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FIXED POINTS FOR CONTRACTIVE CORRESPONDENCES

In the present paper we prove some fixed and common fixed
point theorems for contractive type mappings and multivalued
mappings in the metric space. These theorems extend theorems
of achari [1], Ray [6], Reich [7], Singh and Whitfield [8].

Let (X,d) be a metric space and let S, T be two corres-
pondences (i.e. mappings from points to sets) from X to CB(X),
which are neither necesearily continuous nor commuting. We
shall denote by CB(X) the set of all non~eapty closed and
bounded subsets of X, by CL(X) the set of all closed subsets
of X, by H(A,B) the Hausdorff distance of 4,B ¢ CB(X). We shall
also write D(4,B) = inf{d(a,b) : ae4, beB}, §(4,B) =
= sup {d(a,b) : aehd, be B}. A point xe X will be called
a fixed point of S or T is x e Sx or x € Tx respectively.

The theorems proved in this paper generalize some results
from [1-10] for mappings and correspondences,

Theoremm 1. Let (X,d) be a compact metric space
and £,T ¢+ X — CL{(X) and let S or T be continuous and satisfy
condition : there exists a real valued function ¢ : RE —---R+
such that

(1) &(sx,Ty) <e({d(x,y),6(x,Sx]) »6(y,Ty),8(x,Ty),6(y,5x))

for any distinct x,y in X, where ¢ is non-decreasing with
respect to the each variable and

(2) e(t,t,t,2t,2t) < t,
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Then S or T has a fixed point u satisfying {u} = Su or
{v} = Tv. If both S and T have such fixed points then u = v.
Proof., Let S be continuous and put

f(x) = H(x,Sx) for all xe¢X.

Then £ is continuous on X. Hence f takes its minimum value at
some x_.. We prove that X is a fixed point of S or some X, € Sxo

0
is a fixed point of T.
Let
x4 €8x be such that d(xo,x1) = H(xo,SxD) = by,
X, € Txy be such that d(x1,x2) = H(x1,Tx1) = b, and
X5 € Sx, be such that d(x2,x3) = H(x2,Sx2) = b,

If b,> 0 and b,> 0, then from (1) it follows that

1
b, = H(x1,Tx1) $6(5x,,Txq) <
<¢(d(xo,x1),S(XO,SXO),S(X1,TX1),5(X0,TX1),5(X1,SX°)) <.
g¢(d(x°,x1j,d(xo,x1);d(x1,x2),d(xo,x1) + 8(x1,Tx1),
d(x1,xb) + S(XO,SxO))gcp(bo,bo,b1,bo+b1,2bo).
If bo<b1 then
b1 <<p(b1,b1 ,b1,2b1,2b1) Sb.]

and we obtain a contradiction: So b,> by
Now

b, = H(x,,5x%,) SS(Tx1,Sx2)<

<¢(d(x1,x2),5(x1,Tx1),6(x2,SK2),5(x1,Sx2),8(x2Tx1)) <

€@(byy0,byyb 4Dy b+, )
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Contractive correspondences 3

Ir b.I > b2 then

by< (b 192b1,2b,) €b, <b_,

1’ 1’

which contradicts the minimality of bo.
If by <b, then,

by <@ (byybyyb,,2b5,2b,) < By

2’

and we obtain a contradiction. Therefore bo = 0 or b1 = O.

Now let {u} = Su and {v} = Tv then u = v, because other-
wise from (1)

d(u,v) = 8§(Su,Tv) <¢(d(u,v),5(un,Su),8(v,2v),8{(u,Tv),8(v,Tu))<

sd(u.V)

we obtain a contradiction. This proves our theorem.
Remark 1. 1

6(sx,Ty) <¢(d(x,y),8(x,5x),8(y,Ty),D(x,Ty),D(y,5x))
then (2) can be replaced by
e(t,t,%,2¢,0) <t, t20,

Remark 2, Condition (2) cannot be weakened to the
condition o(t,t,t,t,t) <t

BExample. LetX=1{1,2,3}, dix,y) = |x=yl,
F(1) = 2, F(2) = {1,2,3}, F(3) = -

Let

2
9(tqstp0t5,,,t5) = 5 max {t1,t2,t3,t4,t4}.
Then F = S = T satisfies conditipn (1) but F has not

a fixed point u satisfying {u} = Fu,
Remark 3. If the condition

(1 ‘) H(Sx,Ty) <e¢(d(x,y) ,D(x,Sx) »D(y,5y),D(x,Ty) aﬁ(yvsx”

ie satisfied then S or T has a fixed point,
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In the proof let f(x) = D(x,Sx) and
X, € Sx° be such that d(xo,x1) = D(xo,Sxo) =D

