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ASYMPTOTIC EQUIVALENCE OF DIFFERENTIAL EQUATION 
IN BANACH SPACE 

1 . The purpose of t h i s paper i s the study of the asympto-

t i c e q u i v a l e n c e between the s o l u t i o n s of the d i f f e r e n t i a l 

eq uat ions 

( I ) x' = A ( t ) x + f ( t , x , T ( x ) ) and ( I I ) x = A ( t ) x 

i n Banach space B. Here x , f are the e lements of E, A(t) i s 

a l i n e a r operator on E<> More p r e c i s e l y , we g i v e some c o n d i -

t i o n s which guarantee t h a t f o r each bounded s o l u t i o n y : J — - B 

(J = < 0 , ) , E-Banaoh space wi th norm ||*||) of ( I I ) there 

e x i s t s a bounded s o l u t i o n xs J — » - E of ( I ) such t h a t 

(*) l i m ||x(t) - y ( t ) ] | = 0 
t—'OO 

and c o n v e r s e l y . We prove the e x i s t e n o e of a homeomorphism 

between bounded s o l u t i o n s of ( 1 ) and ( I I ) * 

I n t h i s paper we use some n o t a t i o n s , d e f i n i t i o n s and r e -

s u l t s from [ 4 ] - [6]. 

Let E denote the space of continuous l i n e a r mappings 

B — — E , C = C(J,B) the space of bounded continuous f u n c t i o n s 

us J —»- B w i t h the norm ||u||c = sup j || u( t )|] : t e j | , L 1 = L 1 ( J , B ) 

the space of Bochner i n t e g r a b l e f u n c t i o n s usJ—«-E w i t h norm 

00 

IMh - / l H * ) | | « . 
0 
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2 J. Ilorchaio 

and l e t L - L(J,B) represent the spaoe of strongly measurable 
functions utJ——E, Boohaer integrable in every f i n i t e sub-
interva l J' of J with the topology of the convergence in the 
mean on every suoh J ' , i . e . oonvergenoe in L 1 ( J ' ,B ) of the 
r es t r i c t i ons to J ' . The symbol B(J,R) denotes a Banach func-
t ion spaoe such thats 
1° B (J ,R ) c L(J,R) and B(J,R) i s stronger than L (J ,R ) , 
2° B(J,R) i s not stronger than L 1 ( J ,R ) , 
3° B(J,R) contains a l l essential ly bounded functions with 

compact support, 
4° i f ueB(J,R) and v i s a real-valued Measurable function 

on J suoh that |v|s|u|, then v e B ( J , R ) and ||v||B é Hu^. 
By B - B(J,B) we represent -the Banaoh spaoe of a l l strong-

ly measurable functions utJ —- B such that || u(t)|| e B( J,R) and 
with lluljg - || ||u(t)||||B. Let A e L ( J , 2 ) . Let U be the fundamen-
ta l solution f o r ( I l ) y i . e . U i s the continuously d i f f e r en t i ab -
l e funotion from J to B such that U ( t 0 ) - I and u' - A(t )U 
whenever t e J. Let B1 be the subspace of I to which x be-
longs i f and only i f the function from. J to E*desoribed by 
t — — U ( t ) x , i s bounded. Let S1 be closed and have dosed com-
plement B2 suoh that B « © B2. Let F^ and ? 2 b < supplemen-
tary projections of B onto B1 and B2, respect ive ly . 

Assume that f o r every b e B there ex is ts at least one 
bounded solution of the d i f f e r e n t i a l equation 

( I I I ) x ' - A ( t ) x + b ( t ) . 

Then, by Theorem 51*1 éf [ 5 ] , there ex is ts a constant K>0 
such that f o r every b e B the equation ( I I I ) has a unique 
bounded solution x with x ( 0 ) e B 2 , and this solution s a t i s f i e s 
llxHg^Kllbl^. Por every b e B denote by P(b) the bounded solu-
t ion of ( I I I ) suoh that x ( 0 ) e Bg. Then P i s a mapping of B 
into C and 

1° |]p(b)||c ^ K||b||B, 

2° P(k1b1 + k2b2 ) - k.jFfb.,) + k2F(b2 ) f o r b.,,b2eB and k^kgfeR. 
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Asymptotic equivalent;« of equation 3 

Moreover, by [5] (Theorem 5 2 . J ) , 
"fc Oo 

(1) P(b) ( t ) = JT U(t)P1U'1(a)b(B)dB - J U(t )P 2 U" 1 ( s )b(s )ds , 
0 t t e J , 

for every b e B vlth oompaot support. 

