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VIBRATION CONTROL OF THE SYSTEM 
OF STRINGS CONNECTED IN A NODE 

Formulation of the problem 
In t h i s work we s h a l l oonsider the problem of optimal 

con t ro l f o r a system of N s t r i n g s connected i n a node. These 
s t r i n g s , ly ing at r e s t i n a plane, have the same lengths S 
and the same masses per unit l ength 9 , and a l so the t ens ion 
Tq i s the same f o r each of them. 

We introduoe the fo l lowing assumptionst 
1) the node i s mass less j 
2) both the points of the s t r i n g s at the node oan move 

only in the d i r e c t i o n perpendicular t o the plane i n whioh 
whole the system lays in i t s equi l ibr ium s t a t e (the node moves 
i n t h i s d i r e c t i o n without any d rag) ; 

3) the node does not t ransmi t any f o r c e s ac t ing in the 
plane of s t r i n g s . 

For s impl i fy ing c a l c u l a t i o n s we take Y T
0 / p = 1. For each 

s t r i n g we introduce i t s ax is Ox d i rec ted along the s t r i n g at 
r e s t , to the node where x = S. Let U^ix . t ) denotes the d i s p l a -
cement of the point x from i t s equi l ibr ium s t a t e pos i t i on at 
the time t f o r i - t h s t r i n g . The o s c i l l a t i o n s of each s t r i n g 
are described by the wave equations 

(1) u j t ( x , t ) = U^ x (x , t ) f o r x e ( 0 , S ) , t > 0 , i = 1 , 2 , . . . , N 
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A. Dymitruk 

with the i n i t i a l conditions 

(2) U^x.O) » f 1 ^ ) , u j ( x , 0 ) = P i ( x ) for x e < 0 , S , > 

i = 1 , 2 , » . . i H 

and the boundary conditions 

13) U^O.t ) = u i ( t ) f o r t SsO, i = 1,2 N. 

The geometry of node gives the conditions of the equality 
of displacements in the node 

( 4 ) U 1 ( S , t ) - U 2 ( S , t ) = . . . = U N (S , t ) for t > 0 . 

Moreover from the conditions of the equilibrium of v e r t i -
ca l forces in the node, treated as a point, we obtain the 
following condition 

( 5 ) U*(S , t ) = 0. 
i«=1 

The problem of looking for the solut ions of the equations 
(1) under conditions ( 2 ) - ( 5 ) i s described in the paper [5] . 
The problem of the optimal control may be formulated as 
fo l lows : one should find the time interva l T and control func-
t ions u ^ t ) e L 2 [ o , T ] with the norms limited by a given number 
1 > 0 i . e . 

u i ( t ] 
L ? [0 ,T] 

x 
J | u ( t ) | 2 d t 

1/2 
< 1 

whioh wi l l set a re s t during the time in te rva l T the v ibra -
t ions of the system (1) caused by nonzero i n i t i a l conditions 
(2) i . e . the equilibrium conditions wi l l be s a t i s f i e d at 
a time T 

( 6 ) U i (x ,T) = 0, (x,T) = 0 f o r x e < 0 , S > 
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Vibration oontrol of the system 3 

We shall assume that f^x) e C2(0,S) and they have their 
third derivatives piecewise continuous, and moreover f^(O) « 

2 i 
«= = 0, f^S) = 0, functions Pi(x) e C1 (0,S) and they 

3x 
have their second derivatives pieoewise continuous, and also 
Pi(0) = 0 = ^(S). 

We shall mean the solutions U^(x,t) of the system (1) 
under conditions (2)-(5) in the generalized sense, as a limit 
for n — • « of the solutions U*(x,t) of the system (1)~(5) 
corresponding to the control functions to the control functions 

3 ui 
u*(t)e C2[0,t] satisfying the conditions u*(0) = (0) = 0, 
where {u^it)} converges on [o,t] to the functions ui(t) in 
the norm L2[0,t]. 

If for any functions x), P (x) satisfying the above 
assumptions the control functions u^(t) exist, we shall say 
that the system is controllable. 

