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NOTES ON MANIFOLDS 
ADMITTING TOTALLY UMBILICAL HYPERSURFACES 

1. Conformally birecurrent manifolds 
Let N be a (n+1)-dimensional connected Riemannian manifold 

of c lass C°° with not necessarily definite metric 6 r S f covered 
by a system of coordinate neighborhoods {¡U;x r}. We denote by 
j B r t J f R v r s-t» R r s » H t h a Christoffel symbols, the curvature 
tensor, the Ricci tensor and the scalar curvature of N, re s -

« 
pectively. The Weyl conformal curvature tensor 

C rs tu " «retu " n=T ( « s t * r a ~ « s u ^ t + «ruRst " 8ptR 8u ) + 

+ n( n-1) ( g s t g r u " S s u ^ t ' 

i s said to be recurrent ([8]) i f the condition 

(1.2) (L. „ „C0 o = C„ „ e 
1*** 4* B 1* * * 4 b i ' «»s^ ,V 

holds on N where the comma denotes coveriant d i f ferent iat ion. 
A Riemannian manifold of dimension £ 4 wil l be called' confor-
mant recurrent ( [l] ) i f i t s Weyl conformal curvature tensor 
i s recurrent. The relat ion (1.2) s ta tes that at each point 
i e N such that C r f l t u (x ) 4 0 there exis t s unique vector by 

such that 

< 1 ' 3 ) c r s tu ,v - V r s t u ' 
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2 R.Deszcz, S.Swart-Krzemieniewski 

The tensor C r B . j i s said to be b i recurrent i f the condit ion 

( 1 . 4 ) C C = C C 1 r 1 # . . r ^ ) v w s 1 . . . s ^ . v w r 1 . . . r ^ 

i s s a t i s f i e d on N. In consequence, a Riemannian manifold of 
dimension ^ 4 i s said to be conformally b i r e c u r r e n t ( [ 2 ] ) i f 
i t s Weyl conformal curvature tensor s a t i s f i e s ( 1 . 4 ) . Evident ly , 
i f at some point x , ^ - ¡ ^ ^ i x ) 4 0 holds then there e x i s t s a 
unique tensor a y w such that 

Crstu,vw = a vw C rstu 

holds good. 
R e m a r k s . ( i ) Every conformally recurrent mani-

fold i s conformally b i r e c u r r e n t . 
( i i ) Every conformally b i recurrent manifold s a t i s f i e s 

( 1 . 6 ) C rs tu , [vw] = Crstu,vw " Crstu,wv = c 'vwCrstu' 

where c y w i s a tensor f i e l d on N. 

2 . . T o t a l l y umbil ical hypersurfaces 
Let M be a hypersurfaoe of K, defined in a l o c a l coordi -

nate system by means of the system of parametric equations 
x r »». ^ ( y 8 ) , where y a are l o c a l coordinates of M. Moreover, 
l e t the induced tensor g a t ) = 8rsB^JB^ be a metric tensor of M, 

g r 
where B = . In the sequel we w i l l use the notat ion 

a 3 y a 

r i . . . r „ v . r_ r 
E 1 p = B B . . .B p 

a 1 ' * * a p a 1 a 2 a p 

We denote by { b a c j , R a b c d . ®ad' ® t h e C h r i b t o f f e l symbols, 

the operator of covariant d i f f e r e n t i a t i o n , the curvature t e n -
s o r , the R i c c i tensor and the sca lar , curvature of M with r e s -
pect to & a l j . The vec tor f i e l d i f defined by 

- -1 * a b v i • i k i - { . % } - i U 0 . } ] 
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Kotes of manifolds 3 

i s cal led the mean curvature vector f i e l d of M. I f the ten-
sor H ? = s a t i s f i e s the condition 

at) D a 

< 2- 1> Hab = g a b ^ ' 

then hi i s said to be a to ta l ly umbilical hypersurface. 
Let Nr be a local unit normal to Li..Then we have 

(2.2) (a) gpgl^Bl = 0 and (b) gpgN^N8 = e 

and 

(2.3) g a X b = ^ ~ 

'where e = +1. Since Hr i s normal to M, we have a re la t ion of 
the form 

(2.4) Hr = e H N r . 