2. Consider the equation ( I ) in which ( t , x , y ) — - f ( t , x , y ) 
i s a function from J x E x E into B, continuous in x,y for any 
fixed t e J , and strongly measurable in t for any fixed x , y e E , 
and T»C(J,B) —-C(J ,E) i s continuous operator with T(0) 0, 
the space C(J ,S) oontains a l l continuous functions y : J — - B. 

T h e o r e m 1. I f 
1° p . i J x J — - J i s continuous function such that o 

( i ) sup r ( z 1 t z 2 ) - r { u , v ) , a > 0 , a e R , 
a ^ z ^ u 

<1 for eaoh a ,b , 0 < a ^ b , 

2 there exist a function f e B ( J , K ) and a constant LQ> 0 suoh 
that K||h||B<sl, 0 < L o s = 1 and 

| | f ( t , x , u ) - f ( t , y f v ) | | ^ h ( t ) r 0 ( | |x - y||,||u - v||) 

for any x t y e B ( u , v e D c B , t e J , and the operator T sa-
t i s f i e s the condition 

||T(x) - T( j ) | |g«L 0 | | x - y||c for any x , y e C ( J , E ) , 

3° f ( • » 0 , 0 ) 6 B, 
then for any peB^ there e x i s t s a unique bounded solution 
x ( * , p ) of ( I ) with P.jxf' .P) » p and 

(2) x - O f M P ^ t O ) + F ( f ( • ,x,T(x))) • 

The method of the proof i s the same as that of Theorem 1 
from [6], 
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4 J. Morchaio 

Consider now the in tegra l equation 

(3) x ( t ) = U(t )p + J U ( t ) P 1 i r 1 ( s ) f ( s , x ( s ) , T ( x M s ) ) d s -
0 

oo 

- J U ( t ) P 2 U " 1 ( s ) f ( s , x ( s ) , T ( x ) ( s ) ) d s . 
t 

Clearly, (3) defines a mapping which can be written symboli-
cally in the form 

(40 Gpx = U ( . )p + F ( f ( • , x , T ( x ) ) ) . 

L e m m a 1. Let f ( . , 0 , 0 ) = 0 and m = sup ||u(t)pj|. 
te J 

I f the assumptions of Theorem 1 hold, then for each r Q > 0 
and pe S ( r 1 ) , where 

S i r , ) := jp:p6B1,||p||^r1 = m-1 (ro - r(r0,r0)K||h||B)j , 

G is a mapping of E ( r J := j x:x e C, llx ||^r0J into E i r j 

and is a contraction on 2 Z ( r 0 ) . 
P r o o f . For any x e Z l ( r o ) from (4) we have 

^ mil p |! + K||h||Br(r0,r0)<cr0. 

Prom this i t follows that Gp H , ( v Q ) c £ ( r 0 ) . 
Now we verify that the operator Gp i s a contraction map. 

Let x 1 f x 2 & E ( r 0 ) i then 

N V l " V 2 l l c s £ K l l f ( , ' x 1 ' T ( x 1 , ) " f ( - , x 2 , T ( x 2 ) ) | | B ^ 

^ K||h||B r i m - x g l l c . l l x . j - x ^ ) . 

Applying Krasnosielskii 's Theorem [6J we deduce that there 
exists x such that x = Gpx. This completes the proof 
of Lemma* 
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A s y m p t o t i c e q u i v a l e n c e o f e q u a t i o n 5 

We d e f i n e a mapping V as f o l l o w s Vp = x f o r pe S ( r . j ) , 

where x i s a unique s o l u t i o n o f the e q u a t i o n x = Gpx i n 

L ( r 0 ) c E . L e t V S ( r 1 ) = A. 

L e m m a 2 . I f V : S ( r 1 ) - - 2—, ( r Q ) , t h e n V i s a h o -

me omorphism o f S ( r 1 ) onto H ( r 0 ) , a n d V , V " 1 s a t i s f y L i p -

s c h i t z ' s c o n d i t i o n . 

P r o o f . F o r any p 1 , p 2 e S ( r 1 ) we have 

l | U ( t ) ( P l - p2)||c^m||pi - p2||. 

L e t , x 2 e A and Vp1 = x 1 , Vp 2 = x 2 . Prom the d e f i n i t i o n 

o f the o p e r a t o r V we o b t a i n 

x., = U( •) P l + P ( f ( . , x 1 , T ( x 1 ) ) ) , x 2 = U ( ' ) p 2 + P ( f ( ' , x 2 , T ( x 2 ) ) ) 

and 

l l x 1 - x 2 l l c ^ m l | P l - P 2 l l + K H h l l B r ( H x 1 " x 2 l l c ' H x 1 " ^ H c ^ 

^ m||p1 - p2||+K||h||B||x1 - x2||c . 