Ll
o

X, eTx1 be such that d(x1,§2) = D(x1,Tx1) =

X3¢ Sx, be such that d(xz,xB)

(see [3]).
If S and T are mappings we can prove similarly as in [4].
Theorem 2., Let (X,d) be a metric spacs,

D(X2,Sx2) = b20

S,T ¢+ X — X be continuous mappings and suppose that there
exists x e X such that the sequence (x,) defined by x

2n+1
= SX5py Xppuo = TX5p 4 for no= 0,1,2,... satisfies x, # X1
and contains a subsequence {x.) convergent, to, say, Uu.

Suppose that there exists a real valued function ¢: RE —»R+

non-decreasing with respect to each variable and
p(t,t,t,2%,0) <1,
olt,t,t,0,2t) <t

(a)

and such that
(b) da(sx,Ty) <eld(x,y),d(x,5x),d(y,Ty),d(x,Ty),d(y,Sx))

for'ady distinct x,y in X. Then u is the unique common fixed
point of S and T,

Proof. By (b) there exists lim d(xn,x
J be even and u # Su. Because

n+1).‘Let

1lim d!{x;, .,Su) = 0 and 1lim d(x3+2,ﬂSu) s 0

hEa
we. have

d(u,50) = im d(xgyxy,q) = 1o dlxy q,xg,5) <
<1lim d(xj+1,Su) + d(Su,TSu) + lim d(TSu,xj+2) <

<d{u,Su) e contradiction, Hence u = Su.

Sincs lim d(xj+2,Tu) = 0 and lim d(x3+3,STu) = 0 it followe
that
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d(u,Tu) = d(5u,Tu) = ldm dlxy 4,%5,0) =

lim d(x

j+2,xj+3) = d(Tu,STu).

If u # Tu then
d{u,Tu) = d(Tu,STu) <

<¢(d(u,Tu},d{u,Tu),d(Tu,STu),d(u,sTu),d(Tu,Ta)) < d(u,Tu)

a cuntradiction, Therefore u = Tu.
If v is anothsr fixed point of S and T such that u # v,
then by (b)

d(u,v) = d(Su,Tv) <d{u,v). Hence u = v,

This completes the proof.

Remark 4. If X is compact metric space S = T then
there exists a unique fixed point of T,

If

(tatyyty,ty,t5) = max{t1. 1 (t,+t5), : (t4+t5)}

we obtain theorem of Achari [1]. This result extends earlier
ones of Wong [10], Leader and Hoyle [S5], Su and Seghal [9],
Singh and Whitfield [8].

REFBERENCES

[1] Je Achari: Some fixed point theorems II, J. Univ,
of Kuwait 1 (1983) 43-46.
[2] M. Fdelstedin: On fixed and periodic points
 unter contractive mappings, J. Lond. Math. Soc. 37 (1962)
T4=T79. ,
[3] I. Kubiaczyk: Some fixed point theorems, De~-
monstratio Math., 9 (1976) 507-515.

- 499 -



6 I.Kubiaczyk

[4]1. Xubiaczyk, B, Rzepeckdid: & note
on contractive mappings and generaslizations, Bull, Acad,
Pelon. Sci., Ser. Sci. Math. 4stronom. Phys. 9 (1976)
T43~T747.

[5] S« Leader, S.Le. Hoyle: Contractive fixed
points, Fund. Math. 87 (1975) 93-108,

[6] B.k. R ay : OnCiric’s fixed point theorem, Fund.
Math. 94 (1977) 221-229.

[7] Se Rei1ch:s Fixed points of contractive functions,
Boll., Un, iat., Ital., 4 (1972) 26-42,

[B] KL, Singh, JH., Whitfield: Fixed
points for contractive type multivalued mappings, Math.
Japonica 27 (1982) 117-124.

[9)CH. Su, V.. Sehgal: Some fixed point theo-
rems in locally convex spaces, Boll, Un. Mat, Ital. 4
(1974) 598-601.,

[10]Ch.S. Wong: Common fixed point of two mappings,
Pac. J. Math. 48 (1973) 299-312.

INSTITUTE OF. MATHEMATICS, A.HICKIEWICZ UNIVEBRSITY,
€0~769 POZNAN, POLAND
Received December 12, 1985.

- 500 -



