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ON ALMOST r-CONTACT STRUCTURE MANIFOLDS

1. Prelimiparies

Almost contact metric structure manifolds have been de-
fined and studied by Sasaki [1], Mishra [2] and others. In
the present paper, we have considerad r 1linearly independent
C® vector tields g and r (C°°) I-forms fx, r some finite in-

teger, and studied the notion of almost r-contact structure.
Let M°2*T be (2n+r) dimensionsl differentiable manifold

of oclass C*°, Suppose there exists on M2n+r a tensor field F

of type (1,1), r(C®) lineariy independent vector fields U

and r(C*°) 1-forms fl, X = 1,2,400, and satisfying the foilow-

ing properties:

(1.1) P2 =1+ ﬁ@g, I, being unit tensor fisld
= def
(1.2) X = PF(X) ror arbitrary vector field X
and
(1) FMU) =0,
X
(1.3) 4 (41} BoF = 0,
(111) f(u) = 5%y,
3

X, = 1,2,e04,r and ny denotes Kronecker delta.
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Thus M?P*T gatisfying conditions (1.1), (1.2) and (1.3)
will be said to possess an almost r-contact structurse.

Suppose further that M2n+r is endowed with a Riemannian
metric g satisfying [1]

- = X, X
(1.4) g(X,Y) = g(x,Y) - n(x)u(y).

Then in view of equations (1.1), (1.2), (1.3) and (1.4),
y2R+e will be said to possess an almost r-contact metric

structure,
Substituting X = g in {1.4) and making use of the equa-

tions {1.3)(1i) and (1ii), we get
1
(1.5) g(g,x) = u(¥)y, 1 = 1,2,00e,T

hgain, putting ¥ for Y in (1.4) and ueing (1.1) and
(1.3)(ii), we get

_ _ 1 _
(1.6) g{X,Y) + g{Xx,Y) = u(Y)g(x,g).

Putting X = U in (1.6) and making use of (1.3)(i), we obtain
m

(1.7) g(g,?) = 0, M= 1,2,000,T
Thus in view of (1.7), equation (1.6} takes form

(1-8) g(i’Y) + g(X,i) = 0,
Let us now-detine 2-form 'F as

(1.9) 'P(X,Y) = g(X,Y).
2. Soms results

In this section we shall prove some theorems related to
almost r-contact structure.
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Theorem 2.1. An almost r~-contact struoture is
not unique. If p be a non-singular vector velued function
on M2n+r’ let us put

(1) p oo F’ = Foyp,
X X
(2.1) (i1) vV =uoy,
(141) by = Uy x = 1,2ee0,m,

t X 2n+r
Then <F , V, v gives an almost r-contaot structure on M .
Proof. Post multiplying (2.1)(i) by F' and making

use of equations (1.1) and (2.1), we get

X X
P°F|2 = FQPOF' = ont_n = =y + u(y)g’ P°F|2 = =y+ V(P)X’
or
X
(2.2) F2acI +voV.
X

Also from (2.1)(i) and (iii), we have pyoPF'V = FopV =
= FU = O. Thus x x

(2.3) P'Vz=0, X =1,2,000sT
x
x x x
Again Vo F' = uopoF' = uoF = 0 by (1.1). Thus we have
(2.4) YoF = 0.
x b 4 .
Further v(V) = nop(V) = i) - 5%y or
p Yy Y
X X
(2'5) v(g) = 6 Y, X,y = 1,2,0'0’1‘.

By virtue of equations (2.2}, (2.3), (2.4) and (2.5) we

conclude that {F', v, v} gives an slmost r-contect structure
to M2n+ro x
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Theorem 2.2, The necessary and sufficient con-
dition that M2n+r be an almost r-gontact structure manifold
is that it possesses. a tangent -bundle M of dimension n tan-
gent bundle ﬂ conjugate to ¥ and the product set I (R ) of

ordered r-tuples of real numbers such that nn,nﬂn = ﬂnrwﬂr =

= T NN, o= and they span together a tangsnt bundle of di-
mension (2n+r). Projections L, M, N on m,, %, and T, are given

n
by
(1) 2L def P - iP,
(2.6) (11) om 98F 52 | ip,

X
(111) N=PF +I = udU.
n
\ X

Proof. Suppose first that M2n+r admits an almost

r-contact structure. Henoe corresponding to eigenvalue 1[2],
let g, X = 1,2,002,0 be n linearly independent eigenvectors.

Let g be eigenvectors conjugate to P. Further there are r 1li-
X
nearly independent vector fields H. Thus we have

X
aP = 0 = a = 0,
x

X X
Q =0 = b = 0,
X
X X X X X
°E =0=C=0= (a, b, ¢ are scalars}.
Now, if
(2.7) 3P+ DQ + 08U = 0
X X X
then
X_ - X-
(2.8) 8P + By + o0 = 0.
X X X
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In view of the equation (1.2)(i) and the fact that ;, 3

are eigenvectors corresponding to eigenvalues i and -i res-
pectively, we have

X
(209) :P had bQ = 0, X = 1,2.ooo,n-
X X

Baring (2.9) sgain and using the same fact that ;, 3 are

elgenvectors corresponding to eigenvalues i, -1, we get
x X
(2.10) aP + bQ = 00
X x
Thus from (2.,9) and (2.10), we have

X X
a = b = 0, X = 1,2,.-.,n-

X
Thus from (2.7), it follows that C = 0.
Thus {E, 9 g} is a linearly independent set. From equa-

tion (2.6), we can easily show that

(2.11) (i) Lp =P, (ii) LQ =0, (iii) LU = 0O,
X X X X

(2.12) (1) Mp =0, (i1) Mg = Q, (ii1) MU = O,
X X X X

(2.13) (i) VNP =0, (ii) ©¥N¢ =0, (iii) NU = U.
X X X X

Thus, there exists a tangent bundle ﬂn of dimension n,
a tangent bundle ﬁn conjugate to ﬂn and the product space Nn
or ordered r-tuples of real humbers such that ﬂnt\ﬁn =
= My nWy, = nN, = ¢ and N, v v, gives a tangent bundle

of dimension (2n+r), projections on ﬂn’ in and T, being L, M
and N respectively.

Suppose conversely that in M
bundle T, of dimension n, ﬁn conjugate to ﬂn and product
set ﬂr such that they are mutually disjoint and span together
a tangent bundle of dimension (2n+r).

en+r there exists a tangent
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Let ; be n linearly independent vectors in m,, Q in ﬁn
x
conjugate to ; and g be r linearly independent vectors in pro-

duct set ﬂi. Suppose {P, 3, U} span a tangent bundle of di-
X X X X X
mension {(2n+r), Define the inverse set }p, g, uf as

x x x
(2.14) POP + q®Q + u®U = I,
x X x
Let us now put
def x
(2.15) F = i p®§ -

Thus we have

2

T I
{2.16) P o= i{p@P -q®Q}.
x X

In view of the equation (2.15), the above equation taskes fora

2 X X.
F© = -p@P-rq@Q}
X X

which by virtue of (2.14) takes the form

X
(2.17) F2 = -I + u@U.
X

Thus M2n+r admits an almost r=-contact structure.
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