The problem of oontrol for a single string was investigat-
ed by A.G. Butkowski [l] by applying the oontrol functions 
to the both ends of the string, or controlling the one end 
only, the same time the second one beeing built-in. Por both 
the above oases A.G. Butkowski gives an effective method of 
the calculation of the control funotions. S. Rolewioz in his 
papers [2] and [3] investigated the system of the strings 
connected in the form of "net*', with the control functions 
applied in its nodes. 

Solution of the problem 
Passing on to the solution of the problem formulated in 

this paper, we shall assume that the system contains three 
strings i.e. N - 3. 

Let 
us investigate first the following oases we ssboim 

that the vibrations of such a system are caused by non-zero 
Initial conditions for the first string. The question arises 
if such a system oan be set at rest by single oontrol funotion 
acting at a point x = 0 of the first string (Fig.1) i.e. does 
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4 A» Dymltruk 

such a con t ro l funo t lon u ( t ) s U 1 (0 , t ) e x i s t , f o r which the 
condi t ion (6) i s s a t i s f i e d . 

In t h i s case the i n i t i a l condi t ions (2) have the form 

U1(x,0) = f ( x ) U2(x,0) = U3(x,0) = 0 
( 2 ' ) f o r x e < 0 , S > 

u j ( x , 0 ) - F(x) U2(x,0) - U3(x,0) = 0 

and the boundary condi t ions (3) become the condi t ions 

( 3 ' ) U 1 (0 , t ) = u{t) U 2 (0 , t ) = U 3 (0 , t ) » 0 f o r t > 0 . 

We f ind the s o l u t i o n s of the equat ions (1) under condi-
t i o n s { 2 ' ) , ( 3 ' ) , ( 4 ) , (5) by the method given in the work [5]. 

They are of the form 

U 1 (x , t ) » 1 Q(x, t ) + f z ( x , t ) , 

U 2 (x , t ) » U 3 ( x , t ) » l Q ( x , t ) z ( x , t ) , 

where Q(x , t ) i e the so lu t i on of the equat ion 

Q t t ( x , t ) - Q x x ( * . t ) f o r x ( 0 , S ) , t > 0 

under condi t ions 

Q(x,0) « f (x ) Q(0, t ) - u( t ) 

Q t (x ,0 ) - P(x) Q x (S , t ) - 0 f o r x e <0,S>, t >0 
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Vibration control of the system 5 

and z ( x , t ) is the solution of the equation 

z t t ( x , t ) = z x x ( x , t ) for x e ( 0 ,S ) , t >0 

under conditions 

z(x,0) » f{x) z (0 , t ) = u(t) 

z t ( x ,0 ) = P{x) z {S, t ) = 0 for x e<0 ,S> , t > 0 . 

Using the method of separation of the variables to the 
above problems we obtain the solutions in the form 

so 

(7) Q(x,t) - [cQ cos t + 
n-1 

u. 2S n . „ (2n - 1)jr +1 _ (2n - 1 )JT _ . 
+ (2n - 1 )JT n 8 i n 2S e i n SS x + 

* 

+ ] T §- B i * ( 2 p g S 1 ) j r * / ein ( 2 a ^ 1 ) j r (t - r )dr 
n-1 0 

where 
S 

0 

s 

» a ' H ^ V sin m 
0 

and 
oo 

( 7 ' ) z ( * , t ) + 
n-1 

« t 
+ L l 8 i n ¥ " 3 t / U i r ) • i a ^ i t - D d r , 

n-1 0 

- 561 -



6 A. Jymitruk 

where 
S 

0 

s 

0 

For simplicity of writing we denote 1 ^ • «Q , 
Let us come back to our main problem, i . e . finding 

such a control function u ( t ) , which sa t i s f i ed the equa l i t i es 
(6) at the time T. From the condition U^x.T) = 0 we obtain 

Q(x,!T) - z(x,T) = 0 for xe<0,S>. 