Henae,V s a t i s f i e s the L i p s c h i t z c o n d i t i o n 

( 5 ) ||X1 - x 2 | | c ^ m d - K||h|lL)-' i|ip1 - p2||. 

C o n v e r s e l y , f o r any x . j , x 2 feH(K), we have 

( 6 ) ||P 1 - p 2 | | s | | x 1 - x 2 l | c + K | | h | | B | | x 1 - x 2 | i c » ( l + K||h||B)||x1-.x2||c, 

so V e x i s t s . 

T h e o r e m 2 . L e t the h y p o t h e s e s o f Theorem 1 and 

c o n d i t i o n K j j h l ^ i i - K j j n | j B ) ~ 1 < . 1 h o l d . T h e n the s e t S f r ^ c B 

i s homeomorphic r v i t h some s e t H e B and 

( a ) f o r ' eve ry p o i n t x ( 0 ) e H t h e r e e x i s t s a c o n t i n u a b l e 

tr> I n f l r i . i ^ o f ( I ) , 

' o . r.r. .rie b a s i s o f a home omorph i sm, the s o l u t i o n s y and x 

- . f f r - n aud ( I ) p a s s i n g t h r o u g h the p o i n t s p e S f ^ ) and 

* = Z p e H , r e s p e c t i v e l y , s a t i s f y the i n e q u a l i t y 
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6 J . Morohalo 

| |x(t) - y(t)| |<nK||h||B(1 - K||h||B)-1||p||f 

(o) the mappings Zp - x(O) and Z" 1x(0) « p s a t i s f y 
Lipaohita oondition, and forthermore 

Zp - p + w ^ p ) , Z~1x(0) - x(O) + w 2 (x (0 ) ) , 

wh«r« « 1 and w^ arc aaoh that 

l l w ^ ) - w ^ p ^ l ^ - K l l h l l g d - K||h||B)"1 HP1 - p2 | | , 

Hw 2 (x 1 (0))-w 2 (x 2 (0)) | |^BK| |h| l B ( l-K| lh| | B ( l+n))- 1 | |x 1 (0)-x 2 (0)IL 

P r o o f . U t H - { x ( 0 ) » x { t ) 6 A } , Let Z«S(r.,) — H, 
whare Zp - v P | t » o " T h a n z ^aa iövaraa Z"1 defined by 
Z ' 1 x{0) - V"1x(0) - p. Per every p ^ p g e S f r ^ and x.,(0) » Zp1f 

x 2 (0 ) * Zp^ we hate 

Hx^O) - x 2 ( 0 ) | | ^ | | P l - p2|| + l l P f f f t . x ^ t ) ,T(x1 ) { t ) ) ) -

- P ( f : ( t , x 2 ( t ) , T ( x 2 ) { t ) ) ) | | | t M 0 ^ | | P l - p2|| + Klh||B||x1 - x 2 | | c . 

This i a p l i e s , by (5 ) , that 

(7) II (0) - x 2 ( 0 ) | k (1 + « k W b ( 1 - K¡h| | B )- 1 ) | | P l - p2||. 

Analogiaally 

| |P 1 - P j j Ik l lx^O) - x 2 (0 ) | | + k M b I U , - * 2 I c ^ 

« ^ ( O ) - x 2 ( 0 ) | | + BK| |h| | B ( l-Klh| | B )- 1 | | P l -p 2 | | . 

Hence 

(8) H p, - P 2 N ( 1 - mK||h||B(l - K||h| |B)- 1)- 1 | |x 1(0) - x 2 (0 ) | | , 

so Z and Z~1 s a t i s f y L ipsohi tz ' s condition (7) and (8 ) , r e s -
pectively. Let 
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Aaymptotio equivalence of aquation 

w1{p> « Zp - p - x(0) - p = P(f(t,x(t ) ,T (x)(t)))| t m 0, 

w2{x(0)) - Z _ 1x(0) - *(0) - p - x(0) = -P(f(t,x(t),T(*){t)J)|t=0. 

