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ON LOCALLY FINITELY GENERATED DIFFERENTIAL SPACES 

In this paper we consider Sikorski d i f f e rent ia l space 
[ l ] , [2] whose a d i f f e rent ia l structure is generated by a 
f in i t e set of real-valued functions. In Corollary 2.3 i t is 
given a characterisation such a d i f f e rent ia l structure. 

Any Hausdorff d i f f e rent ia l space which is locally f i n i t e l y 
generated is ,a d i f f e rent ia l space of class DQ [4]. 

1. Preliminaries 
Let U be an arbitrary non empty set and C be a family of 

real functions on M. By scC we denote the set of a l l real 
functions on M of the form u o (<x1 f . . . • c c _ ) . where o j is an arbi-
trary smooth real function on Rn, oc^,... ,c*n e C and n=1,2 
A set C is said to be closed with respect to composition with 
the smooth function on Rn i f f C = scC [2]. 

By Tq we denote the weakest topology on M in which a l l 
functions of C are continuous. Now let A be an arbitrary sub-
set of M. By CA we denote the set of al l ' functions g: A —»R 
such' that for each point p e A there exists an open neighbour-
hood U of p and a function f e C such that f IU n A = glUnA. 

A set.C is saijd to be closed with respect to local ization 
i f f CM = C. I f C = (scCjjyj then the set C is said to be a d i f -
ferent ia l structure on M and the couple (M,C) i s called a 
d i f f e rent ia l space [1], [2 ] . 

Let now (M,C) and (N,D) be d i f f e rent ia l spaces. A mapping 
Pi M —• N is said to be a smooth mapping of the d i f f e rent ia l 

- 477 -



2 W.Sasin, Z.Zekanowski 

space (M,C) into the d i f f e r e n t i a l space (N,D) i f f f o r each 
f e D f o P e C , I f F i s a smooth mapping of th6 d i f f e r e n t i a l 
space (I . ' I ,C) into the d i f f e r e n t i a l space (N,D) we wr i te 
F: (M,C) —<(K,D) [ 2 ] . Moreover f o r an arb i t rary mapping 
F: M —* li by F*s D —»• C we def ine the mapping defined by the 
formula F*(cx) = <xoF f o r any a. e D. 

The notion of tangent vector to ( M , C ) at the point peM 
we def ine as a l inear mapping v : C —» R s a t i s f y i n g the f o l l o w -
ing condit ion 

v(a.|3) = o i ( p ) v ( p ) + /3(p)v(o0 f o r any oc , |3eC. 

The set of a l l tangent vectors to (M,C) at the point peM 
we denote by and c a l l the tangent space to (M,C) at the 
point p. 

I f F: (M,C) —» (N,D) i s a smooth mapping between d i f f e r e n -
t i a l spaces then f o r each point peM the mapping F^ jMp ~ 
defined by the formula (F^pv)(|3) = v(F*/i) f o r any p> e D and 
v e Mp i s a l inear mapping. 

By a smooth vector f i e l d tangent to (M,C) we mean each 
mapping X: C —•C such that X(oc»f3) = cxX(|5) + /SX(cx) f o r any 
a,|?e C, The set of a l l smooth tangent vector f i e l d to (M,C) 
we denote by 3E(M). 

Now we prove soma lemmas which w i l l be usefu.ll in the 
seq uel. 

L e m m a 1.1, Let F: (M,C) — ( N , D ) be a smooth mapp-
ing of a d i f f e r e n t i a l space (M,C) onto a d i f f e r e n t i a l space 
(N,D) suoh that F* : D —• C i s an isomorphism between l i nea r 
r i n g s . Then 

( i ) F is an open mapping 
( i i ) F is a diffeomorphism i f f F is one to one 
( i i i ) the topologies r^ and t^ are equipollent and the 

mapping F^s r c defined by the formula F r (U ) = F(U) for 
U e tj, establishes the equipollenoe of Tc and t^. 

( i v ) i f (M,C) is a Hausdorff d i f f e rent ia l space then F 
is a diffeomorphism. 

