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AN| EXISTENCE THEOREM FOR THE HYPERBOLIC 
EQUATION zxy=f(x,y,z) IN BANACH SPACES 

We are i n t e r e s t e d i n the e x i s t e n c e of s o l u t i o n s of the 
Darboux problem f o r the hyperbol i c equat ion z = f ( x , y , z ) xy 
( x , y ^ O ) when f with values i n a Banach space s a t i s f i e s 
some r e g u l a r i t y condi t ion expressed i n terms of Kuratowski 's 
measure of noncompactness ex. Our r e s u l t w i l l be proved v i a 
the f i x e d point theorem of Sadovski i ^ iven i n [5] as Theo-
rem 3 . 4 . 3 . 

Let J = < 0 , 00). Throughout t h i s paper Q = J x J and E w i l l 
denote a Banach space with norm 11».II. The measujre of noncom-
pactness ot(A) of nonempty bounded subset A of E i s defined 
as the inflmum of a l l e > 0 such tha t there e x i s t s a f i n i t e 
cover ing of A by s e t s of diameter ^ e . 

Denote by C(Q,E) the se't of a l l continuous func t ions from 
Q to E. The s e t C(Q,E) w i l l be considered as a v e c t o r space 
endowed with the topology of almost uniform convergence. For 
V c C ( Q , E ) we denote by V ( x , y ) the se t of a l l z ( x , y ) with 
z e V. F u r t h e r , we wi^ l use standard n o t a t i o n . The c losure of 
a s e t A and i t s c losed convex h u l l w i l l be denoted, r e s p e c t i -
v e l y , by A and co A. Tor the p r o p e r t i e s of a we r e f e r to [ 2 ] . 

The Lemma below i s an adapta t ion of the corresponding 
r e s u l t of -Ambroset t i ( [ 1 ] , Lemma 2 . 2 ) . I t i s s p e c i a l r e s u l t 
of Heinz lemma (see [ 3 ] ) . 

L e m m a . I f F i s a compact subset of Q and V i s 
a bounded equicontinuous subset of the usual Banach space 
of continuous S-valued f u n c t i o n s on F , then 

- 489 -



2 M.Dawldowski, I .Kubiaczyk, B.Rzepeoki 

o c ( U { v ( x , y ) : (x,y) ep}) = sup {oc (V(x,y)) t (x,y) e p}. 

Denote by Soo the set of a l l nonnegative r e a l sequenoos. 
For ^ = 9 = ( i^ ) e Soo we wri te ? < ? i f ( i . e . <?n 

f o r n = 1 , 2 j , . . . ) and Let S be a closed convex subset 
of C(Q,E) and 4 be a func t ion whioh assigns to each nonempty 
subset Z of 3E a sequence $(Z) e Soo such tha t 

(1) $({z} u Z) = $(Z) fo r z e 3 , 
(2) $(co Z) = $(Z), 
(3) i f $(Z) = 8 (the zero sequence) then Z i s compact. 

Here we use the Sadovskii f ixed point theorem i n the 
fol lowing form ( c f . [4]) : 

I f FsX —• 3E i s a continuous mapping s a t i s f y i n g 
$ (F [z]) <$(Z) f o r a rb i t r a ry nonempty subset Z of I with 
$(Z)> 8 , then F has a f ixed point in S . 

Let f be an E-valued func t ion defined on Q x S. By ( + ) we 
s h a l l denote the problem of f ind ing a continuous so lu t ion of 

z ^ = f ( x , y , z ) 

z (x ,0) = 0, z(0,y) = 0 

f o r x 0 , y » 0. 
T h e o r e m . Let GJ J * J «J J be a continuous 

func t ion nondecreasing in the l a s t v a r i a b l e , and l e t 
L s J x j x j — » J be a func t ion such that fo r each u e J the 
mapping (x,y) 1—»L(x,y,u) i s continuous and L(x,y,0) = 0 
on Q. I f 

1° f i s continuous, 
2° l | f ( x , y , u ) | U G ( x , y J u | | ) f o r (x,y) e Q and ue B, 
3° <x(f [pxf f ] ) i sup { l (x ,5 ,a (W)) i ( x , y ) e P } f o r any 00m-

pact subset P of'Q and each nonempty bounded subset W of E, 
4° the s c a l a r i n t e g r a l inequa l i ty 

x y 
g (x .y )^ j j G(u,v.g('u,v) )dudv 

0 0 
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has a l oca l ly bounded so lut ion gQ e x i s t i n g on Q, and 

+00 +00 
L(u ,v , r )dudv< r f o r a l l r > 0, 

0 0 
then there e x i s t s a so lut ion z of .( + ) such that | |z(x ,y) | | < 
$ g 0 U , y ) f o r (x ,y) eQ. 