The sca lar function H i s called the mean curvature of M. 
For a to ta l ly umbilical hypersurface M of N the equations 
of Weingarten, Gauss and Codazzi respect ive ly , can be written 
in the form ( [7]) 

(2.5) V ^ = -H Bj, 

»abed " * r . t a £ b ! d + ^ ^ b o " «.o«bd> 

and 

< 2 '7> « r s t u ^ b e d * - Hd8bc " H c*bd' Hc = 7 c H ' 

Moreover, for such hypersurface the re l a t ions [7] 

(2 .8) S r a ^ a = ( n - 1 > H a 

and 

(2-9» ^ r . t X J d * " 0 

hold. 
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4 R.Deszcz, S.Ew3rt-Krzemieniewski 

3. Tota l ly umbi l ical hypersurface of certa in manifolds 
»Ve put 

( 3 - D 9ad = - * X b c d " ' ^ " « W Î d 

and 

<3-2) P a d - e f t V ^ j , 

where 

(3«3) C a b c d = C r B l.uBg®Jj. 

Transvecting (1.1) with B ^ £ g b c , using (2 .3 ) , (3.1) and 
(3 .2 ) , we ob.tain 

( 3 ' 4 ) "Q a d - ¡ ¿ T R a d " Pad + s i « ad -

where 

(3.5) R
a d " W 

r s 
ad 

a n d ' £ 1 " 5 R " n=T S b° Rbc-
The fo l lowing lemma i s a genera l i za t ion of P ropos i t i on 1 

([?]). 
L e m m a 1. Let M be a t o ta l l y umbi l ica l hypersurface 

of a manifold N s a t i s f y i n g the condit ion 

(3-6) C r s tu , [vw] ' c vw C r s tu + 1 Q < C , r s t u v w ' 

where 7 i s a funct ion on N, o y w i s a tensor f i e l d on 9 and 

retuvw i s â e f i n e ( 3 

(3.7) Q ^ r s t u v w = ®rvCwstu " ®rwCvstu ~ 6 s v C wrtu + 

+ g sw c v r tu + g tv C wurs " fitw®vurs ~ 8uv^wtrs + guwPvtrs* 

Then the r e l a t i o n 

(3.8) H f c r s t u = 0 

holds on V. 
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Notes of manifolds 5 

P r o o f . The equal i ty ( 3 . 6 ) , by Ricci i d e n t i t y and 
(2.3) gives 

(3.9) (-CpstuRqrvw + CprtuRqsvw " CpuraRqtvw + 

+ C p t r S
R q u v w H B ^ g i 3 + e h V ) - c v w C r s t u + P Q ( C ) P B t w w . 

Transvecting (3.9) with ^ B ® ^ " we g e t , i n v i r t u e of 
( 2 . 7 ) , ( 2 . 9 ) , ( 3 . 7 ) , ( 2 .2 ) ( a ) and (3.1) 

(3.10) H f ( C e b c d + g c e Q b d - g d 0 Q b c ) » H e ( C f b c d + g c f Q b d - g d f Q b c ) . 

Contracting (3.10) witjh g e d and using (3.1) we f ind 

(3.11) = in-UHfQbo +  E\l*of  H± = j' 

Prom (3 .11) , by standard c a l c u l a t i o n s , we obtain 

(3.12) H fQbc « 0. 

The l a s t r e s u l t together with (3.10) y i e l d s H f C g b c d = 
E V f b c d ' w h e n o e 

(3.13) H f C a b c d = 0. 

The a s s e r t i o n of our lemma fol lows now from (2 .9 ) , (3 .12) , 
( 3 . 1 ) , (3.13) and ( 3 . 3 ) . 

As an immediate consequence of Lemma 1 we get the fo l low-
ing g e n e r a l i z a t i o n of Theorem 5 ( [ 7 ] ) . 

T h e o r e m 1. Let M be a t o t a l l y umbil ical hyper-
surface of manifold N s a t i s f y i n g the condi t ion ( 1 . 6 ) . If 
C r s t u ^ 0 everywhere on M, then the mean curvature of U i s 
oons tant . 

Theorem 1, together with Remarks, gives 
C o r o l l a r y 1. Let M be a t o t a l l y umbil ical hy-

persurfaoe of a conformally r ecu r r en t or conformally b i r e c u r -
r en t manifold U. I f C p B t u 4 0 everywhere on M, then the mean 
'curvHture-of M i s cons tan t . 
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6 R.Deazcz, S.Ewert-Krzemieniewski 

L e m m a 2. Let M be a tota l ly umbilical hypersurface 
of a manifold H satisfying (3 .6) . The following re la t ion 

< 3 ' U ) " R bc,[ef] = cefQbc + ^ c e + &cfU 

~ 8CeUbf " gbeUcf 

holds on M, where" 

(3.15) c 0 f = °rs®ef' 

