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Pham ba Trung 

COMMON BEHAVIOUR OF SOLUTIONS 
OF SOME COLLECTIONS OF SECOND ORDER LINEAR ORDINARY 

DIFFERENTIAL EQUATIONS WITH PERIODIC COEFFICIENTS 

Consider the fo l lowing c o l l e c t i o n of equations 

(1) r " + a ( t ) r + [ft* + b ( t ) ] r = 0, n = 1 , 2 , . . . 

where 0 < A 1 < . . . < / l < . , . , An —». <*, as n —». oo ,• a( t+ir) = a( t ) , 

a € H 1 ( 0 , i r ) , a(0) = a(ir) (a(0) and a(jr) are understood in the 

sense of t r a c e ) , b(t+ir) = b ( t ) and b e L 2 ( 0 , i r ) . As in [2] s o -

l u t i o n s of (1) are understood i n the sense of Carathe'odory. 

Let 

jr 
1 a = Ä j a < t J d t » a 1 ( t ) ~ \ ïr j a ( t } d t - J a(s)ds 

Ü 0 0 

The equations (1) can be transformed into 

(2) y " + [a* + Q ( t ) ] y = Ü, n = 1 , 2 , . . . 

by putting 

(3) y ( t ) = r ( t ) exp [ a t - a 1 ( t ) ] , 

where 

(4) Q(t) = b ( t ) - I a ' ( t ) - i a 2 ( t ) . 
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2 Pham ba Trung 

Let Q be bounded and 

IT = sup { |Q(t ) | : t e ( 0 , J r ) } , 

N s = sup { Q ( t ) : t e ( 0 , x r ) } , 

= i n f { Q ( t ) s t e ( 0 , 3 t ) } . 

T h e o r e m 1. l e t the function defined by (4 ) 
be bounded and i f e i ther 

(5) tf + N s > 0, 

or 

2 jr VT 
j (Hg - Q(t))dt = q^oc, 

+ nb 0 

(6) + H i > 0, 1 J (Q ( t ) - M 1 )d t = q 2 < « , 
+ 0 

then there ex is ts D > 0 independent of n such that the s o l u -
tions r n - j , r ^ of the equations (1 ) s a t i s f y ing 

(7 ) 
r n 1 ( 0 ) = 1, r ^ ( 0 ) = 0, 

^ n 2 ( 0 ) = = ' 1 n2v 

can be estimated as fo l lows 

•et 

( 8 ) 
r n 2 ( t ) | ^D X ^ e " 6 t , | r ; 2 ( t ) | <D e " E t , 

with e = < x - q 1 ( o r e = oc- q 2 ) . 
P r o o f . Let the function Q s a t i s f y (5 ) and y n 1 , y n 2 

be the so lut ions of (2 ) s a t i s f y i n g 

(9) 
j n 1 ( 0 ) - 1, y ^ ( 0 ) = 0, 

y n 2 ( o ) = o, y ; 2 ( o ) = 1. 
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Common behaviour of s o l u t i o n s 

By ( 3 ) , (4) i n [2] we have 

" |yn1(t)|$expN^1t, l^itJl exp * A-1t, 
( 1 0 ) 

| y n 2 ( t ) | expu;1t, | y ; 2 ( t ) | $ e x p K 

Choose nQ so t h a t K < q - ] . Then f o r n > n 3 vie have 

0 

I y n 1 ( t ) I ^ e x p q 1 t * | y n l ( t ! l ^ e x p q 1 t 

I y n 2 ( t ) l e x p q 1 t ' I y n 2 ( t , l < 0 X p q 1 t > 

Let ot̂  be c h a r a c t e r i s t i c exponents of i n - aquat ions ( 1 ) . 
By (5) we get He o c ^ q - j f o r a l l n (see [ 3 ] , p . 1 2 6 ) . Henca 
there e x i s t c o n s t a n t s Dn such that 

|yn1(t,| $Dn expfq̂ ), | ŷ  (t) | $ X n D n exp^t), 
|yn2(t)| 3xp(qit), |y 2̂(t) | $ D n exp(qit). 
Putting D q = max j l , K i ; j < n

0 } w e have f o r a l l n 
I * n 1 ( t , l *Do "Pî t). | ŷ i (t) | < *nDQ exp(qit), 
|yn2(t)| exp(qit), | y ; 2