Similar ly , from the condition U*{x,T) = 0 we have 

Qt(x,T) 8 z t (x ,T) - 0 for xe<0,S>. 

consider the conditions imposed on the function Q 
oo 

Q(x,T) • ^ [c n 008 anT + 4 - D Q s in aQT + 
n-1 n 

T 
+ J sin an (T - T)u(r)dr] s in a n x - 0 

0 OO 

Qt(x,T) = K C b 8 i D « n T + Dn C0B °nT + 

n-1 

T 
+ J aQ cos a f l(T - T)u(r)dr] s in anx « 0 

0 

for x 6 (0 ,S ) . 
The system of functions |sin aQx| i s complete in I>2[pts]» 

thus for sat i s fact ion of the condition (8) i t i s neoessary 
and suff ic ient that a l l coeff ic ients at sinocQx should equal 
to zero. From here we obtain the in f in i t e system of equations 
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Vibration oontrol of the system 7 

( 9 ) Binan (T - r )u { r ) d r + cn oos ot f lT + 

0 
+ ——D sin a T • 0. o, u n « n » D 

x 
(10) J* |- 008 a f l (T - r )u( i " )dr - Cn sin otnT + 

+ Dn 0 0 8 «n T * 0 
n 

for n « 1 ,2 , . . . 
Multiplying ( f o r f lx «d n) the equation (9) by 1 ( i e C) 

an adding to the equation (10), and then dividing the result-
ing equation by exp(inT) we obtain the new system of equations, 
which can be written, a f ter the separation of the real and 
imaginary parts, as follows 

T I 
(11) J u(t ) sinocnt dt - f - C Q , j u('t) cosa n t dt « 

0 0 n 

for n « 1 ,2 , . . . 

Considering the conditions imposed on function z 

z (x ,T ) - a t ( x ,T ) « 0 

taking into account the fact that the system [s in y3Qx j i s 
complete in I^Co.s] we obtain the system of equations 

T T 
(12) J u(t) sin/3nt dt - | AQ, J u(t ) oos /3nt dt « Bfl 

0 0 n 

for n « 1 ,2 , . . . 

The equations (11) and (12) oan be rewritten in the form 

T T 
(13) / u ( t ) sin 7 n t dt - f an, J* u(t ) cos dt = b Q 

where r_ • , and 
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8 A. Bymitruk 

A 
2 

'n+1 

f o r «van a 

f o r odd n 

B n 

n+1 

f o r even n 

f o r odd n 

f o r n - 1 , 2 , . . « 

Let us assume the length of the s t r i n g s S - Jr/2. Then the 
equations (13) take the form = n) 

T T 
(14) J u ( t ) s in nt dt - f a n , J u( t ) ooe nt dt - - bQ. 

This way, the problem of f inding the optimal cont ro l was 
reduced to the problem of f inding such a func t ion u(t)€L2[o,T] 
which norm i s l imited b; a number 1 > 0 , | |u||<^l and f o r whioh 
the i n f i n i t e system of equations (14) i s s a t i s f i e d i . e . the 
moments of whioh are given by system (14) in r e l a t i o n to some 
system of func t ions . In our case i t i s a system of the func-
t ions s in nt and cos nt f o r n = 

Basic r e s u l t s of the theory concerning the problem of mo-
ments were obtained by M.G. Krejn [6] , [ 7 ] , but H.H. Krassows-
k i [8,9] was the f i r s t who applyied the r e s u l t s obtained from 
t h i s theory to the problem of optimal con t ro l . 

In our problem the beeing r e s t r i c t e d f o r func t ion u(t) 
w i l l belong to the space l i n | s i n n t , cos n t j c L 2 [ o , l ] so i t 
w i l l be a periodic funot ion with the period 2jr. 

Let us express T in a form of 1 = 2;rk + e , where k « 0 f 1 t . . . 
and 0<t<2j t . Then the equations (14) under condit ion u(t+2jr) = 
= u( t ) can be expressed in the form 

2jrk+e 
(15) J u( t ) s in nt dt = (k + 1) J u( t ) s in nt dt + 

2 JT 
+ k J u(t) s i n nt dt = 

£ 

2 ]r 
JT ^ ij/(t) s i n nt dt = ^ 

0 
n = 1 , 2 , . 
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Vibra t ion con t ro l of the system 9 

(15) 
2jrk+e 

I 
0 

rJt+e t 
J u ( t ) oos at dt - (k + 1) J u ( t ) oob nt dt + 

2 JT 2% 

+ k J u( t ) oos nt dt - J Y ( T ) oob nt dt -

1»2 ,» . . 
where 

(16) <f(t) -
(k + D u ( t ) f o r t 6 < 0 , 6 > 

k u( t ) f o r t e ( £ , 2jt>. 

