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BY LEMPEL’S HOMOMORPHISM

1. Introduction
The de Bruljn graph G, is a directed graph which vertices

are elements. of the set B” = {0,1}", Two vertices x =

= (Xy4Xp50e0s%,) 8nd 3 = (J44F50000,7,) aTe joined by an

arc directed from x %o y (y is a successor of x) iff
Vi = Xjq» for i=1,...,n=1. A factor of Gn is each of its
subgraphs formed by a set of disjoint cycles, containing all
the fvertices G,o There is a one-to-one relation between each
factor of Gn and a certain booclean function £:B" —= B which
determines connections among vertices in the c¢ycles of the
factor of G,. A vertex (x1,x2,...,xn) is connected with a
vertex (xz,...,xn,f(x1,...,xn)) in a factor of Gn determined
by the function f.

n=1 .
There exist 2° ~M factors of G,» each of which has

a cycle enfolding all vertices of G, [1]. Such a cycle is
called the de Bruijn cycle of span n. The problem of determi-
nation of de Bruijn c¢ycles is a basic problea of -the theory
of de Bruijn graphs. Fredricksen [3] reviewed methods of de~-
termining such ‘cyclea, Most of these methods are based upon
Yoeli’s [8} theorem describing the ways of joining and dis-
joining of the cycles, e.g. if two conjugated vertices

% = (Xq9XpseeesXy) and X = (X4+#13Xp40005X,) are in two dis-
Joint c¢ycles we can join these cycles by exchanging their
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2 li.Latko

successors. In the opposite situstion, the cycles are disjoin-
ed. So, it is possible to construct the de Bruijn cycle of
span n out of the factors with r» 2 cycles. In order to do
that r-1 pairs of conjugeted vertices should be determined.

It is obvious that it is simplest when a factor has only two
cycles (r=2),

Lempel [4] described the construction of a certain class
of such factors baesing on = homomorphlsm D from G to Gn 1°
The inverse D~ s of any de Bruijn c¢ycle s of span n-1 is
a factor of Gpe Such a factor, called D-factor of 8, has
-exactly two cycles, each of which enfolds 27~ vertices, The
only problem left is joining of its cycles. Lempsl [4] showed
two connections of this type for any D-factor; other were
studied by [6,7].

Also Games [2] described a method of constructing some of
two-cycle factors having the same connections as D-factor
D'1§.

The present paper deals with the construction of all
such factors. In addition the fact that there is no need to
construct D-factor D'1§ as a cycle 8 itself determines the
connections., It means a complete reccurence of this problem.

2. Preliminaris

We recall here notions and notations from [2].

A cycle § = (50,51,...,sp 4) in the de Bruijn graph Gp
is a sequende of distinct vertices' sy, 1=0 1,...,p-1, with
5; adjacent to Si+1’ i= 0 1,¢¢0,p~2, and s -1 adjacent. to Bye
The image of a cycle s is the set Ims = {s 184s000,8 _1}

A convenient méthod of representing such a cycle s is by
means a sequence of p binary digits (80,81,...,8 1), where
vectors sy = (si'si+1'°'°'°1+n 4) (subscripts *akon mod p),
are elements of s.

The D-morphism means mapping D from G, onto Gn-1 such
that for each x'= (Xqseexy) ¢ B? we have

Dx = (x,+x,, EptEg, ees XpqtXp)e
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Construction of Bruijn cycles 3

D-morphism is a 2-to-1 map; it maps x = (x1,x2,...,xn) and the
complement X = (x +1 x2+1,...,xn+1) of x, to the same element.
Conversely, if ¥y = (y1,y2,...,yn 1) ¢ B” 1, then an element

of D'1z is determined by its first coordinate, end we define

two maps D;1 and D;1 from B! %o B®, vy

n=1

Da y = (a, A+Yqy 8T 4+Tpseees@ + :E: 71)
i=1

ﬁrae{&1%

The D-morphism can be applied to a cycls s=(§o,§1,...,§p_1)
in G, to yield a closed path Ds = (Ds ,...,Dsp 1) in G ..
Dy is a cycle only in the situation when no complementary ver-
.tices occur in Ims. If the cycls 8 is written in a binary se~
quence form 8 = (80,81,...,sp_1), then Ds = (s°+s1,...,sp_1+s°).