,2 

be 

(3.16) 
Uda " Uad " " ™ad + Uad« 

Uad = (S2+S1>Pad - i=T R i a p i d + F «ad« p*d = « i 3 *jd 

a n d s 2 = "Hlfcr) " e H 2 -

P r o o f . Transvecting (3.9) with h ' V ' b ® ^ we obtain, 
in virtue of (2 .9) , ( 3 . 1 ) - ( 3 . 3 ) , (3 .5) , (3.7) and (2.2) 

( 3 ' 1 7 > C ibcdp ie+ Qbdpce - QbcPde = F("C.bcd " + « d e V 1 * 

On other hand, transvecting (3.3) with Pae and using 
( 1 . 1 1 , (2.6) and (3 .5) , we find 

(3-18) C i b 0 ( J P^ - * \ * i h a d " "¿1 (pedRbc " PecRbd + *bcRidPe 

' S b d R ic p i e ) + S2(P9d«bc - Pec«bd>-

Symmetrizing (3.18) in (e,b) we obtain 

(3.19) °ibcdp ie + C i«odp lb " p leRibcd + p l«R i««d + 

+ S2(Ped®bo + Pbd*«o ~ Pec8bd ~ ^ c ^ d * " 

" "¿1 (pedRbo + PbdR«o " pecRbd " ^ e ^ d * " 

" i i l (8bcRidPl + » . c ^ b - «bdR iop i . " « .d R i c p i b ) -
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Notes of manifolds 7 

Moreover, symmetrizing (3 .17) i n ( e , b ) , applying (3 .19) 
and R i c c i i d e n t i t y we get 

( 3 ' 2 0 ) P e b , [ c d ] = S2 (&bcPad + 6 „ P b d - g b d P 0 C - g e d P b c ) -

- F T ^ b c R i d p i e + 6 e c R i d p i b " S b d R i c P \ " « e d ^ A * + 

+ QbdPce + QedPbc " QbcPde ~ QecPbd " p («de Q bc " SCeQbd + 

+ gbdQec " « b o W " n=T ( P e d R b c + PbdReo " PecRbd " PbcRed 

F i n a l l y , s u b s t i t u t i n g i n ( 3 . 2 0 ) , (3 .4 ) and (3 .16) we ob-
t a i n 

( 3 ' 2 1 ) P e b , [cd] = *bc°de + g e c U d b - g b d U c e - g 0 d U c b . 

Now we prove, t h a t 

(3 .22) R h i ? i
d = R ^ P ^ . 

Con t r ac t i ng (3 .17) wi th g e d and making use of (3 .1 ) we 
ob ta in C i b c ; j P ^ + Q b l P i

c - g i ; ) P i ; j Q b c = nPQbc> P ^ = g ^ P ^ , 

whence i t f o l l ows Q b i P i
c = ^ i P 1 ^ » Transvec t ing (3 .4) wi th Pa

Q 

and using the l a s t r e l a t i o n we ge t ( 3 . 2 2 ) . Making use of the 
d e f i n i t i o n of Uad and (3 .22) we s t a t e t h a t Ufld i s symmetric. 

The fo l lowing r e l a t i o n 

< 3 - 2 3 ) Q b c , [ e f ] = < e i l 2 ~ F > ( 6 b f Q e c - g b e Q c f + 6 c f « e b - 8 o e W + 

+ c e f Q b c 

holds on M. I n f a c t , t r a n s v e c t i n g (3 .9 ) wi th e N 3 7 » " ^ ™ and 
apply ing ( 2 . 9 ) , ( 2 . 6 ) , ( 3 . 1 ) , (3 .7 ) and R ioc i i d e n t i t y , we 
f i n d ( 3 . 2 3 ) . 

On the o the r hand, from (3 .4 ) we ob t a in - R0 d j - 0 f j = 
= Q a d , [ e f ] " P a d , [e f ] * T h i s t o £ e t i l e r (3 .231 and (3 .21) 
l e ads to (3 .14) Our lemma i s t hus proved. 
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8 R.Deszcz, S.Ewert-Krzemleniewski 

L e m m a 3. Let M be a totally umbilical hypersurface 
of a manifold N satisfying (3.6). Then the relation 

(3.24) cvwCrstu = 0 

holds on M. 
P r o o f . Transvecting (3.9) with making use 

of (3.3), (2.6), (2.9), (3.15), (3.7) and the Ricci identity 
we obtain 

Cabcd,[ef] = cefCabcd + ( P " eil2 W C>abcdef • 

whence, in view of (3.3), (1.2), (2.6) and (3.5) we get 

( 3' 2 5 ) Rabcd,[ef] " H=T (6adRbc'[ef] ~ &acRbd'[ef] + 

+ gbcRad'[*f] " «bdRac,[ef]) " °efCabcd + 

+ (P - eH2)Q(C)abodaf. 

