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AN|EXISTENCE THEOREM FOR THE HYPERBOLIC
EQUATION z,y=1(x,y,2) IN BANACH SPACES

%We are interested in the existence of solutions of the
parboux problen for the hyperbolic equation zxy = f(x,y,2)
{x,y> 0) when f with values in o Banach space satisfies
some regularity condition expressed in terms of Kuratowski’s
measure of noncompactness «, Our result will be proved via
the fixed point theorem of Sadovskii given in [5] as Theo~-
rem 3.4.3.

Let J = <0, o0), Throughout this paper ¢ = Jx J and E will
denote a Banach space with norm fl+ll. The measures of noncom~
pactness o{4) of nonempty bounded subset A of E is defined
as the infimum of all € >0 such that there exists a finite
covering of 4 by sets of diameter <e€.

Denote by C(G,E) the set of all continuous functions from
Q to E. The set C(Q,B) will be considered as a vector space
endowed with the topology of almost uniforam convergence. For
VcC(¢,B) we denote by V{x,y) the set of all z(x,y) with
2z ¢V, Further, we will use standard notation. The closure of
a set & and its closed convex hull will be denoted, respecti-
vely, by A and co 4. Ior the properties of o we refer to [2].

The Lemma below is an adaﬁtation of the corresponding
rasult of -Ambrosetti ([1], Lemma 2.2). It is special result
of Heinz lemma (see [3]).

Lemma. If P is a compact subset of ¢ and V is
a bocunded equicontinuous subset of the usunal Banach space
of continuous B-valued functions on P, then
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o« (U{Vix,3): (x,3) eP}) = sup { (V{x,3)) ¢ (x,3) eP}.

Denote by So, the set of all nonnegative real sequences,
For € = (§,), 0 = (p,) e S0 we write § <p if {<p (i.e. §, <np,
for n = 1,2,..0) and £ #n. Let ¥ be a closed convex subset
of C(Q,E} and ¢ be a function which assigns to esch nonempty
subset Z of ¥ a sequence $(2) € S such that

(1) &({z}v2)
(2) &(co 2) 8(z),
(3) 1if $(2) = @ (the zero sequence) then Z is compact.

Here we use the Sadovskii fixed point theorem in the
following form (cf. [4]):

If F:¥ — % 1is a continuous mapping satisfying
§(F[z]) <®(2) for arbitrary nonempty subset Z of ¥ with
§(z)>8, then F has a fixed point in %.

Let £ be an E-valued function defined on ¢ x B. By (+) we
shall denote the problem of finding a continuous solution of

{zxy = f{x,3,2)

9(z2) for ze%,

z2{x,0) = 0, 2{0,y) =0

for x3» U, y2 0.

Theorems. Lt Gs IxJIxJ —=J be a continuous
function nondecreasing in the last variable, and le%t
L: JxJxJ — J be a function such that for each ueJ the
mapping (x,y) —» L(x,y,u) is continuous and L(x,y,0) = O
on Q. If

1% £ is continuous,

2° “f(x.y.u)"SG(*J:"“") for (x,y)eQ and ueE,

3° ([P xW]) <sup {L{x,y,x(W))s (x,3) eP} for any eom-
pact subset P of ¢ and each nonempty bounded subset W of E,

4° the scalar integral inequality

glx,y)2 G(u,v,g(u,v))dudv

C ey 4
C Camwtd
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has & locally bounded solution 8o existing on &, and

+00 400
j 5 L{u,v,r)dudv<r for all r> 0,
0 0

then there exists a solution z of (+) such that ||z(x,y)]| <
< 8,(x,y) for (x,¥) e Q.

Proof. Denote by £ the set of 21l z € C{(,B) with
lz(<,5) ] <& (x,5) on ¢ and

*2 92
I|z(x1,y1) - z(xz,yz)"gu 5 Glu,v,8,(u,v))dudv| +
0 ¥4

X2 74

"'|j { G(u.v,go(u.v.go(u,v))dudvl for (x1.y1),(x2,b’2)€Q.
X
1

The set ¥ is a clcsed convex and almost equicontinuous subset
of C(¢,E). We define a continuous mapping F of X into itself
as follows

Xy
(Fz)(x,y) = jj f(u,v,z(u,v))dudv for ze X,
00

Let n be a positive integer and P, = {o,n] x [0,n]. Let Z be
a nonempty subset of ¥ and W = U{Z(x,y)z (x,3) ePn}. Pix
{x,y) in P,. For any given €> 0 there exists §> 0 such that
u',u"¢ [0,x], v/,v’e [0,y] with |u'-0u"] <8 and |v/-v'| < §
imply |L(u’,v’,x(W)) - L{u”,v",x(W}|<e « We divide the in-
tervals [O,X], [O,y] into m'parts X, = 0<x1 <ees <Xp = X,
Vo = 0<Jqy<ese <y, =7 in such a way that |xi-xi_1|<6,
Iyi-yi_1|<6-tori= 15250 v0,yllle ‘

Put Pij = [11_1,xi]x [33-1'53]’ i, = 1,2,¢..,m, and lat
(61,?:3) be a point in Pij such that

L(x,y3,x{W)) sL(Gi,'rJ,cx(W)) for (x,y) ePij.
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‘Wow, by the integral mean valus theorem, our condition 3°

and Lemma, we obtain
o
Q(F[b](x’y”$°(< Z meS(Pij) E(f[.Pijxw]))' <
ivj=1|

i m

< ji: mes(Pij) L(6i,zj,a(w)) < :Z: ff L{u,v,o(W))dudv +
i,j=1 i, =1 Pij

m
j{: jf | L(u,v,a(W)) = L(si,wj,a(W))ldudv‘<

1,3=1 By

X
< 5 L(u,v,o{W))dudv + exy =
0

C Cwed

= €Xy + L(u,v,supf{o{Z(x,y)): (x,3) ePn})dudv.

C L 34
O Cammy

As €> 0 is arbitrary, this implies

(4) _Sup{“(F[Z](x,y)): (x,y) ePn} <
Xy
< 5 5 L{u,v sup{a(Z(x y)): (x,5)eP })dudv.
(x.3)eq 00
Define

3(2) = ( sup o« (2(x,3)), sup u(Z(X,y)),...)
x;y)€P1 (X.y)epe

for any nonempty subset Z of X¥. Evidently $(2) ¢ Seo. By the
corresponding properties of o, the funotion & satisfies con-
ditions (1)~(3) listed above. From our gssumption on L and
inequality (4) it follows that 8(F[2]) <8(2) whenever &(Z)>s6.,
Thus all assumptions of Sadovskﬁ.’\s ‘fixed point theorem being
satisfied, F has a fixed point in ¥ end the proof is complete.
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Remark. Inparticular, the function L(u,v,r) =
= L{u,v)eq(r), where

+00 400 _
5 ! L{u,v)dudv ¢1 and 0O<e¢(r}<r for r>0
0] 0

satisfies conditions from the theorem.
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