P r o o f . ( i ) . Let U = (/31,... , | J n ) [ Q ] be an a rb i -
trary o|̂ en set of th® base of the topology ?c.. Because by 
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D i f f e r e n t i a l spaces 3 

assumption P i s an isomorphism t h e r e f o r e there e x i s t s e x a c t l y 
one sequence of f u n c t i o n s o^ , . . . ,ocn e D such t h a t ^ = F*oc^ = 

= cxi o F f o r i = 1 , 2 , . . . , n . Hence U = , . . . J " 1 [Q] = 

= ( P a p , , . , F a n ) " [Q] = F~ (cx1 , . . . , a ) " [q] ana consequent ly 

F(U) = ( o t 1 , . . . , a n ) [ q ] Hence F i s an open mapping. 

( i i ) Observe t h a t ( P o G ) * = G*o F * . S ince F i s a b i s e c t i o n 
then ( F - 1 o F ) * = F * o F ~ 1 * = i d c < On the other hand because F * 
i s an isomorphism so F o P * ^ r o D 1 l e a s t t w o i d e n t i -
t i e s we get F * o F ~ 1 * = F * o P * " 1 or e q u i v a l e n t l y F~ 1 * = F * " 1 . 
Hence f o r each ex e C »ve have F * ~ 1 ( a ) = F ~ ' l * ( a ) = ocoF"1 e D , 
So F by d e f i n i t i o n i s a smooth mapping and consequent ly F 
i s a di f feomorphism. 

( i i i ) S ince f o r any V e i D F~ 1 (V) e r Q and F r (F~1 (V)) = 
= F ( F ~ 1 ( V ) ) = V t h e r e f o r e F i s a mapping " o n t o " . I t i s easy 
t o prove a l s o t h a t F(U) = F(V) i f f U = V f o r any V,U e rQ. 
Hence F i s one to one and consequent ly i s a b i s e c t i o n . 

( i v ) Let (M,C) be a Hausdorff d i f f e r e n t i a l space t h a t 
means r c i s a Hausdorff t o p o l o g y . Now l e t p ^ p g e l l be such 
p o i n t s t h a t F f p ^ - F ( p 2 ) and V be an a r b i t r a r y neighbourhood 
of the point F ( p . j ) . Hence f o r the s e t U = F~ 1 (V) we get p1 e U 
and p 2 e U. There fore p1 = p2 beoauso (M,C) i s a Hausdorff 
d i f f e r e n t i a l space and consequent ly F i s one t o one. By ( i i i ) 
F i s a di f feomorphism. 

L e m m a 1 . 2 . Let f : (M,C) —• (N,D) be a smooth 
mapping of a d i f f e r e n t i a l space (M,C) onto a d i f f e r e n t i a l 
space (N,D) such t h a t f * : D —• C i s an isomorphism between 
l i n e a r r i n g s . Then 

( i ) f o r each point peM the mapping f : Mp — i s 

an isomorphism between the l i n e a r spaces 
(11) the mapping f^ : 3E(M) - » 3E(N) def ined by the formula 

(f#X)(|3) = f * - 1 ( X ( f * | 3 ) ) f o r any X e 3E (M) and (5eD i s an i s o -
morphism between modules 

( i i i ) f o r each point peM and f o r any v e c t o r f i e l d s 
X e 3E(M). and Y e 3f (N) there are i d e n t i t i e s : 
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4 W.Sasin, Z.2ekanowski 

(1) ( f # X ) ( f ( p ) ) = f # p X(p), 

(2) f ^ p ( ( f ; 1 Y ) ( P ) ) = Y ( f ( p ) ) . 

P r o o f . ( i ) Let v ell be a tangent vector such that 
f * p v = F o r a n arbitrary cxe C ( f * v) ( f * " 1 a ) = v ( f * o f *~ 1 a j = 
= v(a) = D. Therefore v = 0 and consequently f i s a one to * P 
one mapping. We w i l l show now that f i s "onto" . Let w e N ^ ^ j 
be an arbitrary tangent vector to (N,D) at the point f ( p ) . 
I t i s easy to observe that the mapping v: C —»R defined by * 1 
the formula v(ot) = w(f o<) for any cxeC i s a tangent vector 
to (M,C) at the point p and moreover = w» So f i s onto. 
In consequence Mp — i i s an isomorphism. 