The func t ion u/(t) i s oaloulated from the condi t ions (15) 
1 1 

exact t o some constant C, as i t i s seen tha t aQ and - "̂ pf t>n 

f o r n = 1 , 2 , . . . are the Fourier c o e f f i c i e n t s of the f u n c t i o n 
i|/(t) on the i n t e r v a l <0,2jt>. From the above 

PO 
(17) y ( t ) . | ^ ( a n s i n nt - 1 bQ cos nt) + C - G(t) + C. 

n=1 
From the condi t ions imposed on f ( x ) and F(x) i t appears 

tha t the above s e r i e s i s uniformly convergent. From the f o r -
mulae (16) i t i s seen tha t i f k / 0 then the beeing looked 
f o r con t ro l func t ion u ( t ) i s on the i n t e r v a l <0 ,2 j r>of the 
form 

¿ r & ( t ) + C] f o r t e < 0 , 6 > 
(18) u( t ) 

4 - [ G ( t ) + C ] f o r t e ( £ , 2RR> 

where f o r t > 2 j r ( b u t t < T ) the func t ion u( t ) i s pe r iod ica l ly 
extended with the period 2jr. For k = 0 and 0 s S £ < 2 j r t h e equa-
t i ons (15) can be r e w r i t t e n in the form 

2 JT 

(19) / v ( t ^ 8 i n n t = f a n . / v ( t ) OOB 

0 

2 JT 

1 nt dt = - -jr- b 4n n 

- 565 -



10 A. Dymltruk 

v ( t ) » • 
0 f o r t e ( s , 2 jt> 

and v ( t ) i s also ca lcula ted exact to soma constant C 

(20) v ( t ) « G(t) + C f o r 0 ^ t < , 2 j r . 

But, f o r t e ( £ , 2jt> i t i s seen from the formula (19) tha t 
the func t ion v ( t ) should be equal to se ro . Thus, i n t h i s oase 
i . e . f o r k - 0 that i s to say f o r p <T <2irt we obtain from 
(20) tha t the constant C - -G( t*) , where t * - any element from 
(&, 2jr>and the being looked f o r cont ro l funot ion i s ca lcu la ted 
e x p l i c i t l y 

(21) u( t ) « G(t) - G(t*) , t e <0,6>, t * - e ( t , 2jr). 

I t i s seen from (20) that in the case 0 < T < 2 j r t h e cont ro l 
func t ion u( t ) e x i s t s i f and only i f G(t) i s constant on the 
i n t e r v a l (e , 2jt). I f the i n i t i a l func t ions f (x ) and F(x) are 
suoh that G(t) i s not oonstant on the i n t e r v a l (c, 2jt) , then 
the cont ro l func t ion u( t ) giving the s e t t i n g the system at 
r e s t during the time i n t e r v a l T<2 j rdoes not e x i s t . In such 
a case the choice of the constant C f o r I ^ 2 j r i n the formula 
(18) remains. The constant C oan be choosen e . g . so as f o r 
a given T ^ 2 j r t o minimize | lu.() | |^ jĵ  where u(t) i s desc r ib -
ed by the formula (18) , or minimal time of s e t t i n g at r e s t 
Tmin o a n looked f o r choosing the constant C so 
as | |u( t ) | | L r o T - j ^ l . I t i s easy to show tha t the funot ion 

G(t) i s of the form 

t 
(22) 

0 
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Vibrat ion con t ro l of the system 11 

where 

f ( t ) = 

f ( t ) f o r t e < 0 , 7p> 

0 f o r t t ( y , P( t ) - s i m i l a r l y , 

- f (2 ; r - t ) f o r t e 2 j t > 

F i n a l l y , f o r T = 2jrk + &, k = 1 , 2 , . . . the optimal cont ro l 
func t ion u( t ) under the i n i t i a l condi t ions f ( x ) and F(x) oan 
be wr i t t en in the form 

(23) u ( t ) 

u 

M [2 + i j F(r)dr + c] for t e < 0 , £ > 

« 

J [J f(t) + J J* P(r)dr + 0 ] for t e ( e , 2jt> 

and f o r t > 2 j r func t ion u{t) i s per iod ica l ly extended with 
the period 2jt. 

