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NOTES ON MANIFOLDS
ADMITTING TOTALLY UMBILICAL HYPERSURFACES

1. Conformally birecurrent manifolds

Let N be a (n+1)-dimensional connected Riemannian manifold
of class C™ with not necessarily definite metric Brg? covered
by a system of coordinate neighborhoods {U;xr}. We denote by
{srt}’ erst’ Rig» R the Christoffel symbols, the curvature
tensor, the Ricci tensor and the scalar curvature of N, res-
pectively. The Weyl conformal curvatﬁre tensor

= ¢ - -
(1.1) crstu = Rrstu = n=i (gsthu gsuth+ 8ruRst grtRau) +

R ;
* aln=1) (gstsru - 85u8p¢)
is said to be recurrent ([8]) if the condition

(1.2) Cr1...r4,vcs1...s4 = cs1...s4,vcr1...r4

holds on N where the comma denotes coveriant differentiastion.
A Riemannian manifold of dimensioh > 4 will be called confor-
mally recurrent ([1]) if its Weyl conformal curvature tensor
is recurrent. The relation (1.2) states that at each point

x €N such that C (x) # 0 there exists unigue vector b,
such that

ratu
(1.3) cretu,v = byCratn’
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2 - ReDeszcz, S.BEwert~Krzemieniewski

The tensor Crstu is said to be birecurrent if the condition

(1.4) Cr1...r4,vwcs1...s4 = Cs1...s4,vw TyeeT,

ig satisfied on N. In consequence, a Riemannian manifold of
dimension > 4 is seid to be conformally birecurrent ([2]) if
its Weyl conformal curvature tensor satisfies (1.4). Evidently,
if at some point x, Chijk(x) # 0 holds then there exists a
unigue tensor Ay such that

(1.5) Crst u,vw - avwcrstu

holds good.

Remarks. (i) Bvery conformally recurrent mani-
fold is conformally birecurrent,
(11) Every conformally birecurrent manifold sdtisfies

= ¢, C

(1.6) c vw rstu’

rstu,[vw] Cretu,vw = Crstu,wv

wherae Cow is a tensor field on N.

2. .Totally umbilical hypersurfaces

Let M be a hypersurface of N, defined in a local coordi-
nate gystem by means of the system of parametric eguations

= Jr(ya), where y are local coordinates of Me MOreover,
let the induced tensor g ab = 8pghB Bb be a metric tensor of M,

where Bz :xa . In the sequel we will use the notation.
3 .
S17Tp gl 2, pip
a ...ap 81 32 ap
We denote by {bac}, "To» Ropeds ﬁad, R the Chriktoffel symbols,

the operator of covariant differentiation, the curvature ten-
sor, the Ricci tensor and the scglar curvature of M with res-
pect to g, pe The vector field H® defined by

H = % 5ab VbB§.= % éab [abBi + {srt} Bg: - Bg {bca}]
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Notes of manifolds 3

is called the mean curvature vector field of M. If the ten-
sor Hag = V,B; satisfies the condition

r o_ r
(2.1) Hyp = 8apl s

then M is said to be a totally umbilical hypersurface.
Let N be a local unit normal to ke Then we have

(2.2) (a) gpgN'BS =0 and (b) g NN = ¢

and

(2.3) gaszg = g¥® - en’xS,
‘where € = +1. Since HT is normal to M, we have a relation of
the form

(2.4) H® = ¢ H §T,

The scalar function H is called the mean curvature of I,
For a totally umbilical hypersurface ¥ of N the equations
of Welngarten, Gauss and Codazzi respectively, can bs written
in the form ([7])

_ r
(2.5) v = 7H B,
- rstu 2
(2.6) Boped = RestuBabed + EH (8aq8he = BacBbd!
and
stu _ _
(2.7) Bpgtu™ Bpod = HaBbe - HeBpar He = VoHe

Moreover, for such hypersurface the rela%ions [7]

(2.8) R, N'Bf = (n-1)H,
and

(2.9) NrcrutuBg:: =0
hold.
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3. Totally umbilical hypersurface of certain manifolds

We put

_ be _ u, St
(3.1) Qad = "8 Capeq = eNNC CrstuPad
and

JER N3 8t
(3.2) Pag = EN N Ry gtBags
where
_ rstu

(3.3) Cabed = CratuPabed®

Transvecting (1.1) with ngzggbc, using (2.3), (3.1) and
(3.2), we obtain

- R, -
(3.4] ad = 1-1 Faa = Pad * 518aq-
whare
I8
(3.5 Rag = RreBag

. 214 _ 1 _be
and' 5y = 3 B = 5 8 Ryge

The following lemma is a generalization of Proposition 1

({71
Lemmnma Te Let M be a totally umbilical hypersurface

of a manifold N satisfying the condition

c + F Q(C)

