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VIBRATION CONTROL OF THE SYSTEM
OF STRINGS CONNECTED IN A NODE

Formulation of the problem

In this work we shall oconsider the problem of optimal.
control for a system of N strings connected in a node. These
strings, lying at rest in a plans, have the same lengths S
and the same masses per unit length ¢, and also the tension
To is the same for each of them.

We introduce the following assumptions:

1) the node is messlessj

2) both the points of the strings at the node oan move
only in the direction perpendiocular to the plane in which
whole the system lays in its equilibrium state (the node moves
in this direction without any drag);

3) the node does not transmit any forces aoting in the
plane of strings.

For simplifying calculations we take VTO/Q = 1, For each
string we introduce its axis Ox directed along the string at
rest, to the node where x = S, Let Ui(x,t) denotes the displa-
cement of the point x from its equilibrium state position at
the time t for i-th string. The oscillations of each string
are described by the wave equations

(1) ul(x,t) = ul (x,6) for xe(0,5), t>0, 1 = 1,2,40.,N
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2 A. Dymitruk

with the initial conditions

(2) Ui(x,o) = fi(x), U%(x,Ov) = Fi(x) for xe<{0,Sp
1= 1,2,.-..“

and the boundary conditions

{3) vl(o,t) = ul(t) for $30, 1 = 1,2,000,N.

The geometry of node gives the conditions of the squality
of displacements in the node

(4) ul(s,t) = UP(S,t) = ... = UN(S,t) for t>0.

Morsover from the conditions of the equilibrium of verti-
cal forces in the node, treated as a point, we obtain the
following condition

N

(5) Z vi(s,t) = o.
i1

The problem of looking for the solutions of the equations
(1) under conditions (2)-(5) is described in the paper [5].
The problem of the optimal control may be formulated as
follows: one should find the time interval T and control funec-
tions ut(t)e Lz[b,T] with the norms limited by a given number
1>0 1,e.

1/2

T
i - 2 <
Il w (“"szo,T] {]u(t” at <1

which will set a rest during the time interval T the vibra-
tions of the system (1) caused by nonzero initial oconditions
(2) i.e. the equilibrium conditions will bs satisfied at

a time T

. 1
(6) viix,1) = 0, 3% (2,7) =0 for xe(0,5>.
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Vibration control of the systenm 3

We shall assume that fi(x)e:cz(o,s) and they have their
third derivatives piecewlise ocontinuous, and moreover fi(o) =

2,1
- 93—1’?—(0) = 0, £1(S) = 0, functions F*(x)e c'(0,S) and they
X

have their second derivatives plecewise continuous, and also
F(0) = 0 = F(s5),

We shall mean the solutions Ui(x,t) of the system (1)
under conditions (2)~(5) in the generalized sense, as a limit
for n —=co of the solutions Ui(x,t) of the system (1)-(5)
corresponding to the control functions to the control functions

on
ut(t)e c2[0,7] satisfying the conditions un(0) = w2 (0) = 0,

where {ht(t)},convergea on [0,T] to the functions wi(t) in
the norm L,[0,T].

If for any functions fi(x), Fi(x) satisfying the above
assumptions the control functions u (%) exist, we shall say
that the system is controllable,

The prodblem of control for a single string was investigat-
ed by A.G. Butkowski [1] by applying the oontrol functions
to the both ends of the string, or controlling the one and
only, the same time the second one beeing built-in, For both
the above oases A.G. Butkowskl gives an effective method of
the calculation of the control funotions., S. Rolewioz in his
papers [2] and [3] investigated the system of the strings
connected in the form of "net", with the control functions
applied in its nodes,

Solution of the problem

Passing on to the solution of the problem formulated in
this paper, we shall assume that the system contains three
strings i,6. N = 3,

Let us invedtigate first the following casse: we assume
that the vibrations of such a system are caused by non-zero
initial conditions for the first string. The question arises
if such a system ocan be set at rest by single control funotion
acting at a point x = O of the first string (Fig.1) 1i,e. does
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4 A, Dymitruk

such a control funotion u(t) = U1(0,t) exist, for which the
condition (6) is satisfied,

uft) 1

Fig.1
In this case the initial conditions (2) have the form

ul(x,0) = £(x) U3(x,0) = U3(x,0) = 0
(2") ' for xe<{0,8>
UI(X.O) = F(x) Uf(x.O) = U3(x,0) = 0

and the boundary conditions (3) become the conditions
(3') ul(o,t) = ult) U2(0,t) = U3(0,4) =0 for t30.

