2=z.So (yl.yz)_ € Xlx x2 - A. Then (xl,xa) € Uc Xlx Xz- A
and by [6] X x X - A is a preopen set in X x X and so A is
a preclosed set in Xlx Xa.

Corollary 5 Iff: X——>Y is a-continuous
and Y is Hausdorff, then the set {(xl,xz) : f(xl) = f(xz)}
is a-closed in the product space.

Pr oo f. By Theorem 3.2 of [13] f is semi-continuous
and H. a. c.. By Corollary 1 of [15] H is a preclosed set
and by Theorem 4 of [11] A is semi-closed set. By Lemma 3.1
of [13] A is a-closed.

Definition A space X is said to be pre-T2 if
for each pair of distinct points x and y in X there exist
disjoint pre-open sets U and V such that x e Uand y € V.

Theorem 5 IfXisa topological space and for
each pair of different points x1 and x2 from X, there is a
H. a. c¢. function f: X —— Y with Y a Hausdorff space so
that f(xl) # f(xa), then X is a pre-T, space.

Proof. Let x1¢ X, be. Then as Y is Hausdorff and
f(xl) # f(x
f(x!) <V,

2), there are two open sets V1 and V2 with
i =1,2 so that Vln V2= @. As f is H. a. c. by
Theorem 1 of [6] there are two preopen sets Ul, i = 1,2 such
that x,€ U and f(Ui) €V, i=12 From VnV =g it
follows that f(U1) n f(Uz) = @, which implies that Uln U2=e,

i.e. Xis a pre-T2 space.
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