
DEMONSTRATIO MATHEMATICA 

V o l . X X I No 2 1988 

Olga Macedonska 

THE SEMIGROUP OF ENDOMORPHISMS 
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1. Introduction 
I t i s known [9] that an endomorphlsm of a free group FQ 

of a f i n i t e rank which i s invert ible from one side must be 
an automorphism. We oonsider the s i tuat ion in the semigroup 
of endomorphisms of the free group F of countably i n f i n i t e 
rank* Two endomorphisms u and ν are oalled equivalent 
i f there e x i s t s an automorphism a such that u = a ° v . The 
duality of automorphisms and the inf ini te Nielsen t r a n s f o r -
mations allows us to use Theorem 6 from [7] to s ta te that 
every endomorphism i s equivalent to the so-cal led free endo-
morphlsm whioh maps a part of a base into 1 and another part 
into a Nielsen-reduoed s e t · Applying t h i s f a c t we generalize 
the proofs of several known theorems from FQ to F. Ve show 
also that every endomorphism of F i s a product of a mono-
morphism and an β pimorphism. The same i s proved for the free 
abelian group F / F ' whioh implies that every inf ini te matrix 
over Ζ with a f i n i t e number of non-zero oomponents in every 
row i s a product of a matrix with lineary independent rows 
and a l e f t invert ible matrix. We wil l be dealing with sub-
semigroups of endomorphisms of F whioh are l i s t e d below: 
End - semigroup of a l l endomorphisms, 

End00 - subset of endomorphisms with the i n f i n i t e l y generated 
image, 
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2 O. Maoedoñska 

Βpi - semigroup of epimorphisms, 
Mono - semigroup of monomerphisms, 
Sur - semigroup of s u r j e c t i v e endomorphisms, 
I n j - semigroup of i n f e c t i v e endomorphisms, 
M - semigroup of endomorphisms whioh map a base i n t o a se t 

independent mod F ' , 
R - semigroup of endomorphisms i n v e r t i b l e from the r i g h t 

s i d e , 
L - semigroup of endomorphisms i n v e r t i b l e from the l e f t 

s i d e , 
Aut - group of i n v e r t i b l e endomorphisms t h a t i s automorphisms. 

2. Def in i t i ons and p re l iminar i e s 
fo l lowing [9] we consider a f ixed r e l a t i v e l y f r e e group 

G » P/V of oountably i n f i n i t e rank . As the b a s i s of G a s e t 
of f r e e genera to rs x ^ x g , . . . i s chosen and w i l l remain f i x e d . 
I t s c h a r a c t e r i s t i c property i s tha t eve r ; mapping of these 
genera tors i n t o the group can be extended t o an endomorphlsm 
of the group* We s h a l l use a p resen ta t ion of an endomorphlsm u 
by means of i t s components, namely, the linages of the f r e e 
genera tors I f u maps x¿ in to u¿, 1 = 1 , 2 , . . . , we i n t e r p r e t 
the ordered se t of elements u^ as an i n f i n i t e veotor 
u - ( u ^ u g , . . . ) . The word i n f i n i t e w i l l be omit ted. I f now u 
i s a r b i t r a r i l y chosen, the corresponding -endomorphi/em u i s 
defined to map the element g ( x 1 , . . . , x Q ) i n t o g ( x 1 , . . . > x n ) u » 
« g ( x 1 u , . . . , x n u ) » g(u^, . . . ,UJJ ) or b r i e f l y , g(x)u - g ( u l , 
where χ • (χ., , x 2 · · . · ) · The se t of a l l endotìojrphisms u of O 
i s represented by the set, of a l l veot-ors with components 
α 1 " v e 0 * o r e r ep resen t the same endomorphlsm i f 
and only i f the corresponding components i n t e r p r e t e d as e l e -
ments of the absolute ly f r e e group F on the same genera tors 

d i f f e r by elements of V. 
The product u »τ of endomorphisms i s def ined by x¿(u ο ν) • 

« (x^ujv » u^íy) and i s represented by the vec to r u ο ν » 
« ( u 1 ( ν ) , u ^ í v ) , . . . ) . The veotor χ r e p r e s e n t s the i d e n t i t y 
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endomorphism· Ve s h a l l use the same small bold-faced l e t t e r 
t o s i g n i f y e i t h e r an endomorphism or a corresponding veotor 
with components from G. 