( i i ) Observe that for any <x, fheC and X,Y e 3E(I»:) there i s 
the identi ty 

f # ( « X + /i Y) = f*"1oc»f#X + f * " V f # Y . 

I t i s easy to verify also that the mapping f : 3E(H) — 
defined by the formula: (fj;1Y)(oc) := f * (Y( f * " 1 oc) ) , for each 
Y e 3E(H) and.cxeC, i s l inear and inverse of f # . Hence f ^ i s 
an isomorphism between modules. 

( i i i ) Since f * : D — C i s an isomorphism we have the iden-
t i t y ex. = f * ~ 1 ocof for any oteC. Using the las t identi ty we 
veri fy the following eq uality 

(1 .1 ) ( f # i ) ( f ( p ) ) ( p ) = ( f # X ) ( 0 ) ( f ( p ) ) = f * - 1 ( X ( f * / 3 ) ) ( f ( p ) ) = 

= ( f * - 1 ( X ( f * P ) ) o f ) ( p ) = X(f*|5) (p) = X(p)(f*/5) = 

= ( f * p X(p))(/i) 

for each p € M, (5 e C and X e l ( M ) . Prom (1 .1 ) i t follows 

( f # X ) ( f ( p ) ) = f < p X(p) 

for each peM and X e 3£(M). 
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Let now Ye 3E(N) and p be an arbitrary point of ¡¿. By an 
immediate calculus we verify the following i d e n t i t y : 

(1 .2 ) f * p ( ( f ; 1 Y ) ( P ) ) ( i 3 ) = ( f ; 1 YMpMf*p) = ( f ; 1 Y H f * / i ) ( p ) = 

= f * ( Y ( f * ^ f*/3))(p) = f * (Y{/1)) ( p) = Y(|3 ) ( f ( p) ) = 

= Y(f(p))(|3) 

for an arbitrary (i e D. Hence from (1 .2) we get 

f # p ( ( f ; 1 Y ) ( P ) ) = Y ( f ( P ) ) 

for each point pel.! and Ye 3E(N). 
Prom Lemma 1.2 i t follows that 
C o r o l l a r y 1 . 3 . Let f : (M,C) — (N,D) be 

a smooth mapping of a d i f f e r e n t i a l space (IvI,C) onto a d i f f e -
r e n t i a l space (N,D) such that f * :D —»• C i s an isomorphism. Then 
(M,C) i s a d i f f e r e n t i a l space of constant d i f f e r e n t i a l dimen-
sion n i f f (N,D) i s a d i f f e r e n t i a l space of constant d i f f e -
r e n t i a l dimension n. 

P r o o f . Let (M,C) be a d i f f e r e n t i a l space of con-
stant d i f f e r e n t i a l dimension n. Then, by d e f i n i t i o n , for an 
arbitrary point peM there e x i s t s a l o c a l vector base of 
C-module X(M). We wi l l show that (N,D) i s a d i f f e r e n t i a l 
spaoe of constant d i f f e r e n t i a l dimension n too. In f a c t , l e t 
q be an arbi trary point of N. Since f i s a mapping "onto" 
so there e x i s t s point peM such that f (p) = q. Let now 
W 1 P . . . ,W n be a loca l veotor base of C-module I(M) at the 
point p, From Lemma 1.2 i t follows that f̂ VÎ  , . . . , c r e a t e 
a loca l vector base of D-module 3E(N) at the point q. Indeed, 
i f an open set U i s the domain of the l o c a l vector base 
W.j,...,V«n then f(U) i s the domain of the vector f i e l d s 
f # W 1 , . . . » i V ^ . Prom the lemma 1.2 - ( i i ) i t follows that 
the vector f i e l d s ( f|U) # W 1 , . . . , ( f|U) # W n make a module base of 
D^yj-module 3f(f(U)). Let us observe yet that the vectors 
( ( f | U ) # W 1 ) ( q ) , . . . , ( ( f | U ) # W f l ) ( q ) are l inear ly independent. 
In f a c t , from ( i i i ) of Lemma 1.2 there follow equal i t i es 
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( ( f|U ) (q ) = ( ( f l u J ^ J i f i p ) ) = i*pWi(p) 

f o r i =1 ,2 , . . . , n . Hence because W ^ ( p ) . . , W Q ( p ) are R-linear 
independent and f i s an isomorphism, the vectors 
f W^p) f i j p ) are l inearly independent too. 