The inverse of D, when applied to a binary sequence, can
take two forms [4]. If the number of nonzero entries in the
vactor s (tﬁ% weight of g) is even, then the inverse image
is composed of two complementary sequences:

p=2

-1
Do 8 = (0, Byy BytByyeces :E: 8y ),
i=0
p=-2
D;1§ = (1, 148, 148, +85,000,1 + :E: 8y ),
i=0

otherwise a single-aequbnoe of period 2p results

p-! {(o, B reees pZ-Z Byy 1y 148,000, + Z )}

Now let us define a function IBpT xT - {o, 1} where
= {x e B" {x x} eIms} as follows
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1 4if there are positive integers i,j,k,1 such

that g:(go,.oo,§i,---,§j,-ou,§k,n.o’El’ooo,gp_1)

and {Evg_\(} = {§i'§k} and {zvﬁ} = {gj’gl}
0 otherwise,

The range of g will be presented in the form of a square
binary. matrix and denoted by Lge We assume that rows and co-
lumns of LS are ordered according to lexicographicel order
of elements of the set TS.

For a nonempty subset T of Ts we denote the submatrix
of Ly restricted to TxT by means of Lg|pe BY §T we denote
the set of all cycles obtained by interchanging the successors
of conjugated elements x and 3, where x ¢eT. If 3 set §T con-
tains exactly one c¢ycle, such a cycle will be denoted also
by means sy&bol 87,

Let Tg = {5 (Xqsee0sXp) € Ty x1=0}.

Theorem 2.1, [5]. For any cycle s in G, and non-
empty Tc Tg the set §T contains a single cycle iff LEIT is
a nonsingular matrix over GF(2). -

Moreover Img = ImgT.

Remark. It follows immediately from the defini-
tion of Tg that if x,y eTg then we have

Ty(x,3) = Ty(%,3) = T (x,5) = xg(g.ﬁ) = Ty(.x).

?|7s L§|Tg

Ly = 8
g |

2|rq ‘ L§|T°

= E

For any two natural numbers i, ) (i <j)} the sequence of -
consecutive elements (gi, §1+1"\"§j) of the oycle 5 will
be denoted as <§i’§j>s' and the sum ai+ai+1+...+sj(mod 2) -
as |<§iv§3>9 i-
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Construction of Bruijn cycles 5

Let now i,j,k,1 be nftural numbsers such that 0<i<j<k<l<p-t
A
and {a,a} = {85,8,}» {bs0} = {gj,gl}. The cycle g can be de-
scribed as follows

8= <§°’§i>s<§i+1 .§j>s<§j+1 -§k>s<§k+1 '8y >s<§1+1 .§p_1>s-

4s X (a,b) = 1, then it follows from Theorem 2.1 that

4,b ' v
§{i"}=<§° ’§i>§_<§k+1 9§_1>§<§_j+1 !§k>§(§i+1 ’§j>§_<§l+1 1§p_1>§°

Obviously, Ims = Imsi2s2l},

BExample 2.1. The cycle 8 = (0000,0001,0011,0111,
1111,1110,1101,1010,0101,1011,0110,1100,1001,0010,0100,1000)
is a de Bruijn cycle of span 4. Then

p = {0000,0001,0010,0011,0100,0101,0110,0111}

and

1
—

o
5
ccecoceceoccocce
ccoc-ocacCcco
C 2 aa s Ccaco
CacccCcacce
cccccCcaac
ccccoccecaccC
cccCccgcaaaacCcco
ccccocccocceocco

For T = {0001,0011,0100,0110} we obtain a nonsingular matrix

0010
0001
L =
8|T 1000
100
end 8% = (0000,0001,0010,0100,1001,0011,0110,1101,1010,0101,

1041,0111,1111,1110,1100,1000) ,
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6 M.Zatko

There exist 15 different nonsingular pubmatrices of Ly

0
lT§

each of which determines one de Bruijn sequence of span 4.

3. Joining of cycles of D~factor

Here a relation between sets of joints of ¢ycles of two
different D-factors of Gheq Will be shown. _

Let 8 = (8,,8450.0,8 ) be a de Bruijn cycle of span n.

