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A PROLONGATION OF THE REAL ALMOST-PRODUCT STRUCTURE
OF A DIFFERENTIABLE MANIFOLD

One of the most interesting real G-Structure of the first
order is the resl almost-product structure (ﬂR-structureJ de~
fined by G.Legrande ([7]) by means of a linear operator J
acting on the tangent vector space Tx at each point x of
a differentiable manifold Vm and setisfying a relation of
the- form

J2 = Identity,

which gives a decomposition of this space in a direct sum.

To this structure there is found a prolongation, in the
sense, that there is defined a real G-structure of order 2,
called almost product structure of order 2 (ﬂé-strueture),
by means of a linear operator J satisfying the same relation
on the vector space Ti of the second order tangent vectors,

For this purpose, thare is given & brief discussion of the
fibre bundle of the second order tangent vectors and its
assocliated principal prolongation of order 2 of a differen-
tlable manifold, from the-stsndpoint that will be used
throughout this paper. Then there is defined the ﬂg-structure,
its adapted basis, connection, characteristic cohomology class
and holonomy group.

1. Let Vm be an m~-dimensional differentiable manifold of
class C°° and Tf x*(Vm) the set of all 2-jets of the functions
]
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2 D.Demetropoulou~Psomopoulon

on Vm with source xeV_and target O. According to C.Ehresmann

([4], [6]), the set Tf*(vm) = U Tf x*(vm) has the structure
erm !

of a fibre bundle with basis Vm’ structural group Lﬁ and

2
fibre L1 ,n°

The structural group Lg is ([6]) the set jgf of all in~

vertible 2-jets with source and target O ¢ R® of a 2-mapping f
at the point OeRm, which can be expressed by the form,

11 4 g

1 992
=ay x |+ a x 'x ©,
J 3 2l 3435

where {yi} is a coordinate system of y = f£(x) in the neigh-
borhood of the point 0O eRm, Txd is a coordinate system of x

i ay
in the neighborhood of the point 0 e¢R®, at = with
8 p . 83, (’T, )

ax
i i 3 0
det{ay ) # 0 and a = .
3 310 (a“d"_rx Tag 32 )0
Henoe, each a eI.fl can be written in the forem,

(1.1} a = (831'83‘132)’ 1,340d5 = 142,0.0,m, det (35’1) #0
and 8;132 is symmetrio with respect to j,, 32.
It
d1 91 2
= , L
p (ﬂ'k1 '5k1k2) € Ln

then, from the composition of 2-jets ([6]), it follows that
the product of the two elements & and P of Lzm,

ap=c¢c = (ci1, °t1k2) »

can be defined by the relations
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Real almost-product structure 3

; J
i i 1
cy =a; B
ky © T3y TRy
(1.2) .
J iy 3
i 1 i 1 2
¢ = a a B, B
kiky 7 T3 Thkgky T T0gdp TRy UKy
4lso,
2 _ .o m+2 o 2 m+1
(1.3) dim LY = N = m( 3 ) -a=mn° + m( ! ).

The Lie slgebra Lg of the Lie group Li is ([8]) defined
by — -

2 i i . .
(1.4) L = {A/a = (131, 23132), 1,39095=1,24000,m,

»* 3 »*
a§1e R® @RY, a1 . ¢r" @ s3(r® )},

3132
2pm* . : o
where S°(R” ) is the set of the 2-linesr symmstric fcrms on R,

similarly, L% | is ([3], [6]) the set 32g of all 2-jets
14

with source 0e¢R™ and target O eR of a Z-mapping g at Oe Rm,
which can be expressed by the fora,

i 1,1
1 1
t = yi1 X + 2—1!" yi1i2 X X 2,

where {xi} is a coordinate ‘system at x in the neightorhood
of‘()eRm, t = g{x) is its image by g in the neighborhood

2
t )
of OeR, Iy = ( ai ) and 34 4 = (——I—EI—) .
1 ax 1 o 172 ax Bx 2 0
Therefore, each y eL? n €8n be written in the form,
?

{1.5) 3 = 311,y1112 . 11,i2=1,2,...,m, yi112 is symmetric
with respect to 11,i2.