Permuting (3.25) in pairs of indices (a,b), (c,d), (e,f) 
adding the resulting equations to (3.25) and using (3.14) wa 
obtain 

(3.26) °efWabcd + °abWcdef + °odWefab " 
where 

(3.27) W a b c d - CabojJ - (gadQb0 - gacQbd + 8 b 0Q a d - «bdQao)' 

whenoa 

(3*28) c a fW a b o d - OJ 

Contracting (3.28) with g b o we get, in virtue of (3.27) 
and (3.1), cefQfld - 0. Hence (3.27) and (3.28) yield 
°efCabcd " p i n a l l7 (2.9), C3.3) and ( 3 . 1 ) l^ad immediately 
to 
(3.29) °efCrsta " 
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Notes of manifolds 9 

Assume now that at some point x e l l 

(3.30) C r s t u ( x ) * 0 

Then i t readily follows that the tensors oywBg", 
and c vanish at x. Thus c y w (x) = 0. The last remark com-
pletes the proof. 

Lemma 3, in virtue of Remarks, implies 
T h e o r e m 2. Let N be a conformally birecurrent 

(reep. conformally recurrent) manifold. I f N admits a total ly 
umbilical hypersurface M, then on LI the relat ion (1.1) i s sa-
t i s f i e d . 

4. Totally umbilical hypersurfaces of conformally b ire-
curremtn manifolds 

I f . a total ly umbilical submanifold M (dim M^ 4) of a con-
formally birecurrent manifild N i s also conformally birecur-
rent , then the re lat ion 

U . 1 ) W 1 ^ 8 5abod - 0 

holds on M ( [3]) , Corollary 1) , where C a b c ( j i s Weyl conformal 
curvature tensor of M. I f M i s a conformally birecurrent to-
ta l ly umbilical hypersurface of a conformally birecurrent 
manifold, then the condition ( 4 . 1 ) , by ( 2 . 4 ) , i s reduced to 

(4 .2) H Cab<jd - 0. 

In this section we prove, that (4.2) yields 

(4 .3) H C r f l t u = 0 . 

We put 

( 4 * 4 ) Sabodef " ^ s t U j V ^ f ^ b c d e ' 

and 

Dabod " S r B t u . v i b o ' X -
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The t ensor s S a b c d e f and D a l i o d s a t i s f y the fo l low ing r e l a -
t i o n s ( [ 3 ] , formulas ( 2 . 16 ) and ( 2 . 1 9 ) ) 

( 4 ' 6 ) Sabcdef • g faDdcbe + « fbDcdae + «foDbade + g fdDabc8 + 

+ 6 e f ( D a b c d ~ ^bldc 1 

and 

D a b c d - &b cB a d - g a c B b d + eH 2 (R a b o d -

- e H 2 (Sad«bo ~ *a<S«bd ,) + H 2 ( g b d P a c ~ *edPbo )» 

where Ba<J = \ e V ^ H 2 ) . 

L e m m a 4. Let M be a conformal ly b i r e c u r r e n t t o t a l l y 
umb i l i c a l hype r su r f ace of a conformal ly b i r e c u r r e n t manifold N. 
I f the cond i t ion 

( 4 . 8 ) c r s t u ( x ) * 0 

holds a t a c e r t a i n point xeM, then H(x) = 0* 
P r o o f . The fo l low ing equat ion ( [ 3 ] , Lemma 4) i s s a -

t i s f i e d on some neighborhood T e l l of x 

( 4 . 9 ) v f V a b c d " a e f 5 a b c d = T a b c d e f 

where agf * a ^ B ™ , a v w i s the t ensor of b i r ecur rency of C p s t u , 

( 4 . 10 ) T a b o d 0 f » S a b c d f l f - - ¿ 2 ( g a d S b c e f - g a 0 S b d e f -

- «bd S ace f + gbcSadef> + ( n - l ) I n - 2 ) S e f { g a d s b c - * a o g b d ) ' 

w h e r e S ade f * S b ° S abcdef a n d S e f " ^ \ o e t ' 
We suppose tha t 

(4 .T1) H(x) / 0 . 

