
DEMONSTRATIO MATHEMATICA 
Vol. XXI No 2 1988 

Janina Janiak 

ON THE EXISTENCE OF SOLUTIONS 
OF A SYSTEM OF DIFFERENTIAL INEQUALITIES 

I n t r o d u c t i o n 
Let C and D be mat r ices of dimensions kxm. Let v ( t ) i t 

r i k cont inuous f u n c t i o n f o r t e [^o '^ I J = s T» va lues in- R . 
We w i l l be dea l ing with the problem cf ex i s t ence of a so-

l u t i o n of the fo l lowing system of d i f f e r e n t i a l i n e q u a l i t i e s ? 

(1) Cx(t) + Dx(t) ^ v ( t ) , 

(2) x(0) = χ , f o r t ε T. 

I n t h i s paper we show t h a t under some n a t u r a l c o n d i t i o n s , 
system ( l } - ( 2 ) admits a so lu t ion» 

The proof w i l l be based on some r e c e n t l y obtained r e s u l t s 
f o r d i f f e r e n t i a l i n c l u s i o n s . 

The purpose of t h i s paper i s to ob ta in the fo l lowing 
theorem. 

T h e o r e m . I f the rows of matr ix C are non-negat ive 
and nonzero (see A p p l i c a t i o n ) , then the re e x i s t s a f u n c t i o n 
x ( t ) ab so lu t e ly cont inuous on the time i n t e r v a l Τ such, t h a t 
(1) i s s a t i s f i e d almost everywhere on t h i s i n t e r v a l and (2) 
h o l d s . 

The proof of t h i s theorem c o n s i s t s of s e v e r a l lemmas, 
which we s h a l l be dea l ing with i n the s e q u e l . 
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2 J . Janiak 

Maio Result 

Let Em be the m-dimensional vector space composed of vec-

tors χ = ( x 1 , . . . , x m ) with the norm ||x|| = xf and l e t 
P(Bm) be the metric space of a l l nonempty closed subsets of 
Em with the Hauedorff metrics 

h(ff,Z) = min {d : Wc sd(ZJ, ZcSd(W)} t 

where ff,Z e PfS1") and S^Uj denotes a d-neighbourhood of the 
set M in the space Em. 

Por a given multimapping H : Β1 * Em —• P(Em) we consider 
the re l a t ion : 

(3) X e H(t ,x) , x(0) = χ. 

An absolutely continuous function x ( t ) i s said to be a solu-
tion of (3) on the time interval Τ i f the condition 
x ( t ) ε H{t,x(t)) holds almost everywhere on th i s interval· 

We consider a function Η given in the form: 

(4) H(t,x) = [ z eEm : Cz^ -Dx + v( t )} , 

where the function v ( t ) , t e Τ i s given. 
Let us remark that a function x ( t ) which i s defined on 

the time interval Τ i s a solution of the d i f fe rent i a l in -
eoualiv es (1) - (2) i f and only i f i t s a t i s f i e s (3) with the 
function H(t,x) defined by (4) . 

Now we reformulate the inequal i t ies (1) in terms of so 
oalled d i f fe rent i a l inclusions. 

In connection with the above, the problem of existenoe 
of any solution of d i f f e ren t i a l inequa l i t ies (1) - (2) can 
be reduced to the problem of exietenoe of a solution of the 
d i f fe rent i a l inclusion (3)« where H(t,x) i s a function de-
fined by (4) . 

L e m m a 1. If the rows r^C ) of the matrix C are 
non-negative and nonzero, then the set H(t,x) i s nonempty 
and closed for a l l χ e 5m and t e l · 
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Existence of so lu t i ons 3 

P r o o f . From the assumption of the lemma, the se t 
H( t ,x ) i s a common part of k closed half-ep&oes defined by 
the i n e q u a l i t i e s : 

( i ) ( r ^ (C) , z) « (r^{-D), χ) + ν ± ( ΐ ) m g - ^ t . x ) , 

where i » 1 , 2 , . . . , k and (a ,b) denotes the s ca l a r product of 
vec to rs a and b. 

Because each vec to r r^(C) i s non-negative and nonzero, 
the i n t e r s e c t i o n of these h a l f - s p a c e s i s non-empty f o r each 
Ti» i = 1,« · · , k. 