Also,

(1.6) atm 13 | = vim,2) = (M2) -1 -0+ (7).
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4 D.Demetropoulou~Psomopoulon

i
Let {x }i=1,2,...,m be a system of local coordinates at
x eV for a given chart. Then, according to definition ([4])
»*
of the prolongation of a chart on T? (Vm), tne element

uxeTﬁ*(Vm) can be expressed by the foram,

(1.7) w= (xi,yi1,yi112), i, 1i,i,=1,2,...,n, yi112 is sym-
metric with respect to i,,1i,.
If

jl
X y 1 y,l I)
( T Taqd2
is the expression of w in & new coordinate system
i’ . "
{x } 351,200 ,m at x'eVm, then from relations given by

C.shresmann ([6]), the transformstion law for the local co-
ordinates of w 1is given by the equations,

., O
xd = 99 (xh)
( ; )
1.8) i =¥ 84
377 3,8,
y.l.l = y. ai;l./ +y a?
3335 = iy B3yap * Y11, 0p

where the functions ¢j' have continuous partial derivatives
of every kind 'up to order 2 and ( )
31 332
The equations (1.8) provides elsc the left. action of L
on the vector spacs L2 which is isomorphic to the fibres

T? x*(V ) over x eV,
The dual fibre bundle 12(V_) of the fibre bundle T2 (vy),

has ([2]) a besis v, structural group Li and flbre F2 =

*
- (12 )
x eV, of the fibre bandle T2(V_)) *¢an’be defined by the li-
near mapping,

. Henca, each X eTi (where Ti is the fibre over



. Real almost~-product structure 5

Coneclusdion 1.1, The fibre bundle T2(Vm)x

X(Vﬁ,Lg,Fz) is ([1]) the fibre bundle of all tangent vectors

of order 2 and X eTi is a tangent vector of order 2 (or 2-tan-
gent vector) at the point xe Vm.
Let

{(1.9) o = (e ), i10i5=1,2,000,m, o4 ; symmetric in
172

. 8.
11’ i,1,
the indices 11,12,

be a basis of Tﬁ (therefore and of its isomorphic vector

1

space F2) with respect to the local system {xi}i=1 2 ..e.m
atthepwmtxevm. T

It is evident that every X eTi can be expressed uniquely
in the form

o N k,i,
(1.10) X= > X oy, * >, % °4 1,
= 1$i1€i2<m
(£ it | ' 1
where (x ¢ ) are functions of the neighborhood (U,x™)
on V, and X | 2 ig symmetric in the indices 11,1
For another system of local coordinates {xj

at ch the second order tangent vectors,

j=1,2,ooo’m

(°J'1’ °a’13§) '
of the pew basis of Tg are transformed to the basis (1.9)

-a8 follows,

7

1
[ =@,/ &
11 j 11
(1.11) Y .
[ =0 331 + 0 ' 331 aja
i 12 31 i 1 j 32 1 12’
39 2
where a = (a a €L .
( 11' 1112) m
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6 D.Demetropoulou-Psomopoulon

Then, the corresponding transformation law for the local
coordinates of X eTi will be,
s =/ < Py
1 Jq tt2

X +a; : X
1 1115

o 24
99 Jq
X = ay

(1.12) o s i %; s .
Jdqd 3 J 1,1
X 1v2 - ai1 ai2 X 1 2.
1 2
The equations (1,12) establishes also the left action
of L; on the fibre Fe.
Ve consider the fibre bundle of all 2-frames of the mani-

fold v, HE(Vm) = U aﬁ(vm), where Hi is ([3]) the set of

erm
all invertible 2-jets of R® into Vm with source 0 e¢R® and
target x eVﬁ.

The above fibre bundle is ([4]) a principal fibre bundle
with basis Vm, structural group Lm and is called principal
prolongation of order 2 of the manifold Vm. It is also asso~
ciated ([6]) to the fibre bundle T2 (V )(V,,12,12 ). Hence,

1 1
to each h HZ(Vm) there corresponds the isomorphiém

-1, 2 -1 ¥
h™ :2 eL1’m —» zh eTT,x(Vm)'
or
L 2
h'T1,x(Vm) — L1’m.

If we consider their dual spaces, it follows that each
h.eHz(Vm) can be identified with the isomoriphism,

(1.12) h:y e F° — hy ¢ Tﬁ.

Therefore, HQ(Vm)(Vm,Li) is also the associated principal

fibre bundle to the fibre bundle T2(Vm)(vm,L§,F2) of the tan-
gent vectors of order 2.
From (1.13) it follows that h can be identified with

the image
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Real almost-product structure 7

{1.14) (hi1,hi1i2), 19,1521,2,000,m, by 'h1112 linear forms
2% A
on T1 % and hi112 syammetric in the indices 11,12

by means of h of a basis (1.9) of the vector space F2.
Conclusion 1.2 Hz(Vm) can be identified
with the space of bases of the vector spaces Ti at x eVm.