2 .1 . D e f i n i t i o n . ( [11], 2 . 2 . 1 ) . An endo-
morphism u i s oal led a monomorphism (epimorphism) i f 
ν ο α = w o u implies v = w ( u < > v = u o w impl ies ν » w). 

2 .2 . D e f i n i t i o n . An endomorphism u i s 
ca l led inve r t i t i l e from the r i g h t side i f there e x i s t e ν 
such tha t u o v a χ . Respect ively , ν i s ca l led i n v e r t i b l e 
from the l e f t s ide . An endomorphism i n v e r t i b l e from both s ides 
i s ca l led i n v e r t i b l e or an automorphism. 

In the category of groups the not ions of monomorphism 
and infec t ive» morphism (epimorphism and s u r j e c t i v e morphism) 
coincide ( [11 ] , 2.2.4» 2.2.12) bu t , since we r e s t r i c t e d our-
se lves to the subcategory with one object G and the semigroup 
of morphisms End G, the s i t u a t i o n i s not obvious. 

2 .3 . The notions of monomorphism and i n f e c t i v e endo-
morphism coincide . Indeed, ν o u = w o u implies ν = w i f and 
pnly i f v^u «= w^u implies v^ = w^ f o r a l l i which gives the 
required r e s u l t . 

2 .4 . There e x i s t s an endomorphism u of the f r e e group Ρ 
which i s a monomorphism and an epimorphism, but i s not s u r -
j e c t i v e . ρ ρ 

P r o o f . We take u = ( x ^ , x | , . . . ) . I f now u o v = u o w, 

then ( v ^ , v | , . . . ) = ( w ^ , w | , . . . ) and, by [4] , v^ = w^ implies 
v i = w i an(* ^ence * = ? which shows tha t u i s an epimorphism. 
Since u i s i n f e c t i v e , by 2.3» u i s a monomorphism. The 
endomorphism u i s not s u r j e c t i v e , since gp(u) i F. 

2 .5 . R ÇMono, L = Sur c g p i f o r a r e l a t i v e l y f r ee group G. 
P r o o f . Let u ov = χ , t ha t i s u e R, ν e L. I f Wj » α = 

= ÏÏ2 ° -* t ^ i e n mult ipl ied by ν we have ŵ  = Wg and hence 
RçMono. S imi la r i ly L ς Spi . Now G = gp(x) = g p ( u ° v ) çgp(v) 
implies L ç S u r . I f ν e Sur, then we denote by u^ the con t r a -
image of x^ under v, t ha t i s u^v = x i # For u = ( u ^ u g , . . . ) 
we get u ° v = χ and hence v e L which completes the proof. 
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In the case of F both inclusionò in 2.5 are proper, because 
of 2.4. 

2 . 6 . Aut = R η L = Mono η L = R η E p i Ç Mono η S p i . 

P r o o f . All that is required is to ensure that 
u e Mono η L implies ueR and u ε R η Spi implies u e L. In both 
cases there exists ν such that u ο ν o u • u. The alternative 
cancellings give the results. 

2.7. D e f i n i t i o n ( [5 ] » [β ] ) . An endomorphism 
r of G onto a subgroup H = gp(r) is called a retraction and ρ 
Η is called a retract i f and only i f r = r . The notion of 
the retract in [11] has a different meaning. 

2.8. A monomorphism u is invertible from the right side 
i f and only i f gp(u) is a retract. 

P r o o f . I f u e R , then there exists ν suoh that 
u ο ν = χ. We write r = ν o u, then gp( u) = gp( u » ν <> u) » 
= gp (u ° r ) çgp(r) = gp(v » u) çgp(u) which gives gp(r) » gp(u). A 
Moreover, £ = v ° u ° y ° u = r» and hence gp(u) i s a retraot. 
Conversely, i f ue Mono and gp(u) i s a retract, then there 
exists a retraction r (obviously r / u i f u ¿ χ) , such that 
gp(u) = gp(r ) . Since every û  can be written as a word in 
generators from r and every r^ oan be written in generators 
from u, we have r = ν o u, u = wor = w o ( v o u ) = (wov ) ou. 
Because u is a monomorphism we conclude that w ο ν = χ. The ρ ~ -
property r = r gives v o u o v o u = vou . Multiplying i t by w 
from the l e f t side and cancelling u from the right side we 
get u ov = χ, which means that u is invertible from the right 
side, which completes the proof. 