(3.6) Cratu, [vw] = SvwCrstu ratuvw’

where ¥ is a funotion on N, Oyw is a tensor field on N and
QC)pgt vy 18 defined by

(3.7 QClugtuvw = Bovlwstu ~ BrwCvetu - Bevlwrtu *

*+ 8swCyrtu * BtvCwurs ~ BtwCvure ~ BuvCwirs * BuwCvtrs*

Then the relation

(3.8) HeCrgty = ©

holds on M.
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Proof. The equality (3.6), by Ricci identity and
(2.3) gives

(3.9) (- Cpstu grvw * cprtuRqsvw - Cpurqutvw +
pq,iJ Pyd )=
+ Cptrquuvw”Bijg + eNPNY )= CywCrotn * F UC)rgguywe

Transvecting (3.9) with NrBstuv¥ we get, in virtue of

(2.7), (2.9}, (3.7), (2.2)(a) and (3.1)

(3.10) Hp(Cqpeq* 8oeQba ~Baebe! = HelCrpea ™ 8csba = 8as%be)*
Contracting (3.10) with ged and using (3.1) we find

i i S
(3.11) H'Cyope = (n-1HgQu, + HQuigop, B = g VHy.

From (3.11), by standard calculations, we obtain

{3.12) HeQpe = 0o

The last Tesult together with (3,10) yields HeCopeg =
= Hecfbcd’ whenoce

(3.13) chgbcd = 0.

The assertion of our lemma follows now from (2.9), (3.12),
(3.1), (3.13) and (3.3).

As an immediate consequence of Lemma 1 we get the follow-
ing generalization of Theorem 5 ([7]).

Theorem 1. Let M be a totally umbilical hyper-
surface of manifold N satisfying the condition (1.6). If
Crstu * 0 everywhere on M, then the mean curvature of M is
constant,

Theorem 1, together with Remarks, gives

Corollary 1e Let M be a totally umbilical hy-
persurface of a conformally recurrent or conformally birscur-
rent manifold Ne If C, .. ¥ O everywhere on M, then the mean
curveture of M is constant.
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Lemna 2. Let M be a totally umbilical hypersurface
of a manifold N satisfying (3.6). The following relation

1

(3.14) ~ =1 Rbc,[ef] = Cotlhe * BprUce + 8ctlUpe -
- 8ceUbr ~ 8peler

holds on M, where"

rs
(3.15) Cof = CpgBes:

- 2 O
Uga = Ugq = (eH® - F)Qad + Uggo

(3.16) ] . s iy
Ugg = (Sp+5)Pg = 527 RygP g + F Quqr P g = 879Fyy4

_ R 2
and 82 = HTE:?7 - eH"
Proof. Transvecting (3.9) with Nernggi we obtain,
in virtue of (209)’ (3.1)‘(303)’ (3-5), (307) and (202)
. . i _ -~ p
(3.17) cibch e*'degpe - QpcFae = F("Cobcd"gceo‘r.ad"'gdech)'
On other hand, transveoting (3.3) with P®, and using
(1.1}, (2.6) and (3.5), we find
L is 1 1
(3418) CypogP~ = P gRingg = =7 (Pea®bec = PecRba * 8bcRiaFe

i
- 8paR1eP o) * 52(PggBpc = Poclnale
Symmetrizing (3.18) in (e,b) we obtain

4 i 13 i
(3.19) CincaP o * Cig0df b * P eRivea * ¥ ¢Fiqea *

+ 55(Pggpg + Ppabeq ~ Peclbd ~ PucBed’ ~

]
-1 (PagPbg * PoaReq = PecRba = FocRea’ -

1 i 1 i
=7 (8peRigFq * ‘cenidﬂlb = BpgRioP e = 8eaRicF b)e
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Moreover, symmetrizing (3.17) in (e,b), applying (3.19)
and Riccil identity we get

(3.20) Peb,[cd] = S2(gbcP0d + BgoPba ~ 8paFec - gedec) =
- o7 (BycRigPe + BacRigP'p - SpaRicPs - BaRicPp) +
+ QpgPee * Y%dPuc ~ YwcPde = YecPba = FlBgeYpe = BeeVba*
+ 8pgRec " gbcqed) - H%T (Pedec+ PpaRec - PecRbd"PbcRedL

