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A REMARK ON A CHARACTERIZATION OF THE POISSON PROCESS 

A characterization of the Poisson process by properties 
of conditional moments obtained by Bryc (1987) may be sim-
plified in the following way. 

T h e o r e m . Let X « b® a e < 3 u a r a integrable 
stochastic process such that for any 0 $ e ^ < . . . $ s n < s < t , 
η *= 1 , 2 , · · · 

(1) BXt « t , 

(2) cov(X8 , X t ) = s , 

E<Xs!XSl V = + V 
ι η η 

*<*β\\ V = Β ι Ζ®η + + B ° ' 

ΐβ*ι*Β\\ ν v = c ( X t " V ' 

(3) 

(4) 

(5) 

where A^, A^, B^, B^, Bg, C are some constants depending on 
β . | , . . . , β η , s , t only. Then X i s a Poisson process. 

In Bryc (1987) i t was additionally assumed that 

(6) Var(X ]X , . . . , X f l ) = const. si s 1 s Q 

P r o o f . We will prove that (6j follows from ( l ) - ( 5 ) 
and then our Theorem will be a consequence of Bryc characte-
r iza t ion . Prom (1 ) , (2) and properties of conditional expec-
tations we easily compute 
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2 J · We 8 oì ow elei 

A1 - 1, A0 » β - Bn , B1 + B2 = 1, Bp « 0 . 

Let us denote Y « (X , . . . , X „ ) . Then from (5) we ob ta in 
8 1 η 

(7) Β(XgIY) = ß(B(Xg|Y, Xt)|Y) - - CXQ + 
η η 

+ + c)B(XJY) + B|B(X2|Y). 

We observe t h a t (3) impl i e s 

(8) B(XtXe|Y) = B(B(Xt|Y, XS)X8|Y) -

- b(x8|y) + ( t - s j b ( x 8 | y ) . 

On the o ther hand from (4) we ge t 

(9) B(X tI8|Y) - B i ^ B d j Y , X t)|Y) -

» B1XS B ( X J y ) + B2B(X||Y). 
η 

The formulas ( 7 ) - ( 9 ) imply 

B.JE(Xg |y) = B^Xg - CX8^ + (B^g X8^+C)B(X t|Y) + 

+ B 2 ( t - s ) B ( i 8 | Y ) . 

Now we apply onoe aga in ( 3 ) · Henoe 

+ C(t - sQ) + B 2 ( t - s ) ( s - e n ) . 

Coneequëntly 

Β(χ2 |γ) = χ2 + 2A0X + c o n s t , 
η η 

s ince B 2 ( t - s n ) * s - sQ* Applying (3) t o the above equa t ion 
we get ( b ) . α 

S imi la r s i m p l i f i c a t i o n may be a l so in t roduced to P r o p o s i -
t i o n 3.1 i n Bryc (1987). (The assumption (13) of t h a t P r o p o s i -
t i o n fo l lows from the remained ones and thus may be d e l e t e d ) . 
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