A group G is not a Hopf group i f i t is isomorphic to 
a proper quotient group. The natural homomorphism onto this 
quotient group followed by the isomorphism of the ouotient 
group onto G constitutes a surjective endomorphism u which 
is not an automorphism. Conversely, i f ueSursAut, then 
G = G/Ker u and G is not a Hopf group. Baer's theorem [ l ] 
says that, i f a relatively free group G is isomorphic to a 
proper quotient group,then i t is also isomorphic to a proper 
subgroup. V.'e can extend this theorem ε l i t t l e further. 
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2.9. T h e o r e m . I f a re lat ively free group G 
i s isomorphic to a proper quotient group,then i t i s also 
isomorphio to a proper r e t r ac t . 

P r o o f . Since G i s not a Hopf group, there ex i s t s 
a surjective endomorphism ν which i s not an automorphism. 
By 2 .5 , ν eL that i s u ο ν = χ for an endomorphism u such that 
ueRçMono. The u i s not a surjection, because otherwise, 
by 2.6, u and hence y would be automorphisms which i s not 
true. Now,by 2.8,gp(u) i s a proper retract of G freely gene-
rated by the set u. Since the endomorphism ν maps the base 
of gp( u) onto the base χ of G, so that Uj,v = x i t we conclude 
that gp(u) = G, which completes the proof. 

2.10. D e f i n i t i o n . A vector u i s called free 
i f the set of i t s non-unit components generates gp(u) f ree ly . 
By a unit in a relat ively free group we mean a word whioh, 
interpreted as an element of F, i s oongruent to 1 modulo V. 

The free vector may contain f in i t e or inf ini te set s of 
units and non-unit components. Multiplying the free vector 
by a proper permutation from the l e f t side we can get a 
so-oalled standard vector of one of the types given below: 
1. u = ( l , . . . , 1 , u k + 1 , u k + 2 , . . . ) , k ¿ 0 , 
2. u = ( U.J, 1, u^, 1 , . . . ) , 
3. u = ( ^ , . . . , ^ , 1 , 1 , 1 , . . . ) , k ? 0, 
where u^ + 1. We say that u and ν are of the same type i f the 
corresponding standard vectors are of the same form for 
the same k. 

2.11. The set of free vectors without units represents 
the semigroup Mono. 

P r o o f . Let u be a free vector without units and 
ν o u = w o u, then v ^ = w^u and hence v^w^u = 1 for a l l i . 

This means that v^w^ interpreted as element of F i s con-
gruent to 1 mod V. Thus, ν and w represent the same endo-
morphism of G, and ue Mono. Conversely, i f ue Mono, then, 
by 2.3, u i s an injection and hence u i s free without units. 
The proof i s complete. 
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2 .12. The subse ts R,L', R \ Aut, L \ A u t , B n d \ ( R u L ) , 
Bnd \R , B n d \ L form the subsemigroups In 2nd. ( [ ó ] , T I , 1 . 8 ) . 

2 .13. For our future! needs we introduoe a l s o à subsemi-
group M of the veotors ,wher · eve r ; f i n i t e subset of components 
i s independent modulo F O b v i o u s l y Mellóne. The n a t u r a l homo-
morphism cx:F F / F ' induces an isomorphism of U onto the 
semigroup of monomorphisms of F / F ' . We note a l so t ha t Aut ç m, 
beoause every automorphism of F indirtes an automorphism 
of F / F ' . 

3. Equivalence i n the semigroup of endomorphisms of F 
In t h i s seo t ion we consider endomorphisms of the f r e e 

group F and use the word vec to r ins tead of the word endo-
morphism. 