- 466 -



Notes of manifolds 11 

Then, by ( 4 . 2 ) , we obtain on the neighborhood V c V 

U .12 ) C a b c d , = 0 

whence, in v i r t u e of ( 4 . 9 ) , i t fol lows tha t 

(4-13) T a b o d f l f = 0. 

Lemma 1, in view of Remark ( i i ) and ( 4 . 8 ) , y i e l d s on V' 

(4.14) VfH = 0. 

Now the e q u a l i t i e s ( 4 . 7 ) , (4 .10) , (4.13) and (4.14) give 

(4.15) D a b o d = £H2(R a b c d - eH 2 (g a d g b c - g a 0 « b d ) ) + 

+ H 2 ^ b d P a c " 8adPbo> 
and 

Sabodef " n^2 ^gadSboef " gacSbdef " gbdSaoef + 6 bo S ade f ) + 

+ (n-1)In-2) S e f ( g a d g b c " « a o ^ d ' " 

whence, s u b s t i t u t i n g (4.6) and (4 .15) , by t ransvec t ion with 
g a f g e d we f ind 

(4.16) ePb 0 = ¿ 2 (»bo - ! gbc> + e I g b C 

where P * B^^bo* 0 n o ther hand, cont rac t ing (2.6) wi th 
g a d using ( 3 . 2 ) , (3.5) and (4.16) we obta in 

¿ 2 »ad - ¡¿T Rad + ¿ 1 Zgad> 

where Z » " e n + e h 2 , , o w t J l * (4 .12) , 
toge ther with ( 2 . 6 ) , (4 .17) , (1.1) and ( 3 . 3 ) , g ives 

U ' 1 8 ) Cabcd - *(«ad«bc - «ao«bd)» 

0. 
- 467 -
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12 R.Deszcz, S.Ewert-Krzemieniewski 

Since (2.9) ho lds , C r g t u ( x ) = 0, which i s a con t r ad i c t i on . 
This completes the proof. 

Lemma 4 implies 
T h e o r e m 3. Let M be a conformally b i r ecur ren t 

t o t a l l y umbilical hyper&urface of a conformally b i r ecur ren t 
manifold N. Then on M the r e l a t i o n (4.3) i s s a t i s f i e d . 

As i t i s known ( [6] ) every t o t a l l y umbil ical submanifold 
of a conformally r ecur ren t manifold i s also conformally r e -
cu r r en t . Using t h i s f a c t , Remark ( i ) and Theorem 3 we obtain 

C o r o l l a r y 2. ( c f . [7] , Propos i t ion 1) . Let M 
be a t o t a l l y umbilical hypereurface of a conformally r ecur ren t 
manifold N. Then on M the r e l a t i o n (4.3) i s s a t i s f i e d . 

5. Example 
In the l a s t sec t ion we give an example of a t o t a l l y umbi-

l i c a l hypersurface s a t i s f y i n g the condi t ion (4.3) with non-zero 
func t ion H. 

Let { v ; x a } be a loca l ly ohart on an n-dimensional manifold 
(M,g) of constant curva ture , a,(5 e {2,3 n+l}, n» 3. We de-
note by g ^ p the components of g on V. Moreover, l e t on IR , 
with i d e n t i t y map x 1 , be given the metrio tensor g ^ = 1. 

Now we define on the manifold N = IR*V the metric g r g "by 

(5.1) =T8 i l 
>11 

<xp> 

i f r = 8 = 1 

i f r = a and s = 

otherwise 

where 6 = 6(x 1 ) i s a d i f f e r e n t i a b l e func t ion d i f f e r e n t from 
zero in every point of N. The manifold N with the metric 
i s conformally f l a t ( [ 4 ] , pp.176, 179). 

The manifold defined by the equations x = C • cons t , 
x^ = y 2 , . . . , x n + 1 • y n , with metric ^ C j g j ^ induced 

from g r s i s a t o t a l l y umbilical submanifold of N tts]*, Theo-
rem 1). The mean curvature vec tor f i e l d H of M 1b given by 
( [ 5 ] , p.107) 
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(5.2) H = 

1 s11 

0 

a^n l6 I i f r = 1 

otherwise 

The above re lat ion, together with (2.4) and (2.2 ) (b ) 
gives 

(5.3) 
1 i f r = 1 

IT = ̂  and e = 1. 
0 otherwise 

From (2.11), in virtue of (5.2) and (5 .3 ) , we obtain the 
equality H = - ^ In 161. I f 6 is a non-constant function 
on N, then H is non-zero on 1.1. Since i. is conformally f l a t , 
the condition (4.3) holds on II. 
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