Let us consider once more the v i b r a t i o n s of the system 
caused by non-zero i n i t i a l condi t ions on the f i r s t s t r i n g i . e . 
by condi t ions ( 2 ' ) , but l e t us ask the ques t ions concerning 
the s e t t i n g the system at r e s t i n an other formt i t i s possible 
t o se t at r e s t suoh a system by the con t ro l func t ion applied 
at zero point of the second and th i rd s t r i n g (F ig .2 ) . 

0-

Pig.2 

In t h i s case the i n i t i a l condi t ions (3) become the form 

(3") U 1 (0 , t ) - 0 , U 2 (0 , t ) - U3{0,t) - \ u( t ) f o r t ^ O . 
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12 A. I f t m i t r u k 

The s o l u t i o n s of t h e problem (1) unde r c o n d i t i o n s ( 2 ' ) , 
( 3 " ) , ( 4 ) , (5 ) a r e aß f o l l o w s 

U 1 ( x , t ) = 1 Q ( x , t ) + I w ( x , t ) , 

U 2 ( x , t ) = U 3 ( x , t ) = 1 Q ( x , t ) - 1 w ( x , t ) 

where t h e f u n c t i o n Q ( x , t ) i s d e s i g n a t e d by t h e f o r m u l a (7 ) b u t 
w ( x , t ) d i f f e r s f rom z ( x , t ) i n boundary c o n d i t i o n a t a p o i n t 
x = 0 , namely w ( 0 , t ) = - u ( t ) f o r t ^ O . 

Rrom h e r e 

00 

w ( x , t ) [ a q c o s / 3 n t s i n / 3 n t ] s i n /3nx + 
n=1 Q 

0 0 t 
- ¿ L f -A/Vef 5 ( r ) Bin ßR(t - r)dz. 

n=1 0 

From the a o n d i t i o n s ( 6 ) , whioh we put on t h e c o n t r o l 
f u n c t i o n u ( t ) , we o b t a i n 

Q ( x , T ) * w(x ,T) = 0 , Q t ( x , T ) = w t ( x , T ) = 0 . 

The above s y s t e m l e a d s us ( s i m i l a r l y a s b e f o r e ) t o t h e 
i n f i n i t e s y s t e m of e q u a t i o n s 

where 

1 X 
(24) J S ( t ) s i n n t d t - j o ß , J u ( t ) c o s n t 

'n+1 

d t " " Ä d n 

f - 2 A „ f o r e v e n n n 

f o r odd n 

- 2 B q f o r even n 

f o r odd n . 
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V i b r a t i o n c o n t r o l of the sys tem 13 

F u r t h e r t r e a t m e n t l e a d i n g t o c a l c u l a t i o n of the c o n t r o l 
f u n c t i o n u ( t ) w i l l be s i m i l a r t o t h a t d e s c r i b e d b e f o r e . I n 
t h i s case the f u n c t i o n G(t ) t ake the form 

oo 

(25) G(t ) = J - { c n s i n n t " n d n 0 0 3 n t ) ' 
n=1 

Taking i n t o account t he fo rmula f o r c Q and d f l i t i s easy 
do c a l c u l a t e the sum of the above s e r i e s . Thus 

t 
(26) G(t ) = J f ( t ) + F ( r ) d r f o r t e < 0 , 2 j r > 

where 

f ( t ) 

0 

f ( i r - t ) 

- f ( t - Jr) 

0 

f o r t e < 0 , f > 

f o r t e ( | , j r > 

f o r t e (JT, \ j r ~ y 

f o r t e (- | j t , 2 j t > 

F( t ) - s i m i l a r l y . 