3 .1 . D e f i n i t i o n . Veotors u and ν are ca l l ed 
equivalent i f there e x i s t s an i n v e r t i b l e vec to r a suoh tha t 
u » a o v . 

By 2 .10, every f r e e Sector i s equivalent t o a standard 
v e c t o r . 

3 .2 . Bquivalent vec to rs -genera te the same subgroup. 
P r o o f . I f α = a ο ν , then gp( u) = gp(a ο ν) s gp(v) = 

« gp(a~^ o u) çgp (u ) , whioh gives gp(u) » gp(v) . The converse 
i s not t r u e , s i n o e the veotors χ and u = ( 1 , x 1 , x 2 , . . . ) gene-
r a t e P, but are not equ iva l en t . 

3»3. The subsemigróups from 2.12, 2.13 are closed under 
equivalence . 

3.4» T h e o r e m . Bvery vec tor i s equivalent to 
a standard vec tor with the Nielsen-reduced se t of non-unit 
components. 

P r o o f . By [7], f o r every veotor u with components 
in F there e x i s t s an i n v e r t i b l e vector a such tha t the se t 
of non-unit oomponente i n a » u i s Nielsen-reduced and hence 
a o u i s a f r e e vec tor equiva lent (by 2.10) to a standard 
v e c t o r , thus completing the proof . 

Note t ha t the Nie lsen-Sohre ier subgroup theorem f o r F 
fol lows from 3*4 and 3*2. 
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3 .5 . T h e o r e m . Every subgroup of Ρ i s a free 
group. 

P r o o f . Let Η £ F and u .be any set of generators 
in H. Then, by 3.4, u i s equivalent to a free vector v, which 
generates the free subgroup gp(v). By 3.2, H = gp(u[) = gp(v) 
i s f ree , whioh completes the proof. 

Using Theorem 3.4 we can generalise Proposition 2.12 [5 ] 
and Theorem 3.3 [ β ] from FQ to F. A complicated proof of the 
following theorem i s given in [3] , Theorem 6.4. 

3.6. T h e o r e m . L e t u be a homomorphism from F 
onto a free group H. Then F has a basis Ζ = Ẑ  υ Zg such that 
u maps gp(Z^) isomorphically onto Η and maps gp(Z2) into 1. 

P r o o f . Sinoe the extention F of a group by the 
free group H s p l i t s , we oan treat H as a subgroup of F and u 
as the endomorphism of F onto H = gp(u). By 3*4, there ex i s t s 
an invertible vector § such that ν = a o u i s a standard vec-
tor . We consider the case of ν = ( v 1 , 1 1 1 . . . ) . For 
other forms of ν the proof i s s imilar. Now, by 3.2, Η = gp(u)= 
= gp(v) i s freely generated by the set < v 1 , ν ^ , ν ^ , . . . > . Since 
a corresponds to an automorphism, the set of i t s components 

=: Ζ i s a free bese in F such that under u 
i t s elements with the odd indices are mapped onto the free 
generators ν ^ ν ^ , ν ^ , . . . of Η and the elements with the even 
indices into 1. The above suggests taking Z1 = < a 1 . . . > , 
Z2 = < a 2 , a 4 , a ^ t . . . > . Just as in the case of FQ [.8] i t follows 
that Ker u coincides with the normal closure gp(Z2) of Z2 

in F. The proof i s complété. 
3»7. Two free veotors are equivalent i f end only i f they 

are of the earns type and generate the same subgroup* 
P r o o f . I t follows from the previoue proof that 

the orders of the eets Ẑ  and Z2 are in the one-to-one corres-
pondence with the type of the standard veotor ν to whioh u 
i s equivalent. This shows that i f u and w are equivalent 
free veotors, then they are equivalent to the same standard 
veotor and henoe have the same type. By 3.2, they generate 
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the same subgroup. I f now gptuj = gp(w), where u and w are 
standard vectors of tne same type, then we shall show their 
equivalence. Every word û  can be expressed through the 
non-unit elements of w and every ŵ  can be expressed through 
the non-unit elements of u, giving u = a ° w and λ = bou, 
where we take a^ « b^ = x^ i f û  = ŵ  = 1. We have now u = 
= (a ob) ou, w = ( b o a j o w . Since the non-unit elements of u 
and w build the sets of free generators in gp(uj f gp(w), we 
conclude that (aob)^ = x¿ = (b oa)^ i f i^, w^ Φ 1 and, i f 
u i = w i = W0 0 l s o have ( a « b)^ = e^fbj = xA (b; = b^ » 
= x i # Similarly, (bea )^ = x^. This shows that a is inver-
tible and u, w are equivalent, whioh completes the proof. 

