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ON T;-CLIQUISH FUNCTIONS

Let X be a topological space and let U be an open cover
of X, The cover U is called T,-open (T,-open) [6] if for every
Ue U, the interior of X\U is not empty (there are open sets W
and W’ such that WcWcW'c X\U)., Throughout this article
every open cover will be called T,-open cover. Also in lel,
K.R. Gentry and H.B.Hoyle have used the concept of Ti-open
cover to define a Ti—continuous functlons as follows:

Definition 1. Afunctioan—-YisTi-con—
tinuous if for every T,-open cover U of Y there exists an
open cover O of X such that if 0 e O, then there is a U el
such that £(0)cU [6].

It is easy to verify that a function f:X —’Y is T,-con-
tinuous if and only if for every xe¢ X and for each Ty-open
cover U of Y there exist an open set Wc X containing x and
a Ue U such that £(W) c U,

Definition 2. 4 funotion £:X —=Y 'is sagid to
be Ti-cliquish at a point xe X if. for each ’l‘i—open cover U
of Y and for every open set UcX containing x there exist
an open non-empty set Gc O and a UeU such that £(G)c U,

A funotion f is Ti—cliquish if it is Ti-cliquish at every
point,

It ie easy to ses that such functions are natural genera-
lizations of Ti-continuous functions. The following example
shows that the class of Ti-cliq uish functions is greater than
the olass of Ti-continuous functions,
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uxanaple Te Let R be the space of real numbers
with the natural topology. Let X = [U,c«o) Cc R have the usual
subspace topology and let ¥ = [0, ) cR have the topology
cenerated by U = {{0},[1,ooj}u{[1/(n+1),1./n): n=1,2,...}.
We shall demonstrate that the function f:X — Y given by
f(x) = x for all xe X is ’31:cli<; aish but is not T3-continuous.
4t firet let x = Oe . Let & be an open cover of ¥ and let
% cX be an oven set coatsining x. ‘then fhere exist & number n’
and & e such that G = (1/n’,1/n'=1) ¢ and £(G)c4; so f
is T,-cliguish at x. Secondly if xe {1,1/2,1/3,...}and & is
an opan cover of Y, then there exists a number n’ and 4e A
such thet f{x) = x = 1/n’e &3 so [1/5',1/(n"-1)) c4 and, for
every open set Wc X containing x there exists an open non-
~eupty set GeW (G = Wc[1/n’,1/(n"-1)) such that £(G) c 4.
Thus f is ’1‘1-—cliq uish at x. We observe that f is continuous
at each x e X \{0,1,1/2,1/3,444}. So the T,-cliguishness of f
is shown, Clear}y, f is not T3—continuous at x = U, Indeed,
the collection U is a T,-open cover of Y and, for every open
get WcX containing x we have f(W) ¢ U for any Uel, Thus, f is
not T.-continuous. Since any Ti-continuous (Ti-cliquish) func-
tion is _Ti+1-continuous (T1+1-cliquish), i=1,2, it follows
'that the function f is also Tz-cliq uish and T3-cliquish;
and £ is not 'I‘2-co_ntinuou_s and £ is not T1-continuous.

Definiticn 3. -4 function f:X — Y is quasi-
-contlnuous 4t a point xe X if for each open set Vc¥Y con-
teining f(x) and for every open set O cX containing x therse
exists an open non-empty' set GcO such that £(G)cV [1,7,10,
12,14].

(This types of functions has also been defined by N.Levine
[8] who used the term semi-continuous).

The following dihgram illustrates the relations between
these classes of functions,
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f is T3-continuous = f is T3-cliq uish

f is T2-continuous = f is Tz-cliq nish

1

f is T1-continuous = f is T1-cliq uish

I f

f is continuous = f is quasi~continuous

Definition 4. A function f from a topological
space Y with a uniformity U is cliquish at a point xe X if
for every open set Oc X containing x and for every Ve U thers
exists an open non-empty set G c O such that (f(x’),f(x")) <V
for any x’,x"“ ¢G, 4 function f is cliguish if it is cliquish
at every point [2,3]. If a uniformity U is induced by a me-
tric on Y, then the above definition coincides with the well
known definition of the cliquishness [1,5,9,12,14].

Let Y be a uniform space with a uniformity U. Simul-
tangously we ‘consider Y as a topological space with the topo=-
logy induced by the uniformity U,

Proposition 1, Let Y be a uniform space with
a uniformity W, If a function f:X —Y is T3-cliq uish at
a point x € X, then f is cliquish at its point,

Proof. Let O be any open set containing x and let
Vel. There exists We 1l such thet W = W' and W°c V. Since
the collection {Int(‘B(y,W)): ye Y} is a T3—open cover of the
topological space Y with the topology induced by U, where
B(y,W) = {seY: (y,s) e W}, there exist an open non-empty set
GcO and 3’ ¢ Y such that £(G)c Int(B(y’,W)). Then
(f(x’),f(x")}) e WecV for any x',x"¢ G and, consequently,

f is cliquish at x.