Finally, substituting in (3.20), (3.4) and (3.16) we ob-
tain

(3.21) Pab, [cd] = BbcUde * BacUab ~ BbalUce ~ Bealobe
Now we prove, that
i . §
(3.22) RpsP g = RgsPpe

Contracting (3.17) with g and making use of (3.1) we
obtain C;p P19 + @ Pt - gt 0 nFQ, , P - g8Jpl
ibey¥ bi 8 ij be = be? =8 a’
whence it follows QbiPic = Qg4P'y. Transvecting (3.4) with P2,
and using the last relation we get (3.22), Making use of the
definition of ﬁad and (3.22) we state that U,y 1is symmetric.

The following relation

2
(eH" - FI(8ppQgq ~ BpeQcr + 8csQ%b ~8oelsp)*

(3023) ch,[ef]

<+

cebec
holds on M, In fact, transvecting (3.9) with eN'N Bg::¥ and
applying (2.9), (2.6), (3.1), (3.7) and Ricci identity, we

find (3.23).

On the other hand, from (3.4) we obtain - E_T Rad lo£] =
| ad.[ef} - Bog, [of]+ This together with (3.23) and (3.21)
laads to [3.14) Our lemma is thus proved,
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Lemma 3. Let Il be a totally umbilical hypersurface
of a manifold N satisfying (3.6). Then the relation

(3.24) CyuClpsty = ©

holds on M, _

Proof. Transvecting (3.9) with Bzggggg, making use
of (3.3), (2.6}, (2.9), (3.15), (3.7) and the Ricci identity
we obtain

- 2),
Cabcd,[ef] - cefcabcd + (P - ¢eH )Q(C)abcdef’

whence, in view of (3.3), (1.2), (2.6) and {3.5) we get

= 1
(3025) Rgpoq. [ef] = =1 (BadPbe’ [e£] = BacRuar [ef] *

+ gbcRad'[pf] - 5bdRac,[ef]) = 9£Cabea *
+ (F - eH2)Q(C)abcdef'

Permuting (3.25) in pairs of indices (a,b}, (c,d), (e,f)
adding the resulting equations to (3.25) and using (3.14) we
obtain
(3.26) 92¥abed * %aboder * oaVeran = O

where

(3.27) Wabcd = cabcg = (sadec - 8gc%4q * 8pcQad - 8banc)’
whenoe
(3.268) ®at¥abod = O+

Contracting (3.28) with gb° we ggt, in virtue of (3.27)
and (3.1), cgQ,q4 = 0. Hence (3.27) and (3.28) yield

0geCabeq = O+ Finally (2.9), (3.3) and (3.1) lead immediately
to '
(3-29’ - oefcr;tn = 0,
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Assume now that at some point xeM

(3.30) Cpgpy(X) # 0

Then it readily follows that the tensors ¢ By, o BiN'
and cvaVNw vanish at x. Thus ¢, (x) = 0. The last remark com-
pletes the proof.

Lemma 3, in virtue of Remarks, implies

Theorem 2., Let N be a conformally birecurrent
(resp. conformally recurrent) manifold. If N admits a totally
umbilical hypersurface M, then on M the relation (1.1) is sa~

tisfied.

4, Totally umbilical hypersurfaces of conformally bire-
curremtn manifolds

If. a totally umbilical submanifold M (dim M> 4) of a con~
formally birecurrent manifild N is also conformally birecur-
rent, ‘then ‘the relation

(401) %Bﬁrﬂs EabOd = 0

holds on M ( [3]), Corollary 1), where Capcq 18 Weyl conforamal
curvature tensor of M, If M is a conformally birecurrent to=-
tally umbilical hypersurface of a conformally birecurrent
manifold, then the condition (4.1), by (2.4), is reduced to

{4.2) H Cupeg = 0o

In this section we prove, that (4.2) yields

(4.3) H Chggy = O
We put
(4.4) Sabcder = Rrstu,vvf(nzg:g:
and
(4.5) : Dabed = Rrstu,v ag:;Hu’
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The tensors Sabcdef and Dabcd satisfy the following rela-
tions ( {3], formulas (2.16) and (2.19))

(4.6) Sabcdef = 8faldcbe * 8fblcdae * BfoPbade * Bralabce t

*+ 82(Dgpeq = Dabvige!
and

+ eH2(R

(4.7) Daved = BocFad ~ BacBud abed
- eHe(s 8o = BaaBphgl) + Hz(s P, = 8.3Pha)
ad®ba a¢®bd bd*ac ad"bo’?
1
wherae Bag = 3 A A (H Je

Lemmna 4. Let M be a conformelly birecurrent totally
umbilical hypersurface of a conformally birecurrent manifold N.
If the condition

(4.8) Crgtp(X) # 0

holds at a certain point x &M, then H(x) = O,
Proof. The following equation ([3], Lemma 4) is sa-
tisfied on some neighborhood Vc M of x

(4.9) V£Cabcd = 2a£abcd = Tabedes®

where & p = avagg, a,y 18 the tensor of birecurrency of Cogtu?