Let now (N,D) be a d i f f e r en t ia l space of constant d i f f e -
rent ia l dimension n and p be an arbitrary point of M. There 
exists an open neighbourhood V of the point f ( p ) and a local 
vector base W.,,...,W_ of D-module 3£(K) on the set V. We w i l l 

i n - 1 ~ 
show now that the vector f i e l ds f ^ W make a local 

vector base of C-module 3E(M) on the set f (V ) . 
Evidently those vector f i e l d s make a module base of 

C .. -mod ule 
Next, since f i s an isomorphism 

f - 1 ( V ) „ 
and the vectors W , ( f ( p ) ) , . . . , W n ( f ( p ) ) are l inear independent for each point p e f ~ (V) therefore from the equality 

f * p ( f # 1 ( w k ) ( p ) ) = W k ( f { p ) ) 

f o r k= i , 2 , . . . , n there follows linear independence of the vec-
tors f^1 (W;1) ( p ) , . . . , f ( W f l ) ( p ) . 

Now le t (M,C) be an arbitrary d i f f e r en t i a l space. A set 
CQ of real functions defined on M is said to be a set of ge-
nerators f o r the d i f f e r en t i a l structure C on M i f f (soC0)M = C. 

I t is easy to prove the following lemma* 
L e m m a 1.3. Let f t (M,C) (N,D) be a smooth 

mapping of a d i f f e r en t i a l space (M,C) onto a d i f f e r en t i a l 
space (N,D) suoh that f * t D —* C i s an isomorphism* Then i f 
Dq i s a set of generators f o r the d i f f e r en t i a l structure D 
then CQ - f*DQ i s a set of generators for C. 

2. Finitely generated differential spaoea 
Let (M,C) be a differential space. A differential spaoe 

(M,C) is said to be finitely generated by a set Cq -
• { « • ¡ » • • • » « n } ^ (BOCQJJI • C. 

Now, by the symbol 4« H ~»Rn we denote the mapping de-
fined by the formula 
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D i f f e r e n t i a l spaces 7 

$(p) = ( o t 1 ( p ) , . . . , a n ( p ) ) 

fo r any point pcM. Evidently $ i s a smooth mapping. 
Let $ j (M,C) —* (HW)» E

n$(M)) be the mapping $ onto the 
image $(H) with the na tu ra l d i f f e r e n t i a l s t r u c t u r e induced 
from (Rn»en) on $(M). The fol lowing diagram 

i s commutative, where l$(n) i s a na tu ra l imbedding. 
l e t Ji^: Rn — R be the p ro jec t ion map onto the k - ax i s , 

f o r k = 1 , . . . , n . Of course the d i f f e r e n t i a l s t ruc tu re 
i s f i n i t e l y generated by the n-element se t { JÎ  | $ ( M ) , . . . , JTJ $(M)} 
of f u n c t i o n s . The func t ions Jr̂  |f ( M ) , . . . »arj $(M) are the succes-
sive components of the imbedding map ^(M)* A base of the t o -
pology i s composed of s e t s of the form l-j |M j (P) = 
= P n i ( M ) , where P i s an a r b i t r a r y open i n t e r v a l in Rn [2 ] . 

How we w i l l prove 
L e m m a 2 .1 . Let (M,C) be a d i f f e r e n t i a l space f i -

n i t e l y generated by the se t CQ • { c x 1 , . . . ,<xn}. Them 
( i ) the empty se t and the s e t s of the form 4~1(P) make 

a base of the topology r ^ , where P i s an a r b i t r a r y open i n -
t e r v a l i n R 0 . The bases tn and r . are equ ipo l l en t . 