We find the solutions of the equetions (1) under condi=
tions (2'), (3’), (4), (5) by the method given in the work [5].
They are of the form

U1(x,t) = % Q({x,t) + %— z(x,%),

u3(x,t) = Ux,t) = 1 alx,t) -3 2(x,t),
where Q(x,t) is the solution of the equation
Q¢lx,t) = Q (x,t) for x (0,5), t>0

undexr conditlions
Q(x,0) = £(x) Q(0,t) = u(t)
Qq(x,0) = F(x) Q.(s,t} =0 for xe<0,8) >0
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Vibration control of the system 5

and z(x,t) is the solution of the equation

ztt(x,t) = zxx(x,t) for xe(0,58), t>0
under conditions
z(x,0) = f(x) 2(0,t) = u(t)
3,(x,0) = F(x) 2(5,t) =0 for xe<0,8>, t>0.

Using the method of separation of the veriables to the
above problems we obtain the solutions in the form

(1) Qx,t) = Z I:Cn cos (ﬁ_zg_llir t +
n=1
- 351 — D, sin (2n2- 1) t] pip (20 = 1)r
oo L]
+ Z%si‘n (—@-é-'sl)—rxfu(f) sin (2n- 1 T (t~-1T)dr
n=1 (0]
where

2
Cp=5s

£(¢) sin (20 = T £ g

O%m

s
Dn-%fl“(g) sin_‘ﬂfgllgdg
0

and

(7') z(x,t) -Z I:A con—-—t "’Jrsn Bn sin S t] sin—x+

n=1
oo ]

+ Z% sin Aslrxfu(f) -iné—’r(t -T)dT,
n=1 0
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where

>
]
vjn

OCmytn Oe-am

£(g) sin &7 54k,

2 nir
Bnn-s— F(g) sin——s Edg
(2n - 1)
For simplicity of writing we denote Ty = %ps

ES_JI, /3n. Let us come back to our main problem, i.e. finding

such a control function u(t), which satisfied the equelities
(6) at the time T. From the condition U (x,T) = O we obtain

¢(x,T) = z2(x,T) = 0 for xe<0,Sh

Similarly, from the ocondition U:,‘G'(x,'l‘) = 0 we have

Q(x,T) = 2,(x,T) = 0 for xe 0,5

Let us coneider the conditions imposed on the function Q

(& -]
Q(x,T) = E [Cn cos o, T +%n— D, sino T +
n=1

+ %sin a (T - r)u(r)d_r,] sino x = 0

n

O%——3

(8) oo
Qt(x,T) = Z [-qncn sina T + D, cos o ,T +

D=1
T
2
+j S &, oos an(T - T)u('r)d'c] sin o x = 0
0

for x ¢ (0,S).

The system of functions {sin anx} is complete in L,[0,S],
thus for satisfaction of the condition (8) it is necessary
and sufficlent that all coefficients at sin & X should equal
to gero. From here we obtaln the infinite system of equations
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Vibration control of the system 7

T
(9) J‘% sin an(T - T)u(T)dT + C, cosa T +
0 1
+an sinan‘r = 0,
T
{10) f%—oos °‘n(T - T)u{T)dr - C, sino T +
0
1
+ 5 Dn oosqn‘r =0

n

for n = 1,2,¢00

Multiplying (for fixed n) the equation (9) by i (ie C)
an adding to the equation (10), and then dividing the result=~
ing equation by exp(inT) we obtain the new system of equations,
which can be written, after the separstion of the real and
imaginary parts, as follows

T
S r -S
(11) J‘u(t) sino t dt = 5 C ), ju(t) cos ot dt = Zo, Dy,
0 0

for n = 1,2,0..
Considering the conditions imposed on function 2
z(x,T) = zt(x,T) =0
taking into account the fact that the system {sin ﬂnx} is
complete in L,[0,5] we obtain the system of equations

T T

(12) j u(t) sin B ¢t dt = % An.f u(t) cos B, t dt = -2_2; B,
0 0
for n = 1,246

The equations (11) and (12) ocan be rewritten in the form
T T
S S
(13) (r u(t) sin 7, t dt =§an,f u(t) cos y t dt = -2 b,
0
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An for even n Bn for even n
72 2
&p " b, =
(o] D
b1 por odd n -gil for odd n

for n = 1,2.000

Let us assume the length of the strings S = s/2. Then the
equations (13) take the form (7, = n)