, 4
(4.10) T,_ycder = Sabcder ~ o~3 (BaaSbcef = BacSbdef

~ 8pgSaces * BbeSader! * (n-1)in-25 Ser{8aa8bc™8acBbal?

be bo
where S 4or = 8 Sgpeder 2Pd Sgr = 8 Spgefe
We suppose that

(4.11) H(x) # 0.
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Notes of manifolds 11

Then, by (4.2), we obtain on the neighborhood V' c V
(4.12) Capeg = ©
whence, in virtue of (4.9), it follows that
(4.13) ' Tabeder = ¢

Lemma 1, in view of Remark (ii) and (4.8), yields on ¥V’
(4.14) Vel = 0,

Now the equalities (4.7), (4.10), (4.13) and (4.14) give
2.5 2
(4.35)  Dypoq = EH (Rygpeq = € (84Bpg = BagBral! +

2
+ B(8pgPac = 8agPuc!
and

1
Saboder " =2 (gadsbcef = 8g¢5pder =~ 8baSacer * gbcsadef) +

* in-1§%n-2) sef(gadgbc -~ 8a8pa) = O»

whence, substituting (4.6) and (4.15), by transvection with
gafged we find

I BT R P.
(4.16) EPbc = =2 (Rbo ~n Sbc) + En Sbos
where P = gb°Pbo. On the other hand, contracting (2.6) with
Sad using (3.2), (3.5) and (4.16) we obtain '

i 1 1
(4.17) n-2 ®ad ™ -1 Rad * ©-1 Z8ad’

where Z = Erg%ET - e% + (n=-1) ¢H2, Now the Qquality (4.12),
together with (2.6), (4.17)}, (1.1) and (3.3), gives

(4.18) Cavoa = X(8aa8bg = 8a0Bba)s

whence cabcd = (0 and Qad = O,
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Since (2.9) holds, Cratu
This completes the proof.

Lemma 4 implies

Theoren 3. Let M be a conformally birecurrent
totally umbilical hypersurface of a conformally birecurrent
manifold N, Then on M the relation (4.3) is satisfied.

As it is known ([6]) every totally umbilical submanifold
of a conformally recurrent manifold is also conformally re-
current, Using this fact, Remark (i) and Theorem 3 we obtain

Corollary 2. (cf. [7], Proposition 1). Let M
be & totally umbilical hypersurface of a conformally recurrent
manifold N. Then on M the relation (413) is satisfied.

{(x) = 0, which is a contradiction.

S5« Bxample

In the last section we give an example of a totally umbi-~
lical hypersurface satisfying the condition (4.3) with non-zero
function H.

Let {V;x“} be a locally chart on an n-dimensional manifold
(%,8) of constant curvature, oype {2,3,000,n+1}, n3> 3. We dea-
note by §c‘p the components of g on V. Moreover, let on IR,
with identity map x1, be given the metrio tensor 511 =1,

Now we define on the manifold N = IRxV the metric grs‘by

§11 if r=8=1
(5.1) Erg = 6éaﬁ if v =ocand s = P,
0 otherwise

where 6 = 6(x') is a differentiable function different from
zero in every point of N. The manifold N with the metric'E’r8
is conformally flat ([4], pp.176, 179).

The manifold M defined by the equations x' = C = const,
x° = 31, x> = y2,...,xn+1 = y?, with metric S(C)au induced
from grs is a totally umbilical submanifold of N ({5}, Theo=
rem 1). The mean curvature vector field H® of M is given by
([5], p.107)
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- % é11 81lnl6l if =1
{5.2) HT =

0 otherwise

The above ralation, together with {(2.4) and (2.2)(b)
gives

1 if » =1
(5.3) N = and € = 1,
0 otherwise

Prom {2,111}, in virtue of (5.2) and (5.3), we obtain the
equslity H = - % a1ln|6l. If 6 is a non-constant function
on N, then I is non~-zero on ii, Since I is conformally flaft,
the condition (4,3) holds on .
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