Since the weight of the sequence 8 is even, we have D'1§ =

= {2(0)78(1)}» where

of_4

=1 - p-
8(p) = Do 8 and  8(y) = Dy'ss

Cycles {E(o)’§(1)} form D-factor of G, , [4]. Our aim here
is to join the cycles 8(o) and 8(4) into one cycle u which
is a de Bruijn cycle of span n+1. It is possible if and only
if there exists x ¢ B! such that

X
2} < {s0)en)} -
Let Ag denote the set of all such Joints, e.g.
{geBnH: _JgeImg(o) and %elmg(” or gelmg(o) and ;eImg(”}.

Lempel [4] showed that for any de Bruijn cycle 8 of span n
the set Ag is nonempty.
Let us consider the mapping Ag: B! - {0,1} such that

0 for xeD(Ag)

A (x) = =
1 for xeD(B™! - a)

8
where D(A ) is an image of the set A§ under D. It is worth
to note that A (x) = A,(%). -
Determination of the mapping Ay means exactly the same as
determination of all joints of the cycles of D-factor

{208}
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So, if 28(5) = 0, then

(3.1) D;1§, D;1§, D;1£, D;13 are elements of the set A ;
(3.2) D;1§, D;1§ and D;1§, D;1§ are conjugates in B!,
respectively,

In [7] the following theorem determining the values of
mapping A, was proved.

Theorem 3.1, For a de Bruljn cycle 8 =
= (§°,...,§2n ) of span n and any xeB®, if i and k (1<k)

are natural numbers such that {x,%} = {s;,8,}, then

(3.3) Kg(g) =8y + 8.4+ «0s +8_,(mod 2).

Let us consider two elements a and b from the oycle s
such that Is(g,g) = 1, Let r denote a de Bruijn cycle of span n
being the only element of the set g{g,h}. Our aim hers is to
show the relation between sets As and Ar containing, respec-
tively, joints of the oycles of the D-factors {g(o),§(1)} and
{g(o),g(1)}. This relation can be expressed as a relation
between functions ﬂs and A,.

Theorem 3.2. For any elements a and b from the
set BY and a de Bruijn cycle s of span _n, if xs(g,g) =1,
theh for the de Bruijn cyole T = g{g'p} of span n the func-
tion A, 18 determined as follows

A4(p) for x=a
(3.4)  2,(x) = { 2,(a) for xeb
B Ag(x) + T (a,x)(A,(b) + 1) + for xfa,b
C T (0, (a(a) + 1)

Proof. Let i,J,k,1 be the natural numbers such that

0gi<j<k<lg2%1 and {_a.g} = {gi.g_k} , {p,f_a} = {gd,gl}.
Moreover let
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8 = 85183 75¢81 4108550341025 Bhe 1221 °6CB14178 e

The proof will be made for consecutive cases:
A. Let x e{a,b}. Since

T = E{th} = <§o’§i>s<§k+1’§l>g<§j+1’§k>§<§i+1’§j>§

814108 =o0_4 >

then

(3.5) Aple) = [<eyrey_ydp| =85 + [<Byypr8da] +|<B 1081 1D6] =
*|<854198ka1P8 | * B + |<ByyqrB1-10g] *

+ Bi + Sj + Sk + ,BI = |<§j’-e-l-1>_5_| = ;{E(E)-

"n

In a similar way we arrive at the equality

(3-6) ar(h) = 2B(§)o

B. Let x¢ {a,b} and p,q {p<q) be the natural numbers such
that {x, x} =, {gp,gq}.

If T {a,z) = Is(g,g) = 0, then from the definition of T
follows the equality
(307) quy = as(z).