The following example-shows that a cliquish function -need
not be Tj-cliquish.

Example 2. Let R bs the space of real numbers
with the natural metric and let Y = (U, )c R have the usual
subspace topology. Let us consider the set X = [0, =} with
the topology T = {¢#,X}u{(r,e0): r>0}. By ¢ we denote the set
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. . _ n+4 -
of patlonal numbers, We denote a, = STE%TTTEI§T and bn =

= %?ﬁ—ffr fOr N = 1,2,ee0 » Define £:X —»Y by

b, if xe [n-1,n)ng

fi{x) =

an if xe [n—1,n)\Q, n= 1,2,00.

The function f is clearly cliquish., Note, however, that the
collection U = {(an,bn): n = 1,2,...}t1{(4/6,oo)} is a T3-open
cover of Y and for every non-empty set G ¢ X and for every

Ue U we have £(G) ¢U. Thus, f is not Tj-cliquish.

Proposition 2. Any cliquish function f from
a topological space X into a uniform compact space Y is
T1-cliquish.

Proof, Let xe¢ X and let Wc X be any open set con-
tainjing x. If U is an open cover of Y, then there exists a
Vel such that if A¢ 0 = {B(y,V): ye Y} then there is a UeU
such that AcU since Y is compact. By the cliguishness of f
there exists an open non~empty set Gc W such that
(f(x’),f(x")) eV for every x’,x" ¢ G. Hence there exists set
4 e 0 and exists set U € U such that £f(G)c A'c U’ and the
proof is complete,.

The following two results give simple characterization of
Ti-continuous and Ti-cliquish functions,.

troposition 3. A function f:X —»Y is T -con-
tinuvous if and only if for every Th-open cover U of Y the
csllection {Int f'1(U): Ue ﬁ} covers X.

¥rroof. Assume that f is Ti-continuoue. Let U be
an T;-open cover of Y and 1let x;.x. Then there exist an open
set Wc X containing x and a UeU such that £f(W)c U, Thus
xeWwcInt £7(U)c U{Int £77(v): ve U},

Conversely, let x e X and let U be an Ti-open cover of Y.
Since the collection {Int £~ (U): ve U} covers X there exists
a Uell such thet x e Int £71(U). Hence £(Int £71(U))c U and £
is Ti-continuous at x.
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Proposition 4, A function £:X — Y is Ti-cli-
quish if and only if for every Ti-open cover U of Y we have

U{znt £1(U): ve i} = X

Proof. Assume that f is T,-cliquish. Let U be an
Ti-open cover of Y and let x e X, For every open set Wc X con=
taining x there exist an open non-empty set Gc W and a UeU
such that f£(G) c U, Thus Gc Int f'1(U) c U{Int f-1(U): UeU},

whict. implies that x e U{Int £71(U): Ue U}

Let us assume now that U{Int £™1(U): Ue U} = X for every
Ti-open cover U of Y. If WcX is an open set containing x e X,
and U is an T,-open cover of Y, then Wn(U{Int £~ (u):ue ﬁ});(
# 0. So ¢ # Walnt £~ (U’) c W for some U'e U end,
£(WnInt £77(U’)) cU’. Henoe £ is T -cliquish at x and the
proof is complete.

For any function f:X — Y we will denote by A;(f) and
Ci(f) the set of all ’l‘i-cliq uishness and Ti-continuity points
of £ respaectively.

Proposition 5, Let f:X — Y be an. arbitrary
function, There exists a family {Gszse S}lof open subsets of X
such that Ci(f) = ﬂ{Gs: ses} and Ai(f)“= ﬂ{GB: 8¢ S}.

Proof. For any T,-open cover U of ¥, let G(U) be
the set of all points x¢ X at which the followling condition
is satisfied: there exist an open set Wc X containing x and
a UeU such that £(W)c U, It 'is obvious that the set G(U)
is open. We shall prove that ci(£) =N {c(V): U 1s an T, -open
cover of Y}.

If_.f is Ti-continuous at a point x, then for every Ti-open
cover U of Y there exist an open Bet Wc X containing x and
aUe U such that £(W)c U; so xeG(U) for every T,-open cover
U of Y.

Conversely, if for each T wopen cover Uof Y xed(U),
then evidently f is T,-continuous at x.

Now we shall prove that

A_i_(f) = ﬂ‘{G(ﬁ)s U is an T,-open cover of Y}.
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Assume that f is Ti-cliquish at a point x. Let Wc X be an
open set containing x. If U is an Ti-open cover of Y, then
there exist an open non-empty set GcW and a Uc¢ U such that
f(G)c U, It is obvious that GcG(U), Thus x eG(U) for every
T.-open cover U of Y.

Conversely, let x eG(U) for every T. j-open cover U of Y.
We observe that for every T j-open cover U of Y the set G(U)
is open, then for every open set Wc X containing x and for
every Ti-open cover U of Y there exists an open non-empty
set GcW such that GcWnG(U) and, by the definition of G(U),
there exist an open non-empty set G'c G and a UeU such that
£{G') ¢U, Hance f is T;-cliguish at x and the proof is com-
plete,.