Then 

(9) |]w1(p1) - w1(p2)|| ^ 

« sup Ilv(r(t 0z1 (t) vT(x1 )€t))) -P(f(t,x2(t),T(x2)(t)))|| ^ 
t€ J 

^mK||h||B(l - K||h||B)-
1||Pl - p2|| 

and, sinoe w2(x(0)) = - w ^ p ) , by (9), (8), we have 

||w2(x.,(0)) - w 2 ( x 2(0))|| = |1 ( pn ) J - W i ( p 2 ) | N 

^mK||hBH(l - K||h||B)-
1||Pl - p 2 I U 

<mK||h||B(l - K|!h||B(1+m))-
1 Hx^O) -x 2l0j|| 

whioh proves the thesis (o). Using (5) and (8) we obtain the 

inequality 

" 
,||C£: n(l-K||h||B(l+m))~

1||xl(0) - x2(0)|| 

Thus,for x e A,we get 

(10) ||x||c^m(l-K||h||B(l+m)-
1||x(0)|| 

which proves the thesis (a). 

Let y = U(•)p be a bounded solution of (II). Then, for 

every bounded solution x of (I) with x(0) = Zp, we have 

II x(t) - y(t)|| = ||i(f(t,x(t),T(x)(t)))||^ 

^K||h||B||x||c^m K||h||B(l - K||h||B)-
1||p||. 

The proof of Theorem 2 is complete. 
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8 J . Morchaio 

T h e o r e m 3. I f 

1° the assumptions o f Theorem 1 h o l d , 

2° l ± a ||%jt00)t>llB - 0 f o r every b e B ( J . R ) , 

3° l i m ||u(t)P^ || • 0 , 
"t — 

4° f ( « , 0 , 0 ) - 0 , 
then (*) holds* 

P r o o f . Let x be a bounded s o l u t i o n o f ( I ) . Fo r any 
r e J put 

u r - F ( X < 0 > r > f ( ' , x , T ( * ) ) ) , v r = F ( X < r > o o ) f ( . , x , T { x ) ) ) . 

Beoause 

I I V ^ ^ J ^ ^ ^ ^ ^ ^ H t J J l l ^ X ^ ^ i t J h i t J r d l x l l c . H x l l c ) 

f o r t e J , so we have 

||v r || c ^K||X < r f 0 a ) f ( . , x , T ( 3 c ) ) )|| B ^K|^ < r ( 0 o ) h( . )|| B r (|| X || c , ||x|| c ) . 

By assumption 2°, l i m || X^ f Jcl(•)|]B = 0 , and t h e r e f o r e f o r 

any £ > 0 we can ohoose ? > 0 suoh t h a t IIv^IIq^-"!"* Moreover , 

by 3°, l i m ||u(t)P1 || = 0 . He nc e , there e x i s t s a t > r such t h a t 
t—°o 1 0 

r 
||ur(t)||S£||u(t)P1|| || J U - 1 ( s ) f ( s , X ( s ) , T ( X ) ( s ) } d s | k | -

0 

f o r t 0 = s t , l e t y = U ( « ) p be a bounded s o l u t i o n o f ( I I ) . Then 
f o r every f i x e d bounded s o l u t i o n o f ( I ) w i t h x ( 0 ) = Zp we 
have 

l l x ( t ) - y ( t ) || s£ || u r { tT|| + ||vr(t)||s£ £ 

f o r t ^ t Q , whioh i m p l i e s (*) ( C be ing a r b i t r a r y ) . 
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Asymptotio equivalence of equat ion 

R e m a r k 1. Theorem 3 i s a g e n e r a l i z a t i o n of an 
analogous r e s u l t of [2] f o r B - R n , B • L^, p - 1 and 
r ( u , v ) « qu, q < 1 , and of [3] f o r B « R n , B = L p , p = 1. 

Let B' denote the spaoe assooiated to B. Aaoording to 
Theorem 22.M [ 5 ] , i f ueB(J ,R) and v e B ' ( J , R ) , then 
| uv| e L 1(J ,R) and "Holder ' s i nequa l i t y " 

(11) / | u ( s )v ( s ) | d s< | | u | | B | | v | | B , 
J 

ho lds . Denote by G a func t i on from J x J to B suoh tha t 

G( t , s ) = 
U(t)P. |U~1(e) i f O i s i t , 

-U(t)P 2U~ 1(s) i f s > t > 0 . 

T h e o r e m 4« I f 
1° the assumptions of Theorem 3 hold , 
2° G ( t , . ) e B ' , | | G ( t , . ) l l B ' ^ K f o r a l l t e J , 
then the equations ( I ) and ( I I ) are asymptot ioal ly equiva len t . 

P r o o f . Let x be a bounded s o l u t i o n of ( I ) . I t w i l l 
now be shown tha t lim | |w(t)| | = 0, where 

t -»-co 
t 

w(t) u j U ( t ) P 1 U - 1 ( s ) f ( s , x ( s ) , T ( x ) ( s ) ) d s -

CO 

~ / u ( t ) P 2 U " 1 ( s ) f ( s , x ( s ) , T ( x ) ( s ) ) d s = 

e / 1 G ( t f s ) f . ( s t x ( s ) t T ( x ) ( s ) ) d s . 