2. A real almost product structure of second order (briefly

a ﬂs-structure) can be defined on a manifold V by means of
two fields of class C* of proper supplementary subspaces
n1+1 n,+1

1 ) + ( 2 ),

dim T2 = n, + n,n, (n1 £ 0, n, £ 0, n,+n, = m).

2 : : . (
of Tx, T, and T2 with dim T1 = n, + 2

Ifr Jx is a linear operstor on Ti such that,

Jxv = V4 = Vo v, € T1, Vs eT2,

then

2 _ €.
(2.1) Jx = Identity on Ty = I,(p o)e

To this operator there corresponds the element F of the
tensor product T2 ® (T2 *,

$1 pdz I e .
(2,2) F = (Fi , Fi1 ) Pl Filis ) 114ip03003p=10200000m,

3,3 J
Py 2 symmetric with respect to j.,J,, F 1 symmetric with
11 192 1112

3130
respect to 11,12 and Py 4

symmetric in the indices 11,12
and 31,32. Te
It is defined by,
(Jxv)31 = Fi: vi1 + Fi:ie ot
AT RS R
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8 D.Demetropoulou-Psomopouloun

i i1
where v = (v 1, v 1 2) is the 2-tangent vector at xe Vm'
Remark 2.1. The relation {1.12) for the element v
of Ti in the overlap of two neighborhoods (U,xi) and (V,xda,
by means of matrices, can be written in the foram,

31
3 Jgjé] [ i i112] = °
(2.4) (v ' v =|v y , L1
31 31 32
83,1 85 84
172 1 2
or briefly,
v
Vx = A (x) V
where 3
a1 0
R " a_ |yt Hte
A (x) = , V. =1V v .
u ’ ] ’
i 31 J 32
a a;, a
i.1 i 1
(2:5) ] 3 ;j L
v 1 2]
Vx = [ .

- 3 33
Hence, the element a = (ai ’ 31112) of Li can be identified
1
with the matrice 4 of the relation (2.5).
Similarly, according to the relation (1.8), the transfor-
mation law for each elemsnt w of T2* {(that is of T1 *(V E]
by means of matrices, oan be written by the form,

i
AYY - 9V 0 w.
91 3 1
(2.6) =
i b 12
[AYY a ’ Byt By 7 [~}
313z e I S R b
whare (aiﬂ aiﬂ ' )eL2 is the inverse element of a=
S PR P PO ™
35 hY
1 1 2
= (a a eL-,
( ;4’ 1112) m
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Real almost-product structurs 9

Briefly,

-1
X X ,u u _ LV
Wf = o A3x), 880 = [T
For convenience in calculation, from now on, we will
keep using matrices.
Thus, the tensor F of the relatiun (2.2) can be represented
by tne following matrix

J Jqd-
Fi1 Fy 102
1 1
(2.7) F = A . j .
3 J
Fi1i F1112
117 112

From {2.,1) and {2.3) one verifies easily the following
equations,
[ 3t 3 by

F F + F F = §
1, P * T, B K,
3 i J 1,1
1 112
Flp + P, P =0
1, Pk, ¥ P, Pk,
(2.8) .
poid2 o pdide Ll
i K 1.1
1 1 11 Tk
B R L I e I L 3
1, P, Y P P T Sk Bk

Conversely, let us assume that ‘here i1s given on the ma~-
nifold V,, a tensor field on Tg of type (}) and of ¢lass C*,
which satisfies the equations (2.8). Then, to each point
xé'Vm, the linear operator Jx on Ti, which is defined by the
tensor F from the relations (2.3), has proper values 1 and -1,
Let T, (respectively Tzl the subspace of T, derived from the
proper 2-tangent vectors which corresponds to the proper
value 1 (respectively ~1). If ve Ti and vy =V + J . vel,,

: vy o+, ,
Vo= V- dov, then v = —5 that is, T1 and T2 are
supplementary spaces and Vm is equipped with a ns-structure.
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10 D.Demetropoulou-Psomopouloun

2 . .
1112) of Tx will be called adapted

to the ﬂg—structure with respect to x (briefly ni—adapted

3. A basis e = (e. , o

besig) if (%x , € ) e T, et (e

e e ) eT

1 a1u2’ A1A2 1 A1’ a1A1 2

(i and every latin index takes its value in 1,2,¢..,m, o and
every greek index takes its value in 1,2,...,n1 and finally,

A and every capital latin index takes its value in n1+1,...,m).
If (e 7,0/ = e e e i) e e ' }
SR U R T TR AL T
j/ J-/
is anotherﬂTﬁ—adapted basis, the element k = (ki1’ki1i )eL2
1 it/ R
of the transformation law between ﬂ§~adapted bases may be
written,

s 7 7
3 ( By By
ki1 = 511’ kA1) € L(n1,n2)
3’ ¥ R P
ki1i = (ka1q" kA1A ’ hx1A )’
172 172 172 171