Corollary 1. For each function f the set Ai(f)
is closed.

Corollary 2. If for a function f:X — Y the
set Ci(f) is dense in X, then f is Ti—cliquish.

Proof. It follows by: X =C4(f) =

= r]{G(ﬁ): U is an T,-open cover of Y}c

c rw{é?ﬁ}: U is an T,-open cover of Y} = As(£),
Corollary 3. If £ is a function of a Baire
space X with values in a topological space Y and the set
x\C;(f) is of the first category, then f is T;-cliquish,
Since any function f of a Balre space X into a metric
space is cliquish if and only if the set X\ C(f) is of the
first category [5,12], where C(f) is the set of all continuity
points of £, we have the following oorollary:
" Corollary 4. Any cliquish function f from
a Baire space X into a metrio space Y is T1-cliquish.
Proof s Iff is cliquish, then the set X\ C(f) is
of the first category and sincs C(f) c C,(f), the set X\Cy(£)
is of the first category: Since X is a Baire space, the set
C1(f) is dense in X, Thus by Corollary 2, f is T1-c11quish.
We say that a topological space X has property Py if,
there exists a sequepnce {U n=1 2,...} of T,-open covers
of X such that:

- 542 -
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if 0 is an T;-open ccver of X, then there ?xists a num-
ber n’ such that if Ue U, ythen there is a 0 ¢ 0 such that
Uc O,

Leaonma 1. If £ is a function into a topological
Space Y with the property Py then there sxists a sequence

{Un: n = 1,2,eeep of T;-open covers of Y such that Ci(f) =

= N{a(U): n = 1,2,0..} and ag02) = 06T ): n = 1,2,...],
whare G(Un) is as in Proposition 5.

Proof, The proof is simple and is thus omitted.

Corollary 5e If £ is & function into a ftopolo=-
gical space with the property Py, then the set Ci(f) is Gge

Proposition 6, A function f of a Baire space
X into a topological space Y with the property ry is T,-0li1-
quish if and only if the set X \Ci(f) is of the first cate-
80Ty,

Proof., If £ i1s T -cliquish, then by Lemma 1,
X\Cy(£) = N{a(Up): n = 1,2, NN {e(U,): n = 1,2,.00}

c U {G(ijn) \G(U,): n

the set G(ﬁn) is open, the set G(Un)\\G(ﬁn) is newhere dense
and hence the set X\C;(f) is of the first category.

Conversely, if the set X \C;(f) is of the first cstegory,
then by Corollary 3, £ is Ti-cliquish.

4 topological space X is called nearly Ti-space, i=1,2,3,
if for each point x ¢ X and for every open set Wc X containing
x there exists a T;-opeh cover U of X, i=1,2,3, respecti~
vely, such that St(x,U)cW [13], where St(x,U) denotes the
star of the point x with respect to U, Clearly, nearly Ti,
i=1,2,3, 1s strictly weaker than Ti’ i=1,2,3, respecti~
vely.

From the fact that any Ti-continuous function, 1 = 1,2,3,
into a nearly Ti-space, i=1,2,3, respectivaly, is conti-
nuous [13], we obtain the following result:

Corollary 6, A function £ of a Baire space X
into a pearly Ti-apace Y with the property P1 is Ti-cliquish
if and only if the set X \C(f) is of the first category.

1,2,...} and since for every number n
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Proof, It follows immediately from Proposition 6.

4 function f£:X —» Y is barely continuous, if for every
non~-eapty closed set Mc X the restriction £/M has af least
one point of the continuity [11].

. The following result improves Theorem 1.1 of [3].

Proposition 7. Any barely continuous func-
tion f: X — Y is T1-cliquish. ‘

Proof. Let xe X and let U be an open cover of Y,
If OcX is an open set containing x, then by the barely con-
tinuity of f there exists a point x’e O of the continuity
of £/0 and, consequently, £/0 is T1-pontinuous at x’. Then
there exists an open set Wc X containing x’ such that
f(Wn0) cU’ for some U' ¢ U, Thus G = Wn0cO is an open
non-empty set such that f(G) cU’. This means that f is
T,-cliquish at x and the proof is complete.

4 topological space X is said to be a Baire space in the
narrow sense, if every closed sdbspace of X is a Baire space
[4].

Proposition 8, 4 function f of a Baire space
in the narrqﬁ sense X into a nearly T,-space Y with the pro-
perty P; 1is barely continuous if and only if for every non-
~empty closed set M cX a function f/m is T,-cliguish,

Proof, If £ is barely continuous and McX is a
closed non-empty set, then £/ is cleerly barely continuous;
30 by Proposition 7 the function £/M is Ti-cliquiéh.

Conversely, 1f the restriction f/M is T,-cliquish for any
closed non-empty set Mc X, then by Corollary 6, the set C(f/M)
is dense in M. It follows that C(f/M) # ¢ so that £ is barely
continuous.

1
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