4· Relations for subsemigroups in Bnd F 
We introduce here the simplest vectors whioh are surjec-

tlons but not the automorphisms. 

(1) ρ • ( 1 , χ 1 , χ 2 , * 3 , . . . ) , 
(2) ρ °° = ( x 1 t 1 ,x 2 t 1 t x 3 , 1 , . . . ) . 
The k-th power of ρ cohtains k units pk=(1,1, . . . ,1,x1 ,x2 ,xj , . . . ) 
and ρ® = χ. We shall show that every vector whioh is inver-
titale from tha l e f t side is equivalent to one of 0 í k ί c o . 

4.1. Every standard vector of the form (1) or (2) can be 
written as u = ρ o u', where u' i s a free vector containing 
non-unit components of u in the same order. This gives imme-
diately for the set of End ,̂ of endomorphisms with inf in i te 
images the following result. 

4.2. T h e o r e m . End«*, • Surolnj. 
P r o o f . I f v e End-, , then, by 3.4 and 4.1, ν e a o a = 

k k — — — = a ° ( ρ ou ' ) = ( aop ) ou'e Sur o i n j . Conversely, i f w= u ο ν 
where u e Sur = L, y e In j « Mono, then there exists a vector s 
whioh is a l e f t inverse fox* u, which gives ν = sow. This 
implies gp(w) = gp(uov) c gp(y) «= gp(§ow) cgp(w), that i s , 
gp(w) = gp(y) i s inf in i te ly generated and henoe w e Sndw . 

4.3. T h e o r e m . L . U Aut o pk, 0 i k 4 co , where 
the union is disjoint. * 
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P r o o f . By 3 .3 , L i s a d i s j o i n t union of c l a s se s 
of equivalent veo to rs . By 3 .4 , every c l a s s contains a standard 
vec tor with a Nielsen-reduced se t of non-unit components which 
generate F, sinoe by 2 .6 , elements of L are s u r j e o t i o n s . By 
( [ 8 ] , p.122) the Nielsen-reduced se t of genera tors f o r F 

5 i c o n s i s t s of , = +1, i = 1 , 2 , . . . . This implies tha t 
ν 

every c l a s s contains a vec tor ρ , 0 $ k $ oo . Since,by 3 .7 , 
pk and ρ 1 are not equivalent f o r k Φ i , the r e s u l t fo l lows . 

4 .4 . The se t of l e f t inverse vec to rs f o r p^ c o n s i s t s of 
the veo tors of the form s(k) = ( x ^ e - j , χ |£+2°2»*·* ' » w l l 0 r 0 

k 
c^e gp(*1 , * 2 , . . . ,x k ) = Ker ρ f o r k < oo , and §(oo) = 

- ( x 1 o 1 , * 3 o 3 , . . . ) , where e g p ( x 2 , x 4 , . . . ) . 

P r o o f . Ve consider the case k < oo , then F = 
k k = M Ker ρ , where Ν = gp(xk +^ » x ^ g . . . ) . l e t now u o p = χ , then we express u^ as n^o^ where ^ e N, o^e Ker p k . Because 

k k k xnP » ^u-ic» a n d ^ P • n i £ " w e oonolude t h a t n^ « x j£+ i 
and u • ( u ^ t ^ , . . . ) » ( χ ^ ο ^ , x k + 2 c 2 , . . . ) , whioh completes 
the proof . In the case of k • oo the proof i s s i m i l a r · 