Since 

l l X < T , o o ) ( t ) f i t ^ ( t ) . T { x ) ( t ) ) | | < X < r > 0 0 ) ( t ) h ( t ) r ( | | X | | c , | | X | | c ) 
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10 J. Morohaio 

for t , r e J , we oan write 

|| X<ri<so)f(.,xtT(X))||B^||X<rf0o)h(.)||Br(||x||c,||x||c). 

By assumption 2° of Theorem 3, for any £ > 0 we can choose 
r > 0 such that 

I I^O.oojMMllBrdUlc. l lx l lcXgl - . 

0," the other hand, from lim II U(t )P i || = 0 i t follows that 

there exists tQ^.rsuch that 

t 

' 13) ||U(t)P1 ||||/u- 1 ( s ) f ( s ,x (s ) ,T (x ) (s ) )ds||^y 
0 

for t ^ t Q . Therefore, for t > r we have 

z 

x ( t ) - y ( t ) = U(t)P1 J V 1 ( B ) f ( 8 , x ( B ) , T ( x ) ( B ) ) d s + 
0 

oo 
+ J G ( t , s ) f ( s , x ( s ) , T ( x ) ( 8 ) ) d s , 

T 

where y is a solution of ( I I ) . 
By (12), (13), 2° and (11), we infer that 

r 

||x(t) - y ( t ) M U ( t ) P 1 | | | | / u - 1 ( S ) f ( s , x ( s ) , T ( x ) ( 8 ) ) d s | | + 
0 

+ l|G(t,.)||B,||X<r>oo)h(.)||Br(||x||c,||x||c)^£ 

"or i > t o . The proof of Theorem 4 is complete. 
R e m a r k 2. The results contained in Theorems 2, 4 

ave sane extension of those of [ l ] for E = Rn, B = Mp, 
= qu., q < 1 , where li is the spaoe of measurable func-

tions x — R n with 
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Asymptotio egolvaledoe of equation 11 

1 
,t+1 \ p 

sup [ f | | x ( s ) | | p d s j 

R e m a r k 3. I f x : J — - B I s a bounded so lu t ion of 
( I ) , then routine computations show that the funct ion y de-
fined by 

00 

y ( t ) = x ( t ) - J > G ( t , s ) f ( s , x ( s ) , T ( x ) ( s ) ) d s 
0 

i s a s o lu t ion of ( I I ) . 
R e m a r k 4. By Theorems 1, 4, we a an show the asymp-

t o t i c equivalence of the equations ( I ) and 

(IV) x ' « A(t)x + g ( t , x , T ( x ) ) 

where ( t , x , y ) — - g ( t , x , y ) i s a funotion from J x B x B 
into E, continuous in x , y f o r any f i xed t e j , and strongly 
measurable in t f o r any f i xed x,y e B. 

T h e o r e m 5 . Let z be an unique so lu t ion of 
the equation 

z ' - A(t)z + f.j ( t , z , T ( z ) ) 

defined on J and such that z ( t ) —*-0 as t——c>o f where 
( t ) — " - f . j ( t , x , y ) i s a function from J x B x B into B which 
f u l f i l s the hypotheses of Theorem 1. Then ( I ) and (IV) are 
asymptotical ly equiva lent . 

P r o o f . Let z ( t ) = x ( t ) - u ( t ) , where x ( t ) and u( t ) 
are so lu t ions of ( I ) and ( IV) , r e s p e c t i v e l y } then, by d i f f e -
r e n t i a t i o n , we obtain 

( 1 4 ) z ' = A ( t ) z + f^ ( t , z , T ( z ) ) f o r zelt t e j , 

where 

( t , z , T ( z ) ) - f ( t , z + u , T ( z + u ) ) - g ( t , u , T ( u ) ) . 
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12 J . Morchaio 

Thus, the previous problem i s reduoed to f i n d i n g a s o l u t i o n z 
of (14) such t ha t lim | | z ( t ) | | = 0. Sinoe z i s the s o l u t i o n 

t— oo 
of the equat ion (14) , so x ( t ) = z ( t ) + u ( t ) i s the s o l u t i o n 
of the equat ion ( I ) . The so lu t i ons u and z e x i s t and are 
bounded f o r t e j , thus x i s a lso bounded f o r t e J . 
Henoe, by lim z ( t ) = 0, we have ( * ) . t-OO 
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