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ORBITS OF K*-ACTION ON NORMAL VARIETIES

Let K be an algebraically closed tield of characteristic
zero., In this paper Kt denotes the additive group of K and ph
the projective space of dimension n. Let Kt acts on a normal
variety X. We will prove the following theorem.

Theorenm, Let X be a normal variety with K*-action
on it. If K*{a) is an orbit of a point a, then K*(a) is a
smooth curve.

Proof. By [1], there exists a K'-invariant quasi-

-projective neighbourhood of K'(a), also, by [1],we can embed
it equivariantly in some P71 with a linear action on it.
Hence,it is sufficient to prove the theorem in the case of

X =P,

Let XK' act algebraically on p-1 by an algebraic mor-
phism ¢ i.e. ¢ : K'x P! = P71, Then there exists a nil-
potent matrix 4 such that ¢(t,x) = e®%x for any t ¢eKt and
Xe Pn-1?[2]. We may assume that the matrix 4 is in its Jordan
form and dimension of blocks of 4 decreases and the highest
dimension of blocks is m and number of the biggest blocks
is k,[z]. Let a = [31,...,a ] e =1, We will show that K*(a)
is a smooth curve. We consider two cases:

1. There exists i, 1¢1i ¢k;such that 8 (keisl) # 0 1i.e,
there exists & non zero coordinate which lies on the last
place in one of the biggest blocks. -

2. Por any i, 1<1i <k, there is 8n(k-i+1) = O.

In the first case we may assume that ay, # O (in the oppo-
site case we change the base on pP ). The second case can be
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reduced to the first one, since the set {a ePn'1:am(k_i+1) =0
for any i, 1<i <k} isK*-invariant and isomorphic to the pro-
jective space PP k-1 1f the pcint a in the spacs pha-k-1
is not of the form as in the point 1, we continue the same
method, At the end we find the projective space pY @n which
the point a is of the form as in the case 1 and PY is em-
bedded in PP"! as a K*-invariant subspace.

S0 to complete the proof it remains to prove that if
ay # 0, then K*(a) is smooth. We shall assume ap = 1o

Let x ¢ K¥(a), then there exists such te K* that xq =£(t),

Xy = £ () e, X = £{8=1) (1), where £(t) = 21 & by ot 4
ai+1(m'1)!
+ ...+b1t + bo and bi = =7 for i = 0,1,¢0.,0~1,

By the smoothness of the orbit K+(a), it is sufficient

to prove that the point 1l1lim ta (which lies in the closure
t+

of the orbit XK' (a)) is nonsingular in K¥(a).
Since ay # 0, the point 1lim ta has the first coordinate

1t *»0

not egual to zero.
We will consider the equations of K*(a) in some neigh-
bourhood of the point lim ta. Let U = {x‘ePn'1 : %y # 0}
. gl
Then 1im ta e UnK'(a). The set UnK'(a) contains almost all
t e
points of X' (a); it does not contain only these points for

which £(t) = 0. So UnK'(a) is a neighbourhood of the point

lim ta in K*(a).
t +

’

Let x = [x1,...,xn]c Unk*(a), then Xy =1, Xp= % yess s Xp =

. Putting u = % , we get lim ta .= 1lim 2,

o  tew ue0t
We will show that there exist constants 01,....om,such

. Vé .o " o —1
that: £(t) = cqt £7(8) + oxt £ (8) + cou + cp 4% #(m=1)(4) 4

+ cmf(m'1)(t). Coefficients at the same power of t of the
left and right-hand side of this equation are equsl, hence:

1= c1(m-1),
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b = bm_g(m-e)c1 + cy(m=-2)(m-1),

by = bycy + 2 byo, + 203 by + wew + (1) cp g,
b

= cm(m-1)!.

We get m eqguations in m variables, The determinant of
this system of sguations is not equal to zero, so there exists
a unique solution of it, Hence,we get 1 = Cqt X, + oo 4

+ cm_1t Xp + Cp¥p implying

1 - ¢ X CiX s+ eae+ C X
Y=oz m+mc x_and u = L 21 - ¢ X w1,
172 eee m-1"m oo m

Let U1 = {[x1,...,xm]ellz CuXp # 1}, U, is an open
neighbourhood of 1lim ta. This gives the injection u : U1 n

t+o0
n K*(a) — K, where K denotes affine space of dimension 1,
It is easy to check that the inverse is also regular. Hencs,
it is an isomorphism of U1er+(a) with an open subset in X,
so Kt(a) is a smooth curve.
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