4.5« R · U s(k) ° Aut, 0 ^ k < oo . 
P r o o f . I f u e R, then there e x i s t s ν e L suoh tha t 

i ~ 
u o v - χ . By 4 .3 , ? » a op f o r an i n v e r t i b l e a , 0 $ k $ o o . Ve ~~ It le — 

gát then χ » u ο ν = u o (a ο ρ ) » ( u o a) o ρ and,by 4 .4 , 
uo a - s (k) whioh gives α » e(k) o a" 1 completing the proof . 
The union above i s not d i s j o i n t s we can take s(2) s 
- (xyc-jxg, x 4 , x 5 , . . . ) and s ' ( 2 ) - (x^XgX^, x^, x 5 , . . . ) whioh 
are d i f f e r e n t but s - β ' ο a , where a permutes x1 and x 2 . So, 
s o x and 5'° x give two p resen ta t ions of the same endomor-
phlsm* 

4 .6 . Ve not« here t ha t the s e t of components of a s(k) 
i s independent modulo P ' and henoe R s M. 

4»7. T h e o r e m . The subgroup H of F i s a r e t r a c t 
i f and only i f there e x i s t s a f r e e base a of F and a f r e e 
base < h 1 f J e J , | j | $ oo> of H suoh t h a t f o r the p a r t i t i o n 
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of the set of natural numbers Ν = J υ Κ, we get h^ = a j c j > 
Cj e gp(ak , k e Κ), j e J . 

P r o o f . I f Η i s f in i te ly generated, then we can r e -
s t r i c t ourselves to a FQ and the result follows from ([θ] , 
p. 149)· I f U i s inf in i te ly generated and u i s any base of Hf 

then u defines also a monomorphism of F onto Ή. By 2.3,H i s 
a retraot i f and only i f ue H and,by 4 .5 , i f and only i f 
u = s(k) o a, 0 $ k í oo which implies the resul t . 

In the set of vectors s(k) which are l e f t inverses for 
ρ we f ix §k = (*j£+i» *jj+2» x k + 3 » · · · ) f o r k<oo and β,» » 
® (x.j » x^ , . . « )« 

4 .8 . We have the inclasions: (a) ν o Mono ς Monoov, 
(b) voMçMov, (o) voLçLov, (d) voRçRoy for any veotor ν e L. 
In particular for k > OJ 

(a ' ) pkoMonoc Monoopk, (b'J pkoMcMopk, 

(o ' l pkoIcLopk , (d') pkoRcRopk. 

P r o o f . We shall prove f i r s t ( a ' ) - ( d ' ) . Por a given 
vector u we define u(k) = (x 1 f x 2 , . . . , x k , u 1 ( s k ) , U j i s ^ ) , . . . ) 
for k < oo and u,» = ( u ^ e « , ) , x 2 , u ^ s ^ } , x^, u ^ s , » ) , x b , . . . ) . 
I t i s easy to see that pkou = ( 1 , . . . , 1 , u^, u 2 , . . . ) « u(k)opk, 
f o r k < o o and p°°° u = ( u1 , 1, Ug, 1, u^, 1 , . . . ) = u^ ° p°° . 
Now, i f ue Mono, that i s u i s free without units, or i f ueU, 
then obviously the same i s true for u(k) and u^, whioh proves 
(a ' ) and ( b ' ) . I f u e L (ueH) and you = χ ( uov = x ) , then the 
l e f t (right) inverse for u(k) i s ( x . j , . . . , x k , v ^ s ^ , v 2 ( § k ) , 
v ^ ( s k ) , . . . ) and the l e f t (right) inverse for n ^ i s 
(v^feo ) , X2 , V g f s ^ ) , x 4 , v^igoo)» 3 t 6 , . . . ) . This means that 
u(k) and u^ are in L (in R) whioh proves ( c ; ) and ( d ' ) . The 
" " W I f 

unequalities ( a ' ) - ( d ' ) are proper,beoauee every vector ρ o» 
from the l e f t side has the f i r s t oomponent equal to 1 for 
k < oo , and the second component equal to 1 for p^ou, while 
the right sides contain vectors without this property. The 
unequalities (a)-(d) follow from ( a ' ) - ( d ' ) , because,by 4 .3 , 
any veotor ν from L i s equal to a<>pk for an invertible a 
and 0 $ k í <» . 
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4 .9 . I t follows from 4*8 that (a) LoMono ς MonooL, 
(b) LoMçMoL, (o) LoRcRoL. The (inequalities (ä), (b) are 
proper,beoause, by 4*2, LoMono • Büd«, while HonooL «= End 
which i s shown below and the similar situation for (b) wi l l 
follow from 5.3 and 5 .4 . 