{3.1)

whers L(n is ([7]) the structural group of the real
1

'nz)
almost produet structure of order 1.
Using matrices, k can be written by the matrix,

[ ’ 9 - 7
-
kﬁ1 0 0 0 0
%
5
0 k, 0 0 0
| 1 Jd L J
B ! T [ 1 ¢ 1
A By B
(3.2)  K=|| kg, 0 k' k2 0 0
172 1 %2
’ ﬁl BI
0 k£1A 0 ka1kA1
BI 1 1 1 1 B’ BI
kA1A 0 0 0 kA1kA3
1 2 | L 1 .2-_ J
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Real almost-product structure 11

Let L2 ) be the subgroup of L2 consisting of all ele~
(n1'n2 11

ments of the form (3.1) with corresponding matrix of the form
(3.2).

One can easlly verify that with respect to an ﬂs-adapted
basis the tensor F associated to the operator J can be re-
presented by the matrix,

| raﬂ1 0 H 0 0 0 1]
(X1
5B1
-8 0 0 0
L . L.
(303) P = [‘ 1T r ﬂ B " .
1 %2
0 0 5. 15 0 0
%G %2
B
0 0 0 5180 o
oy A1
0 0 0 0 5 16 2
L 1L b182] |

The group L(n J0y ) can be characterized ss the subgroup

of L2 defined by all elementa of L2 whioh commute with F.

4. The set B ,(V_) of all W3-adapted bases at the diffe-
.

rent points of V, is equipped with a structure of prinoipal
fibre bundle of basis Vm and structural group L%n ,n,)°
2

2-connoction in V 1s called any infinitesimal connection
([8]) defined on the principal fibre bundle B 2(v )e
™R
Wb'oonsider a covering of Vm by open neighborhoods endowed

with looal croes sections of Bra(vm). Any xﬁ-connection may

R
be defined in each neighborhood U by a local form ¥ with
2 2
values in the Lie al,
ue 6 e algebra L(n1,n2) of the group L(n1,n2)'
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12 D.Demstropoulou~Psomopoulou

Hence an ﬂé—connection is represented by the matrix,

F " 01 ] F 7
ﬁ@1 0 ) 6 4)
A4
0 ﬂB 0 0 0
L T 1L |
r 17 ]
o xR, O
1 1 %2
o1 = T 0 N, ¥ 9] 6]
A o A
1| 1M
0 i 0 r T 0
P43, By TPy
A,
ot A 8o
I 0 0 0 a
L B,B, 1l B1 52
i [ A i fo'd [ A
1 1 1 1 1 1
where . ' = (ﬂ L and 7
I A B1) "i1dz - (s 1Ry’ 7 BBy’ 51 5,

are linear differential forms on U.
It can be verified that

~

o1 e ALy Y VR =0, VE. 2l =0
VFB =0, FB =—21TB1~ ’ ’31B = B1 == ”6131— ']

1 1
o b, A A A A
1 1.5 1 1AM
VF =0, VP, =27, =0 VP, =0 P =25 =0
ByBy 7 Ry TR T By TRy By TR Ry
A A A x
1 1 1 g0ty 1%2
vr, . =0, VR =2mt <0, vB,! 2=0, vRg1 2 =0
BBy 77 T ByBy BB, Py B,
A
o192 ayp X2 1 2 184
4.2 “0, VPo2. g 220 YRy po=0, TRp <0
(.20 Tp8 ™0 VBB 51 By By 7t Ty
o A Ay ayh oty by A
184 oy by 1 oy xq_ A
v 0, VR eomi i Va0, VP20, YRL Va2 =0,
By 70 TpeB, 51 By p 3,*%» "'8,3,7%"8,"B,

A4 ALA AL Ay A, A
142 182 142 2 1. 82
v 20, VP,V 220, VF,1 2x0, VF, ', 2==201 .19 2=0
FB1 Or Vg, 70 Tpm,™ b 1 BBy
A4
vrB132=o.
182
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Real almost-product structurs 13

Proposition 4o, With respect to an ﬂﬁ-con-
nection, the absolute differential of the tensor F is zero.
E 2(Vm) may be considered as a sub-bundle of the fibre
R
bundle H2(Vm) of 2-frames that is of bases of vector spaces

2 . 2 R . .
{Tx}xevm (conclugion {1.2)). 4n ng-connection defines canoni-

cally a speciasl affine connection of order 2 ([5]) on ¥V which
it may be identified.