T
(14) f“(” sin nt dt = T ap, %‘u(t) 008 nt dt = = 4o by,

This way, the problem of finding the optimal control was
reduced to the problem of finding such a funetion u(t)eL2 [O,T]
which norm is limited by a number 1>0, ||ull<l and for which
the infinite system of equations (14) is matisfied i.e. the
momsents of which are given by system (14) in relation to some
system of funotions. In our caese it 1s a system of the funo-
tions sin nt and cos nt for n = 1,2,e06

Basic results of the theory concerning the problem of mo~-
ments were obtained by M.G. Krejn [6], [7], but H.H. Krassows-
ki [8,9] was the first who applyled the results obtained from
this theory to the problem of optimal control.

In our problem the beeing restriocted for function u(t)
will belong to the space lin{sin nt, cos nt}c L, [0,T] 80 it
will be a periodic function with the period 2m

Let us express T in a form of T = 2rk + €, where k=0,1,...
and 0<t <2w, Then the equetions (14) under condition u(t+2x) =
= u{t) can bs expressed in the form

2rk+¢ £
(15) f u(t) sin nt dt = (k + 1) fu(t) sin nt 4t +
o 0
2 2r
+ kf u{(t) sin nt dt = fq/(t) sin nt 4t = 4£an
€ (]

n= 1,2’...
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Vibration oontrol of the system 9

2rk+¢ &
(15) I u(t) cos nt @t = (k + 1) fu(t) oos nt At +
4] 0

T 2
u(t) oos nt dt = fw(t) cos nt dt = -{Ebn
)

2
+kj
[
N = 1,24000

where

(k + Mu(t) for te {0,e)

(16) y(t) =
k u(t) for te (5. 27,

The function y(t) is caloulated from the conditions (15)
exact to some constant C, as 1t is seen that %—an and - 4_nbn
for n = 1,2,... are the Fourier coefficlents of the function
y(t) on the interval <0,2r). From the above

©0
(17) y(t) = 1— Z (an sin nt '%bn cos nt) + C = G(t) + C.
n=1

From the conditiona imposed on f(x) and F(x) it appears
that the above series is uniformly convergent. From the for-
mulae (16) it is seen that if k # O then the beeing looked
for control function u(t) is on the interval (0,2 >of the

form
kiHB;(t) +¢] for te<0,6)>

(18) u(t) =
% [G(t) + ¢c] for tele, 27>

where for t+> 2y (but t<T) the function u(t) is periodically
extended with the period 2y, For k = 0 and 0<¢ < 2y the equa~
tions (15) can be rewritten in the form

2 2
(19) e{"(“ sin nt dt = 7 a, c!:V(t) cos nt dt = -4Lnbn
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10 A. Dymitruk

where
u(t) for te <0,&D
v(t) =
0 for tel(e, 27)

and v(t) is also caloulated exact to some oonstant C
(20) v(t) = G(t) + C for O<t<2m

" But, for te (e, 27r>1it is seen from the formula (19) that
the funotion v(t) should be equal to sero, Thus, in this case
i.e. for k = O that is to say for 0<T <2rs, we obtain from
(20) that the constant C = -G(t*), where t* - any element from
(¢, 2r>8nd the being looked for eontrol funotion is calculated
explicitly

(21) u(t) = G(t) - a(t*), te<0,6>, t*e(e, 27,

It is seen from (20) that in the case 0<T <2y the control
function u(t) exists if and only if G(t) is oonmstant on the
interval (¢, 2m ., If the initial functions f(x) and F(x) are
such that G(t) is not constant on the interval (¢, 21), then
the control function u(t) giving the setting the system at
rest during the time interval T <2 does not exist. In such
a case the choice of the constant C for T>2s1in the formula
(18) remains. The constant C can be choosen e.g. so as for
a given T>2yto minimize [u(t)l| [0,7] where u(t) is describ~

2 9

ed by the formula (18), or minimal time of setting at rest
Tmin (Tminz.?m can by looked for choosing the constant C so

as "u(t)”LZEO'TminJSL It is easy to show that the function

G(t) is of the form

(22) 6(t) = L £(t) + 3 | Blr)ar for te<o,2r)

o
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Vibration control of the system 11

where
£(t) for te <0, JET

£(t) = 0 for te(%, 3%’) F(t) - similarly.