The form of f u n c t i o n s f ( t ) and P ( t ) r e s u l t i n f a o t t h a t 
G(t ) i s c o n s t a n t on t he i n t e r v a l (•§••""» 2JT> and e q u a l s t o z e r o . 
I t i s t he neoessa ry and s u f f i a i e n t c o n d i t i o n f o r e x i s t i n g 
c o n t r o l f u n o t i o n u ( t ) which w i l l s e t a t r e s t t he sys tem i n 
the t ime per iod T<2tt, Thus f o r T = -^-JT e x i s t s e x p l i c i t l y 
c a l c u l a t e d c o n t r o l f u n c t i o n 

(27) 
« 

u ( t ) = \ f ( t ) + 1 J P ( r ) d r f o r t e < 0 , | - j r > 

Conc lus ions 
The above c o n s i d e r a t i o n s l ead t o t he f o l l o w i n g c o n c l u -

s i o n s : i t i s seen t h a t t he v i b r a t i o n s of the sys tem caused by 
the non -ze ro i n i t i a l c o n d i t i o n s put on t h e one s t r i n g only can 
by s e t a t r e s t i n two mannerst 
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14 A. Dymitruk 

- by the oontrol func t ion applied at the end of t h i s 
s t r i n g (Fig. 1) , in t h i s case the shor tes t possible time of 
s e t t i n g the system at r e s t equals T m i n = 2ir 
or 

- by two the i d e n t i c a l oontrol func t ions applied at the 
ends of the remaining s t r i n g s (F ig .2 ) , i n t h i s case the 
shor tes t possible time of s e t t i n g the system at r e s t equals 
Tmin " 2 * ' 

I t i s easy to show tha t the system under cons idera t ion can 
not be set at r e s t by the cont ro l func t ion applied at the end 
of only one of the remaining s t r i n g s i . e . in our case the 
second or the th i rd one. 

On the superposi t ion pr inciple we oan conclude tha t the 
v ib ra t ions of the system with any i n i t i a l condi t ions can by 
a l so se t at r e s t i n two manners: 

- applying the oontrol func t ions at the end of a l l three 
s t r i n g s , in t h i s ease the shor tes t possible time of s e t t i n g 3 
the system at r e s t equals to ^TT 
or 

- applying the oontrol funct ions at the ends of two 
s t r i n g s only, in t h i s case the time of s e t t i n g the system at 
r e s t w i l l be elongated to 2jt. 

In the case of a g rea te r number of s t r i n g s , the optimal 
cont ro l problem may be solved s i m i l a r l y . 

Generally, the system cons is t ing of N s t r i n g s , can be set 
at r e s t by N oontrol funot ions or (N-1) ones. 

BIBLIOGRAPHT 

[l]A . r . B y T K O B O K H f l i Usto abi ynpaBneHHH CHCT6M8MH 
o pacnpefleaèHHHMH napauerpaiiH. MooxBa 1975* 

[ 2 ] S . R o l e w i o z i O n a problema of moment s , S t u d i a 
Math. 30 (1968) 183-191. 

[3 ] S . R o l e w i o z s On c o n t r o l l a b i l i t y of systems of 
s t r i n g a , Studia Math. 36 (1970) 105-110. 

570 -



Vlbrat ion contro l of the system 15 

[ 4 ] S . R o l e w l o z I Anallsa funkojonalna 1 t e o r l a 
sterowanla. Warszawa 1977« 

[ 5 ] A. D y m i t r u k , J . Il u s 2 ; îi s k i 1 Damped 
v ib ra t ions of s t r i n g s oonneoted In a node, Demonstratio 
Math. 12 (1979) 501-508. 

[6 ] H.H. Ax e 3 e p M.r. K p e f t a t 0 BexoTOpsz b o -
npooax TSopHH KOiieuTOB. XapxoB 1938» 

[7 ]M.r. K p e a H , A.A. H jr A ( ' i » a i ') IlpoOjieua 
mohshtob HapKOBa h sKcrpexaji&HHa aaxaiH. MocKBa 1973. 

[8 ] H*H. K p a c O B O x a f t t Teopaa ynpaBxeiaui XBHxeHHeu. 
MooKBa 1968« 

INSTITUTE OP MATHEMATICS, TECHNICAL UNIVERSITY OP WARSAW, 
00-661 WARSZAWA 

Received Deoamber 7, 1987. 

- 571 -