Let be the smal les t pos i t ive number such tha t the vec -
to r -λ^ ( 1 , 1 , . . . , 1 ) belongs to the ha l f - space defined by 
inequa l i ty ( i ) . Then 1 , 1 . . . , 1 ) e H ( t , x ) , where 

I t fo l lows that f o r each t e Τ and f o r eaoh χ e Bm H( t ,x ) 
i s a nonempty s e t , independent of the value of the f u n c t i o n 
v ( t ) . This completes the proof of Lemma 1· 

Let us observe tha t i f one of the rows of the matrix C, 
f o r example r ^ C ) , i s zero f o r some i , then the condi t ion 
( r ^ C ) , determines a nonempty se t ( the whole space Em) 
only i f 0, So, i n the oase where some rows of matrix C 
are ze ro , H( t ,x ) i s nonempty with a d d i t i o n a l l i m i t a t i o n s of 
χ and v ( t ) . We observe tha t H( t ,x ) i s an unbounded s e t . 
Thus to show the exis tence of a so lu t ion of the problem (3) 
we may apply the theorem on the exis tence of so lu t ions f o r 
d i f f e r e n t i a l i nc lu s ions , when the r i g h t s ide i s unbounded. 

The fol lowing theorem i s included i n the work of J.Himmel-
berg and F.S . Van Vleok [ l ] . 

T h e o r e m (Himmelberg, Van Vleok). Let a mu l t i -
mapping H : Τ * Em -*• P(Bm) be suoh that» 
a) H( t ,x ) i s a closed se t f o r each ( t , x ) eT xSm; 
b) H( . , x ) i s measurable f o r eaoh χ e 5° ; 
o) there e x i s t s a f u n c t i o n ψ in t eg rab le on the time i n t e r -

va l T, suoh tha t h ( H ( t , x ) , H( t ,y ) ) < <*>(t)||x-y || f o r each 
X. 7 · t* 
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4 J. Janiak 

i) there exists an absolutely continuous function w:T χ Em 

such that: eup{d(w(t), H(t,w(t)) )| t ε τ } < oo . 
Then the problem (3) has a solution on the time interval Τ 

(is the sense of absolutely continuous functions). 
We shall prove the assumptions of this theorem are sa-

tisfied by the fonction defined by (4). 
Ve know that H(t,x) is a closed and nonempty subset Em. 

So the condition a) of the Himmelberg and Tan Vleck's theorem 
is satisfied. 

Now we shall prove that H(.,x) is a measurable function 
for each χ e E m in the sense of the following definition: 

D e f i n i t i o n . A multivalued function F;Bm Ω(ΕΠ) 
is called measurable if for any closed set Ρ c B m the set 
{x : F(x) η Ρ jí f/j is Lebesque measurable. 

Continuity and lipschitzianity of a multivalued function 
F(x) are defined in the usual way. For example a function 
F(x) satisfies a Lipschitz condition with constant I if for 
any points x, x'e E m the inequality 

h(F(x), F{x ') ) ί l*||x-x'|| 
holds. The number |f| = h ( { o } , F) is called the modulus of 
the set F. 

L e m m a 2. If Ζ is a closed set of Em, H(t) = 
= { z e E m : (c,z) <3*(t)}, y(t) is continuous on the time 
interval T,c is a nonzero vector with non-negative coordi-
nates, then t(Z) s {tel : H(t)nZ ¿ 0} is a measurable set. 

P r o o f . Let γ= inf{y(t) : t e τ ) , γ - sup {^(t):teT}. 
There exists t e Τ and t e l such that a*(t) = y and ar(t) = f» 
If H(t) η Ζ » 0, then t(Z) = 0. 
If H(t) nZ / 0, then t(Z) « T. 
If H(t) nZ = 0 and H(t) η Ζ / ft, then there exists a number ara 
such that t(Z) = {t e T t y(*) > 2ΓΖ} · 

From Lemma 2 it follows that assumption b) Is satisfied 
because the intersection of measurable sets is also a measu-
rable set· 
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Bxistena'e of solutions 5 

L e m m a 3. There exis ts a constant δ such that 
h(H( t , x ) , H(t ,y) )$ δ ||x-y I for a l l χ and y . 