If Ts(g,g) = 1 and Ig(p,g) = 0, then
8=<B0sB>6<B, 10815 5<B1 108> <8y 111837 <83, 118 5¢8K411817
B14178n 1%, |
and
I= §.{g'}z}'=<§o’§p>§<§p4-1’§:L->'§<§k+1’§-1>§<§-j+1’-s-k>§.<§i‘.+1’Sq>§
<§q+1‘§j>§<§i+1’52n_1>§'
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Hence
(3.8) An(x) = |<8pa8g_1dp| = Bp + [<Bpuqs810g | +1< B 108D |+
1<854108108] ¥I<B141285 05| = Bp+ [<Bpuq108p0g] *
|<B14198g-10g] * 85 +1< 834118108 | *|<By1 281~ 1D8l *
B) + 85 = [<B08y_Dgl+ <8y gl + 1 =
A (x) + ag(y) + 1.
Similarly, if Ig(g,g) = 0 and T (b,x) = 1, then
(3.9) 2!(35) = Rg(z) + Ag(g) + 1,

If Y (a,x) = T (b,x) = 1, then

8= <§°:§i>§<§1+1 ’§P>§<§p+1 '§J>§<§J+1 l§k>g<§k+1 o§q>§<sq+1 8158
§1+1'§2n_1>s
and
r= E{Q’P} = @o’§i>§<§k+1 l§q>§<§q+1 ’El>§<gi+1 ’§k>!<§1+.1 ’!p>§
<§p+1’§j>§<§l+1'§2n_1>g'

Thereby

(3.10) 25(x) = [<8,18q _1>p |=<8q 08, >p| =8g+[<Bg 181061+
l <8441 ’-5-k>g| +1<8y 41 ’Ep-1>.5_| '(394' |<§p_+1 '!.1)! I+
l<§j+1’§k>§|+|<§k+1'§q-1>gla*(91*|<§4+1o!p-1?g|*

°p+[<!p*1’§J>g|+|<53+1'5k-1>gI) +

(ej+|<§j+1’§k-1>g|+°k+|<§k+1'gq-1>g|+
|<§q'§1-1>g|)*('1*'3*’kf°1) - 1!(;)+2!(g)+a!(§).
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From (3.7)-(3.10) we arrive the following equality

An(x) = 25(x) + Ag(a)T (b,x) + A (0)% (a,x) + T (a,x) +

+ T (b,x) = A(x) + Tla,x)(1 + A (b)) +

+

I (byx) (1 + Ag(a)).

Example 3.1, Let us consider a de Bruijn cycle s
of span 4 presented in Example 2.1. There exist seven different

pairs (ai,bi) el x”g, i=1,Q.0,7=

(84,04} = (0001,0010),
(85,b,) = (0001,0100),
{a3sD5) = (0010,0011),
(84:0,) = (0010,0100),
(a5,05) = (0010,0101),
(8g,bg) = (0010,0110),
(87007) = (0011,0110),

such that X (ay,by) = 1.
Since each of the matrices Lg ® } is nonsingular over
-|{91' 1

= ay,b
GF(2), each of the corresponding cycles g{ ir=1

i8 a de Bruijn cycle of span 4.
The funotion A, is determined in the following way

y 1=1,004,7,

1 for xe{0000,1000}
Ag(x) =

0 for xeB? -{oooo,1ooo}.

The sets of values of the functions Ai = 4 1 determined for

a,,b
the cycles gi = { 1°21] 48 shown in Table I.
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Construction of Bruijn cycles 1

fF 01010101 01010101

. 100110011 00110011

X 100001111 00001111

_____ 400000000 71111117
Ag(x) E 10000000 10000000
Ay (x) 110010110 10010110
22(5) 10000000 10000000
A3(%) 111001110 11001110
Ay(z) 110010110 10010110
25(;) 11011010 11011010
Ag(x) 1 11001100 11001100
Ao(x) ;10000000 10000000

Table I

The condition (3.4) can be applied to a cycle gT, if the
cardinality of the set T is greater than 2. In [5]{it is proved
that 12 T = {51,...,gp,§1,...,b } then there exists a partition.
{§11,gi1},...,{gi ,pip} of T determining the following se-

quenca of de Bruijn cycles:

Ou =

-]
(3.11) J‘_l = 3-19{213 _id}o for J=1,e¢eeyp;

Py = gt

'
)

Applying (3.4) to consecutive cyclss i

u, for i=1.oo',p’
we goet a sequence of functions 21 sesesd :
v u

[

4. A class of factors connected with D-factor
Let-us consider a de Bruljn cycle s of span n and its
corresponding D-factor {a(o,.§(1)}. For a cycle 8 the class

3: of the Bruijn oyoles of span n is defined in the following
way [2]:

- 451 -



12 M.batko

B,
3§ =<{£: Im;(o) = Img(o) and Im;(1) = Im§(1)}.