C nt(M) 
( i i ) the mapping $j« (M,C) —• (i (M), e ^ u ) ) i s open, 
( i i i ) t c i s the Hausdorff topology i f f I t M—»$(M) i s 

a homeomorphiam, 
( iv ) if| p1 and p2 are such points of M t ha t «(p^) = $(p 2 ) 

then f o r eaah func t ion a e C »(p.^) «<x(p 2 ) . 
P r o o f . . Let p be an a r b i t r a r y point of M and U ez^ 

be an a r b i t r a r y open neighbourhood of p. Ve w i l l show tha t 
there e x i s t s a se t $~1(P) suoh tha t p e 4 ' 1 ( P ) c U. Indeed, 
since the s e t s of the form (ot., , . . . , o t 4 )" 1 (P) make a base of xk 
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the topology r n , than there s x i s t s a set (a. , . . . ) ~ 1 ( P . , ) 
_i 1 k 

such that p s ( a . , . . . ,o<. ) " ( P j c D , 
1 1 k 1 

Of course i t s u f f i c e s to show that there e x i s t s an open 
i n t e r v a l P in Rn such that p e 4>"1 (P) c (a. J ( P - ) . 

X1 k ' 
Observe that (ex. a . ) = (nr. , . . . , J r . Hence i t 

X1 k X1 k 
r e s u l t s that (ex oc. ) " 1 (P . . ) = §~1 ((jr. , . . . ,JiH )~ 1 (P- i ) ) . 

k X1 k 
1 n Evidently the set ( I T . , . , . , J T . (P . ) i s open i n H and con-

1 1 k 1 

ta ins the point $ ( p ) . So there ex isus an open i n t e r v a l P in 
Rn such that { ( p ) c P c(jr . if. )~ 1 (P . , ) . In consequence 

1 1 k ' 1 

p e r 1 ( p ) c r 1 ( ( 3 r . j - ^ p j ) = (« , . . . , « , r ^ p j 
k 1 ^ x k 1 

which proves that tha sets $ ~ 1 ( p ) , where P i s an a r b i t r a r y 
open i n t e r v a l in R n , make a base of the topology r , , 

To each set (P) we may assign the set = 
= $(M) nP. Evidently this assignement is one to one. Henoe 
the base of the topology TQ composed of the set of the form 

i s aquipollent with the base of the topology gn$(jjjj 
composed of. the sets $(M)nP. Moreover $ ( $ " 1 ( P ) ) = &(M)nP. 

( i i ) Let Ue t c > There exiets an open covering ( P ^ ) } i d 
of U. It i s easy to observe that the sets m a k e a n 

open covering of the set $(U). So $(U) is an open set and con-
sequently $ i s an open map. 

( i i i ) Assume that Tc is a Hausdorff topology. Then for 
any points p^p^eM there exists a function ot̂ . e CQ such that 
ot^ip^ ¿otj^Pg)« Hence $ i s an infective mapping. In conse-
quence I as an open mapping i s a homomorphism. 

(iv) Let now p^.pge-M be such points that f(p^J = IKpg). 
We w i l l show that each open set V which contains p̂  contains 
p2 too. Indeed, let V e r c be'an arbitrary open set containing 
the point p^. Of course l(V) i s an open set containing the 
point { ( p ^ = $ ( p 2 ) . Moreover p2 e jM ($ (V)). 

Let us take an arbitrary function oc e C and let U ap^ be 
an arbitrary neighbourhood of p̂  such that there exists a 
smooth function WEE. and the following condition is f u l f i l l e d 
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oc(q ) = (00° $ ) ( q ) 

f o r each point q e U. Since p1 ,p^ e U hence cx( p^) = (w 0 $ ) ( p2 ) 
and a ( p^) = (<u o ft) ( p ) . In consequence from the equal i ty 
$ (p 1 ) = $ ( p 2 ) we get 

oc( p̂  ) = w ( $ ( p 1 ) ) = c o ( $ ( p 2 ) ) = a ( p 2 ) . 