( t , l *Do «P î*)-
It is easy to see that 

( 1 1 ) 

U 

?n1(t) = exp (- \ j a(s) ds) [yn1(t) + yn2(t)] , 

rn2(t) = exp (- \ j a(s) da )yn2(t) 

are the solutions of (1) satisfying (7). Prom this we get (8) 
with D = Dq ( 1 + ĵ)max {exp â t) : t e [0,JT]}. 
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4 Pham ba Trung 

For the function Q satisfying (6) the proof is similar. 
R e m a r k . This theorem is s t i l l valid for the case 

S = n̂ i n i s r 0 P l a c e d b7 + ^o with Ay being a po-
sit ive constant. 

2. Consider the following collection of nonhomogeneous 
equations corresponding to (1) 

(12) s" + a(t ) s ' + + b ( t ) ] s = c n ( t ) , n=1,2,..., 

where cn(t+5T) = c n ( t ) and t ) e ir(0,Jr). Put 

Cn = j |cn(t)| dt. 
0 

T h e o r e m 2. I f the functions a, b satisfy the 
hypotheses of Theorem 1, then there exists a constant K>0 
independent of n such that the solutions snQ satisfying 

(13) sn o (0 ) = s^o(0) = 0 

of the equations (12) oan be estimated as follows 

(14) |sno(t)| $KCnA-1, l e ^ f t ) ! <*Cn. 

P r o o f . Since the hypotheses of Theorem 1 are sa-
t i s f i ed , the qorresponding homogeneous equations (1) have 
no periodic solutions with period 3T. Therefore, for each n 
(12) has the unique solution peripdic with period ir (see 
[1] , p.251). Denote by r Q l , r f l 2 the solutions of (1) satisfying 
(7) and by yn 1 , yn2 the solutions of (2.) satisfying (9 ) . Put 

R n ( t ) = 
r n 2 ( t ) 

r n 1 ( t ) . r ; 2 ( t ) 
c ^ t ) 
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Common behaviour of solutions 5 

Îhen vie hove 

( 1 5 ) 

where 

(16) 

sn(t) 
e;(t) = A (t) n 

sn(0) 
sn(0) i Rn(t) Hn1(s) cn(s) ds' 

sn(0) 
sn(0) 

= [a - Hn(Jr)]"1 Rn(ir) f H"1(t) c*(t)dt. 

v 0-1, Choose n̂  so that exp I\ JT cchocoT. Then for n̂  n̂  by 
(10), (11) we get 1 

Iyn1(5r) + yn2
(îr,U 2 exP(K ̂ nĵ » 

I r n 1 ( l t ) + ¿̂2(Jr)| <2 exp [(N A'J -a)jr], 

det[B - Rn(îf),] = 1 - [j?n1{JT) + ^2(jt)] + det Hn(ar)> 

2 exp(-air) [chaJT - exp(N A. ~1jr>] = d> 0. 

By (16) we obtain 

B*(0) 

JI V 

(rn1(îr,-0"2aîr)i aisjdejr^tj îtjdt 
0 0 

jr 

n det[B-Rn(jr)] 

+ rn2(If) Î (9xp i ai8)ds) rn1(t) c
n

(t,dt-
0 0 

Putting H = j max |exp J a(s)ds : te [o,jr]j together 
with (8) give ° 

(17) |sn(0)| $ H D (2D+1) 

Analogously, we have 
(18) |ê (0)| $ H D (2D+1) CQ. 
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6 rham ba "rung 

The periodicity of and (8), (15)—(18) assure 
|sn(t)| s 2HD2(2D+1+d) CJl"1, 

|ŝ (t)| -S2HD2(2D+1+d) Cn. 
On the other hand, for each n there exists Kn such that 

Hence, with KQ = max|2HD2(2D+1+d), Kn : n $n1 j we have 
for all n e N 

It is easy to see that 

(19) K ( t > | « W n • l 3 i ( , | l a o C n -

sÛQ(t) = sn(t)-sn(ü)rn1(t)-s^(ü)rn2(t) 

is the solution of (12) satisfying (13), By (8), (17)-(19) 
v;e get (14) with K = KQ(2D+1 ). 
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