Some elements of ?; have been found by Games [2].
Theorem 4.1. [2]. Let g be a de Bruijn cycle of

. s
span n, If {g,p}clmg(ol and IB( )(E,E) = 1, then
(o

(4.1) r = D(g{?;?}) is an element of ?:.

Condition (4.1) allows for determination of some subset
of the class 3;. It can be illustrated by the following example.
Example 4.1, Let us consider two de Bruijn cy~-
0les of span 4 \

s = (0000,0001,0011,0111,1111,1110,1101,1011,0110, 1100, 1001,
0010,0101,1010,0100,1000) and
r = (0000,0001,0010,0101,1010,0100,1001,0011,0110,1101,1011,

0111,1111,1110,1100,1000) .

Since for the cycles s and r the equalities

img(o) = Img(o) and Im§(1) = Img(.])

hold, the oycle r belongs to the class ?:.
On the other hand -

{ooooi,00010,00100,01000}5
(o) ‘

So, the cycle r does not fulfill the condition (4.1). For
each n> 4 it is possible to find de Bruijn cycles with the
above mentioned characteristics.
. Let us formulate a necessary and sufficient condition for
“the cycle r to belong to the class ?;. The condition utilizes
only some features of the cycls 8. _

Theorem 4,2, Let s be an arbitraery de -Bruijn
cycle of span n, For any de Bruijn cycle r of span n

g§'5: iff 1 = BT,

r = D(g
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where T is a subset of Tg fulfilling conditions
(4.2) LsIT is nonsingular matrix over GF(2);
(4.3) Ag(%x) =1, for each xeT.

Proof, |Necessity. Let us assume that r € ?:. This
means that Img(o) = Img(o) and Img(1) = Im§(1). The existence
of the set T CTg such that Ls( )|§ is a nonsingular matrix

={o ~ =(o
over GF(2) and (o) = §?o) follows from the theorem 2.1,
According to the definition of D we have the equality

(a,b) = X (Da,Db), for each a,befl

m L ]
8(o) 8(0)

A nonsingular matrix LE( )lﬁ corresponds to a nonsingular
=(o
matrix LB'T’ where T = D(T), which implles the equality g::gT.
Moreover, from the definition of Ay follows that A (x) = 1,
for each xeT. - -
Sufficiency., Let r = gT, Ls|T is a nonsingular matrix
over GF(2) and A (x) = 1, for each xeT..
It follows from Theoream 3.2 that
1f T (a,b) = 1 and A, (a) = Ag(b) = 1, then A4(x) = Ag{e,v}(x),

for each x e BY,
On the basis of the considerations from the preceding pa-
ragraph and (3.11) we can conclude that

= . n
ﬂg(z) —.22(5) for each’ xe3B",
The cycle r belongs to the class ?:.

Let us consider now a class ¥  of pairs of cycles {u,v}
such that

Imu = img(o) and Imy = Img(,),

for the de Bruljn c¢ycle 8 of span n.
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Each element of the class 15 is a factor of Gn+1' The
cycles of factors of ?e have identical joints as cycles of
D-factor {E(o)'§(1)}‘ what is more, these are the only two-cy-
cle factors of Gn+1 with this characteristics, .

Elements of ¥ can be obtained directly from 3 in the
following way

- U (U {55, 07%2}).

2 rew

#*
ge?é

So, if two cycles of a factor {g,g} € ?s are joined on ele-

ments {5,3} from the set Agy We obtain a de—Bruijn cycle of
span n+1. -

Examples 4,2, Let us consider the'de Bruijn oy~
cle of span 5 represented by a binary sequence-

8 = (00000110110011111010010101110001) .

The class ?: contains 56 de Bruijn cycies of span 5 and the
class ?B includes 3136 two=cyole factors of Gge The cycles
of each of these factors can be joined on 14 conjugated paira
{5,2} belonging to the set Aj. It allows for the comstruction
of 43904 de Bruijn cyoles of span 6.
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