Now we prove 
T h e 0 r e m 2.2. I f (ivi,C) i s a f i n i t e l y generated 

d i f f e r e n t i a l space by the set Cq = { a i » • • • » a n } o f r e a l func-
t i ons , then the napping — C i s an isomorphism 
between l i n ea r r i ngs . 

P r o o f . Since (i.i,C) — » ( $ ( M ) , e n j ( i „ j j ) i s a smooth 

sur j e c t i on then $ i s a one to one homomorphism. Indeed, i f 
$ * « = 0 f o r a e then a 0$ - 0. Hence a ( q ) = (cx.o$)(p) = 

tv 

= oc ($ (p ) ) = 0 f o r q e $ ( M ) . In consequence a = 0. 
Now we w i l l prove that $* i s "onto " . So l e t oceC be an 

arb i t rary r e a l funct ion on Li. Let o a ! $(I.i) — • R be the func-
t ion def ined by the formula 

f o r any q e $(I«I), where pe ivi i s such a point of M that q = $ ( p ) . 
Prom the lemma (2 .1 ) - ( i v ) there f o l l ows the correctness 

of the d e f i n i t i o n ( 2 . 1 ) . Moreover the equal i ty 

holds. Now we w i l l show that co^ i s a smooth funct ion on 
($ (M) , ) • Indeed, f o r an arb i t rary point q e $(M) l e t 
us choose a point peM such that $ (p ) = q . There ex i s t s an 
open neighbourhood V of p as w e l l as a funct ion w e £ n such 
that a. | V = coo$IV. 

Evident ly from the lemma 2.1 i t f o l l ows that l ( V ) i s an 
open set containing the point q and moreover the equal i ty 

(2.1) w a ( q ) = a ( p) 

(2.2) o $ = ot 

to o $ | V = 10 0} I V 

holds. Hence 

«0 I Ï ( V ) = w a l $ ( V ) 
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So we have showed that for an arbitrary point qe i (M) there 
ex i s t s an open neighborhood l(V) of q as well as there ex i s t s 
a function u s e ^ such that 

wlI(V) - u j l i V ) . 

Hence i t follows that "cteen$(M)* ^ i s way w e have proved 
that $* i s an isomorphism'between the rings as well as 
$*(wa) = a.. 

C o r o l l a r y 2.3. A d i f f e r e n t i a l spacie (M,C) i s 
f i n i t e l y generated by n real functions i f and only i f there 
e x i s t s a mapping $ : (M,C) — ( R n , e n ) such that —• C 
i s an isomorphism between the r ings . Moreover, the set of 
functions {«*( ^ | $ ( M ) ) , . . . , $*(jr | f (M))} i s a set of genera-
tors for the d i f f e r e n t i a l structure C. 

P r o o f . If (M,C) i s a f i n i t e l y generated d i f f e r e n t i a l 
space then by Theorem 2.2 there ex i s t s a raapping*$ : (M,C) —• 
—•(R n ,e n ) such that $*: s ^ j j ) — i s an isomorphism between 
r ings . 

Conversely, l e t $ : (M,C) • — ( R n , e n ) be a smooth mapping 
such that $* s — C i s . a n isomorphism between r ings . 
Prom the lemma 1.3 i t follows that the set { « » ( s f ^ K M ) ) , . . . 
. . . **(srnr»(H))} generates the d i f f e r e n t i a l structure C. Hence 
the d i f f e r e n t i a l space (M,C) i s f i n i t e l y generated. 

Now l e t us go to the local ly f i n i t e l y generated d i f f eren-
t i a l space. I t i s easy to £rove 

C o r o 1 1 a r y 2 .4 . A d i f f e r e n t i a l space (M,C) i s 
loca l ly f i n i t e l y generated by n functions i f f for each point 
p EM there e x i s t s an open'neighbourhood V of p as wel l as 
a smooth mapping f : (V,Cy) —* ( f (V) , e ^ y ) ) s u c i ; i t i l a t 

f* : CQf^yj —" Cy i s «n isomorphism between l inear r ings . 
If (M,C) i s a Hausdorff d i f f e r e n t i a l space then (ti,C) i s a 
d i f f e r e n t i a l space of»class DQ [4]. 
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