41.10. T h e o r e m . Bnd - Injt»£ur and henoe End = 
» UonooBpi. 

P r o o f . By 2 .3 and 2 .5 , lad • Mono, Sur = L so, 
sinoe Bndoo » LoHono cMonooL, ve ehall only consider a vec-
tor u with a f in i te ly generated image. Beoause of 3*3 and 3.4 
we take u • (u^, t ^ , . . . , ^ , 1, 1 , . . . ) as a standard vector. 
One can ohe ok that u - ( ̂  ( § „ , ) , . . . , uk(s0 o ) , x 2 , x 4 , x b , . . . ) °po°. 
Sinoe ^ »Uj a 

free set and sQQ i s a monotnorphism 
onto gp(x^,χ^,χ^,.· .) ,we oome to the conclusion that 
u e Uonoop00 ç UonooL completing the proof. 

4 .11. C o r o l l a r y . The endomorphisms which have 
in f in i te ly generated kernels form the semigroup Monoop°o. 
!Çhe endomorphisms whioh have f in i te ly generated kernels form 
the semigroup (J Uonoop , k<oo. 

k 
5. Bndomorphlsms of a free abelian group 
We shall consider a free abelian group of a countably 

in f in i te rank as the quotient group F/F' with the abelian 
base xF' • ( x ^ ' , x 2 F ' , . . . ) . Every endomorphism of F/F' i s 
Uniquely defined by the set of images of elements from the 
base, so we denote the endomorphism as uF' • ( u ^ F ' , U g F ' , . . . ) , 
where the vector u i s not fixed. The natural homomorphism 

F/F' induces the homomorphism cx:End F End F/F' 
which i s obviously onto and maps u into uF'. The kernel of α 
consists of a l l 

veotors u = (x^c^, n^c^ , . · · } , where c^f Ρ , 
that i s Ker oceM. We denote Ker w η Aut by I . 

5.1 » Ker a n R * Ker α η L = I , that i s every element from 
Ker ex which i s invertitale from one side must be invertible 
from the other. 
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P r o o f . B y 2 . b , Ker o c n L ç M n L ç Aut, which g i v e s 
Ker ex η L = 1 . Nov, i f u t Ker cu η R, than there e x i s t s ν e L 
such tha t uov = x . This i m p l i e s ν « Ker a n ! I , and he noe 
α e l , whioh was r e q u i r e d . 

5 . 2 . The homomorphlsm o< maps K, L and Aut onto the c o r -
responding semigroups i n tfnd(F/F');, α maps H onto Mono(F/F') 
and maps R \ A u t , L \ Aut i somorphica l l y i n t o End(F/F') . 

We s h a l l prove now a theorem analogous to 4 .2 fo r endo-
morphisms of F/F*. I t i s not ah immediate consequence of 4 . 2 , 
because the image of a monomorphism under α i s not n e c e s s a r i l y 
a monomorphism* 

5 . 3 . T h e o r e m . Bnd«, (F/F') » Sur(F/F' ) s l n j (F/F') 
s In j (F/F ' ) °Su r (F/F ' ) and hence , by 2 . 5 , E n d ^ F / F ' ) = 
= Epi(F/F')oMono{F/F') ς Mono ( F/F'JoEpif F/F ' ) . 