P r o o f . Denote by 3E the set of a l l z eC(Q,B) with 
II ) II < g 0 U » y ) on C and 

The set 3E i s a closed convex and almost equicontinuous subset 
of C(Q,K). We define a continuous mapping F of 3E into i t s e l f 
as fo l lows 

Let n be a pos i t ive integer and Pn = [o,n] * [o ,n ] . Let Z be 
a nonempty subset of % and W = U { z ( x , y ) : (x ,y) c P j . Fix 
(x ,y) i n P n . For any given e> 0 there e x i s t s 5> 0 such that 
u \ u " e [ o , x ] , v ' , v " e [o,y] with | u ' - u " | < 6 and | v ' - v " | < S 
imply | L( u ' , v ' ,a( W)) - L (u" ,v " , « (W) |<e . We divide the in-
t e r v a l s [ 0 , x ] , [o ,y] into m par t s xQ = 0 < x ^ < , . . <xm = x , 
yQ = 0 < y 1 < . . . <y m = y in such a way that | < 5» 
I y i - J i^T | < 5 f o r i = 1,2 

Put P i ; j « [ X i - i » * i ] x ^ = 1 . 2 , . . . . m , and l e t 
( 6 j , t 1 ) be a point in P 4 1 such that 

x 2 
|| z (x 1 , y 1 ) - z ( x 2 , y 2 ) | | ^ | j j G{ u ,v ,g 0 ( u,v) )dudv + 

x y 
(Fz) (x ,y) = 1 1 f ( u , v , z ( u , v ) ) d u d v for z e 3E . 

0 0 

L(x,y,oi(ff)) < U 6 ± , t u , o . W ) f o r ( x , y ) e P 
i y 
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'Now, by the integral mean value theorem, our condition 3° 
and Lemma, we obtain 

m 
<x(F[)z] (x ,y)) ] T mes(P i;)) co(f [.P^xw] ))• < 

i ,3=l| 
m m 

$ ^ mes(P i ; j) L ( 6 i , Zy(xl\1)) $ ^ j f L( u,v,ct(W) jdudv + 
i»D = 1 i . 3 = 1 

m 
+ 

m 
^ j j |L(u,v,«(W)) - L (6 i f T j t a( f f ) )| dudv < 

i ,d -1 P 1 3 

x 7 

< j j L(u,v,a(W)Jdudv + exy = 
0 0 

x y 

= exy + j | L(u,v ,sup{a(Z(x ,y ) ) : (x,y) ePn})dudv. 
0 0 

As e> 0 i s arbitrary, th i s implies 

(4) sup{oc(P[z](x,y))s (x ,y) e i f l [ <: 

x ? 

(x.yi^w o 0 
Define 

< suj) ^ j j L(u,v,sup{«(Z(x,y)) : (x ,y) e Pn})dudv. 

$(Z) = ( sup « ( Z ( x , y ) ) » sup o c ( Z ( x , y ) ) , . . . ) 
\(x,y)cP1 (x ,y)eP 2 ' 

for any nonempty subset Z of3E. Evidently f i Z j e S o o . By the 
corresponding properties of a , the function $ s a t i s f i e s con-
ditions ( 1 ) - ( 3 ) l i s ted above. Prom our assumption on 1 and 
inequality (4) i t follows that 4 ( p [ z ] ) < $ ( z ) whenever $ ( Z ) > 0 . 
Thus a l l assumptions of Sadovskll 's fixed point theorem being 
s a t i s f i e d , F has a fixed point in SB and the proof i s complete* 
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R e m a r . In p a r t i c u l a r , the funct ion L ( u , v , r ) = 
= L(u,v)»tp(r ) , where 

+00 +00 

j I L (u ,v)dudv$1 and 0 < < p ( r ) < r f o r r > 0 
0 0 

s a t i s f i e s condit ions from the theorem. 
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