The distance ε^ between the following parallel hyperplanes 
( r ^ C ) , « ) » ^ ( t . x ) and r ^ C ) , ζ = 3 Τ ± ( t ) , bounding respec-
tively the sets H(t,x) and H(t,y) i s equal to : 

- g j f t . j H I (r^(-D) t x-y )| 
Η PTTCT] = I^TCTI « 

„ l l r i ( -D)| . „ . .. 
* ||r*(C)|| " f l l ^ l . 1 - 1 k* 

H(t,y ) i s a polyhedron which i s obtained from the polyhedron 
H(t,x) by a parallel displacement of i t s f aces . 

ïrom geometrical ^considerations i t follows that 
h(H(t ,x) , H(t,y)) « Vm max { e . , , . . . »CjJ. Thus we have 

h(H(t ,x) , H(t,y ) ) < Vm max { p , . . . . ||*-y|| 

which shows that the multifunction H(t,x) s a t i s f i e s the 
assumption c) of Himmelberg and Van Tieok*s theorem. 

Sow we shall prove that there exis ts an absolutely con-
tinuous function w : Τ —» Bm such thati 

sup {d(w(t) , H(t ,w(t)) ) I t e Τ } < oo . 

Let v ( t ) be continuous function on the time interval T. 
Then the functions T^(t ,x) reach a minimum on the interval Τ 
for each fixed χ c Bn . Let 

f ± ( x ) » min ar^ft.x). 
Τ 

Then the inequalit ies ( i ) for ^ » define a nonempty 
set G(x) such that G(x) cH(t ,x) for eaoh t e l and χ e Em. 

Thus d(0, H(t ,x)) $d(0, 0(x)) for t e T. 
Let w(t) « oonst s wQ e Bm, then we haveii 

d(w(t), H(t ,w( t ) ) ) = d(ü, H(t,w0)) $d(0 , G(w0)) <oo, 

because G(w0) i s a nonempty se t . 
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6 J. Janiak 

Thus the assumptions of Himnelberg and Tan Vleck 's the orea 
are sa t i s f i ed and there ex ists a solution of the problem 
χ e H ( t , χ ) , x (0 ) = xQ f o r t e T , where H ( t , x ) i s defined by ( 4 ) . 

In this way we have completed the proof of our theorem. 

Application 
A dynamical open economic model of Leontief*s type (see 

[ 2 ] ) i s given by a system of l inear d i f f e r e n t i a l equations 
of the f i r s t order: 

x ( t ) = Ax(t ) + Bx (t ) + u ( t ) 

y ( t ) = Fx ( t ) + Gx ( t ) . 

We want to f ind such vector-functions u ( t ) and y ( t ) of 
f i n a l output and of consumption of primary faotors that s a -
t i s f y inequal i t ies 

u ( t ) » u ( t ) and y ( t ) $ y ( t ) f o r t e l 

wnen u ( t ) and y ( t ) are given continuous vector- functions, 
and x (ü ) = χ 0 · 

The problem of existence of a plan of tota l output x ( t ] 
given constraints u ( t ) and y ( t j reduces to a problem of e x i -
stence of a solution of the system of d i f f e r e n t i a l inequa l i -
t i es 

Β 'A - I ' 
x ( t ) s 

- ü ( t ) 
x ( t ) + x ( t ) s 

.G. Ρ . y ( t ) . 

x(O) = xQ i t e T. 

We have proved that i i the rows of matrices Β and G (which 
are non-negetive by de f in i t ion ) are non-zero then (5) has 
a solution x ( t ) . But there i s not to ensured that χ ( t ) be 
non-negative for a l l t ε T. 

R e m a r k . I f x {0 ) = 0, x (0) = x > 0 and v ( t ) = 
= v (0 ) = ν > 0 , where ν = Dx, then x ( t ) = x, t eT, i s a po-
s i t ive solution of the problem x c H ( t , x ) , x (0 ) = xQ f o r t e T , 
where K ( t , x ) i s defined by ( 4 ) . 
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Bxistenoe of s o l u t i o n s 7 

The ques t ion whether there e x i s t s a non-negative so lu t i on 
of t h i s problem when v ( t ) i s not constant has not been solved 
so f a r . 
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