P r o o f . Let itf"' be an endomorphism of F/F ' . TO 
prove the theorem we f i n d a v e c t o r u such t h a t uc* = uF' and 
ueL°UçM°L} then, us ing a we ge t the r e s u l t because of 5*2. 
So, i n the subgroup gp (uF ' ) we choose an a b e l i a n base wF' * 
= (v^F ' , W g F ' , . . . } » Sinoe gp (uF ' ) = gp (wF ' ) , every t^F ' i s 
a word i n g ene r a to r s wF ' , l e t us say i ^F ' = s^(w^F' , W g F ' , . . . ) . 
We f i x now any vec to r 'w suoh tha t w « = wF' and in t roduce the 
vec to r u, where u^ « w ^ , . . . ) . Obviously then uo< > uF' 
and gp(u) cgp(w' ) . Because oc maps the components of w onto 
a s e t of f r e e a b e l i a n g e n e r a t o r s , we ge t w e l l . In f a c t gp (u ) » 
= ep(w)> because gp (uF ' ) = gp(wF'} i m p l i e s t h a t there e x i s t 
such e lements o.. e F ' t h a t every w^ i s a word i n u-jC^, UgOg,..., 
tha t i s = t^(fu 1o 1 , U g C g , . . . ) s i ^ » · · · ) ®od F ' = 
= (w) , S g i w ) , . . . ) mod F ' and, s inoe components of w are 
independent modulo F ' , we conclude tha t w^ = (w) , s 2 (w) , . . . )= 
= t i ( u 1 , u 2 , . . . ) e g p ( u ) . H o w , by theorem 3 . 4 , there e x i s t s an 
i n v e r t i b l e v e c t o r a such tha t aou i s a f r e e s tandard v e a t o r 
wi th i n f i n i t e number of non-unit components and hence , i f we 
denote by r the vec to r of these non-unit components, we g e t , 

lr If 
by 4 . 1 , a°u • ρ o r , 0 <k ζoo , We have then u = (a op )or 
and r = ( § . o a ) o u . Sinoe w and r are two f r e e bases i n gp(u ) 
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there ex i s t s en invertible vector b such that r « bow and 
1 k 1 k m 

then u = (a op )or = (a o pobjow » vo; e L«H, By 4.9.(b), 
we have u e L«li ς UoL whioh completes the proof. 

5.4« T h e o r e m . Bnd(F/F') - InlJfF/F'JeSuriF/F') = 
= MonofF/F'^BpifF/F') . 

P r o o f . Be o aase of the previous theorem we need to 
consider only an endomorphlem uP' with a f in i te ly generated 
image gpfuF' ) . As in the previous proof we take an abollan 
base wF' in gp(uF') and f i x a vector w. Then we f i x a vector u 
with components in gp(w). By 3 .4 , u i s equivalent to a stan-
dard vector u' = §ou « (u- j .ug, . . . ,u¿, 1, 1 , . . . ) . Since w and 
u' are two free vectors generating the same f in i te ly gene-
rated subgroup, they are of the same type and, by 3 .7 , are 
equivalent. Thus, for an invertible a , u = §ow *= §o{w1 ( s j , „ , 
. . . jWjjis^ ) , Xg, x^, x 6 , . . . ) op°° e Mop«» ç MoL and using o g i v e s 
the r e s u l t . 

5.5. D e f i n i t i o n . ( [ 2 j , 1 .3) . An in f in i te 
matrix over Ζ i s called row-finite i f every row contains only 
a f in i te number of non-zero components. Bow-finite matrices 
form a semigroup. The matrix i s called row-bounded i f there 
ex i s t s an η such that a l l columns with indioes greater than η 
consist of zeros. 

5.6. The semigroup End(F/F'J i s isomorphic to the semi-
group of row-finite matrioes over Z. The set Bnd^fF/P') i s 
in one-to-one correspondence with the set of row-bounded 
matrices. 

P r o o f . Let uF'e End(F/F'), uF' - ( u^F', i ^ F ' , . . . ) , 

where u^ = Π χ ^ ^ mod F ' . We introduce the exponent mt ;rix 
U = (k^j) to represent uF'. This correspondence defines the 
required isomorphism. 

The reformulation of 5.3 and 5.4 gives the following 
theorem. 

5.7. T h e o r e m . Every row-finite matrix over Ζ 
i s a product of a matrix with linearly independent rows and 
a l e f t invertible matrix. Every row-finite matrix over Ζ 
whioh i s not row-bounded i s also a product of a l e f t invertible 
matrix and a matrix with linearly independent rows. 
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