~f(2m-t) for te (%, 21>

Finally, for T = 2rk + &6, k = 1,2,... the optimal control
function u(t) under the initial conditions f(x) and F(x) can
be written in the form

t
(E‘}-T [%— £(t) + %f F(T)aT + C] for te<0,&)
0

(23) u(%) =¢

t
1717 1ts
B [2 £f(t) + 2({F(r)dr+ C] for tele, 27>

and for t>21 fuanction u(t) is periodically extended with
the period 2m

Let us consider once more the vibrations of the system
caugsed by non~zero initial conditions on the first string i.e.
by conditions (2'), but let us ask the questions concerning
the setting the system at rest in an other form: it is possible
to set at rest such a system by the control function applied
at zero point of the second and third string (Fig.2).

zl&'(f)

= \7,
Eu(f)

Fig.2

In this case the initial conditions (3) become the form

(3")  ulo,t) = 0, U%(0,%) = U(0,t) = F &(t) for t>o0.
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12 A. Dymitruk L

The solutions of the problem (1) under conditionms (2'),
(3”), (4), (5) are as follows

U1(x,t) = % Qlx,t) + % wix,t),

Uz(x,t) = U3(x,t) = —;—Q(x,t) - %w(x,t)

where the function Q(x,t) is designated by the formula (7) but
w(x,t) differs from z(x,t) in boundary condition at a point
x = 0, namely w{0,t) = -% i(t) for t =0,

From here

[~ -]
1
w(xt):é A cos Bt +—>— B sinfB t|sinp x +
’ [n n By ' n /3:1] Pu

n=1
2 t
- —;—Z % sinﬁnxf u(r) sin Pplt - T)dT.
n=1 0

From the conditions (6), which we put on the control
funotion u{t), we obtain

Qx,T) = wix,T) = 0, Qqu(x,T) = w(x,T) = O,

The above system leads us (similarly as before) to the
infinite system of equations

T T
(24) ’gﬁ(t) sin At dt = %cn, f td(t) cos nt dt = - %dn
0

where
-2An for even n -2Bn for even n
2 2
°n * for odd n | % =
Cm_1 or o n Dn+1 for odd n.
2
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Further treatment leading to calculation of the control
function u(%) will be similar to that described beforse. In
this case the function G(t) take the form

[~ -]
(25) G(t) = %—}E; (cn sin nt --% d, oos nt).
n=1

Taking into account the formula for ¢, and d, 1% is easy
do calculate the sum of the above seriss, Thus

(26) 6(t) = 3 B(t) + % | Fr)ar  for te<o0,27>

Ocﬂd

where
0 for te <0, 5
£l - %) for te(%,ﬂ)

F(t) = F(t) - similarly.
~f{t - 7) for te(m, %JT>

Lo for te (2m, 27>

The form of functions F(t) and F(t) result in fact that
G(%t) is constant on the interval (%ﬂ; 27> and equals tu zero,
It is the necessary and sufficient condition for existing
control function uU(t) which will set at rest the system in
the time period T<2i, Thus for T = %uﬂ'exists explicitly
ocalculated control function

3
(27) a(t) = ;—f(t) + ;—fi"(r)dr for te <0, _g_;r>.
0

Conoclusions

The above considerations lead to the following conclu~-
sions: it is seen that the vibrations of the system caused by
the non-zero initial conditions put on the one string only can
by set at rest in two manners:
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14 A, Dymitruk

- by the control function applied at the end of this
string (Pig.1), in this case the shortest possible time of
setting the system at rest equals Tmin = 2
or

- by two the identical control functions applied at the
ends of the remsining strings (Fig.2), in this case the
shortest possible time of setting the system at rest equals

T =-§]T.

minIt is easy to show that the system under consideration can
not be set at rest by the control funotion applied at the end
of only one of the remaining strings i.e. in our case the
second or the third one.

On the superposition principle we can conclude that the
vibrations of the system with any initial conditions can by
also set at rest in two manners:

- applying the oontrol functions at the end of all three
strings, in this ¢ase the shortest possible time of setting
the system at rest equals to %—N
or

- applying the oontrol functions at the ends of two
strings only, in this case the time of setting the system at
rest will be elongated to 2,

In the case of a greater numbsr of strings, the optimal
control problem may be solved similarly.

Gensrally, the system consisting of N strings, can be set
at rest by N control funotions or (N=-1) ones.
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