Conversely, let us consider a special affine connection
of order 2 and a covering of Vm by open neighborhoods equipped
with local c¢ross sections of Eﬂz(Vm). This connection may be

R
defined on each neighborhood by a local form w with values

in the Lie algebra of Li,

i i i *
W = (wj1, wj:jz), i1,j1,32=1,2,...,m, wjle R® @ R® R
(4.3) : ;
i m, 2 o0* 14 4 .
Wy s eR®s8“(R" ) and (w; |, (ws: . are local linear
343, 34 3435

differential forms.

In order that the given connection may be identified with an
ﬂg—connection it is necessary and sufficient that the form
(4.3) belongs in the Lie algebra of the structural group

L ~of B ,(V_)., That is
{n,,n,) 2''m ’
1072 e
o A « A A
1 1 1 1 1
(4.4) w =W, =T W = w = W = 0,
By TRy BBy TBiBx T TB4By

Comparing with (4.2) we obtain the following
Proposition 4.2, In order that a special
affine connection of order 2 may be identified with an
ﬂg-connection, it is necessary and sufficient that the abso-
lute differential of the tensor F is zero with respect to

this connection.
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5. Given an ﬂﬁ-connection Y, the curvature form of this
connection is the tensor 2-foram,

(5.1) Q=Vr=dy+aAn,
which is defined by the matrix,
;
[ [ o 17 ]
Q 0 0 0 0
B4
4
0 Qp 0 0 o
1
L 4 L J
(5.2) Q = ( 1T 11°
X, [+ 3
Q. 0 ola? o 0
A A
0o a.lp 0 Q;"n 1 0
RyB4 By By
(-3 A, A
1 1502
Q 0 0 0 e 'a
| 98,8, Il B, Bzu
L
It may be sesn from (5.1) that
Y
Q‘;l =d:r°‘1 +sr1/\1r1
1 U O
A A A, T
op! = amy! v o) ASTB1,
1 1 1P
' Y Y
- any +:r1/m1 e An’mpz,
ﬂ1‘52 31’32 Ty BB T Tyy, Py B2
o x 1 1 a2
= am + T,V A + A1
%8B, T Y8 iB, * Ty, VBB, ¥ ryry By By
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Real almost-product siructure 15

In particular, it can be verified that

o o A 4 o o A .\
el=an', @ '=qr’, ol -an', o' -oan’,.
%4 b 1 1 xq g Aqo 1

If we consider a covering of Vm by neighborhoods equiped
with local cross sections of E 2(Vm), then
b

R

o &

A D
W1 = R e W2 = @y

are closed scalar 2-forms snd

o4 A1
= 90‘10" Yo = SZA.]OL’ °C=1’2"-'9n1s

sre closed vector 2-forms on E 2(Vm).

R
We call wk’ k=1,2, the k~-th characteristic form of or-

der 1 and wa, k=1,2, =1 2,...,n1, the k~th characteristic
from of order 2 of the ﬂe-connection Y.

Proposition 5.1, The cheracteristic 2-forms
of order 1 (respectively of order 2) of all the ﬂg-connections
have the same cohomology class of degree 2 (characteristic
cohomology class of order 1 and of order 2 for the ﬂg-struc-
ture).

6, The holonomy group of an ﬂg-connection on V, 1is ([s])

subgroup of the structural group Lfn ny) of the fibre bundle
1

Eﬂg(Vm). . |
Conversely, let Va be a differentiable manifold endowed

with a special affine connection of order 2, Let us assume
that x ¢ V there exists a 2~frame z, such that the holonomw

group y, of the connection at 2z, ia a subgroup of L(n1,n2)'
x

Let us consider now, at the point x, the tensor whose compo-

nents with respect to the basis 2z, of Tﬁ is of the form (3.3).
This tepsor is invariant under transformations by the ele-
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16 D.Deme tropoulou~Psomopoulon

ments of v, and its components satisfy the relations (2.8).

~r
P:$

From this tensor we obtain ([9]) by parallel transport in V

a tensor field on Vm with absolute differential equal to zsero.
The relations (2.8) remains true at every point of v, and thus
an ﬂs-structure is defined on Vm. Since the absolute differen=-
tial of this tensor field is equal to zero by proposition
(4.2), the given connection may be identified with a ﬂg-con-
nection.

Proposition 6.1, 4 necessary and sufficient
condition in order that a special affine connection in a ma-
nifold V be an J Ws-connectlon of an ﬁg-structure is that the
holonomy group'of the connection be a subgroup of L(n n,)*

1072
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