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OPERATIONS WITH DISTRIBUTION VECTORS

The space of distributions D’ is isomorphically embedded
in the space of distribution vectors D' (1) and this larger
space D is equipped with operations of multiplication and
inte ration. Several formulae for Se(x) b(p) S(q)

XE 8'9)(x), etc., are derived which, as we know, are signi-
ficant for some appiications, in particular, in quantum field
theory but they do not make sense in D’ itself. The paper

is a continuation of a previous work (1) but it could be read
independently.

In the following wé let C be the field of complex num-
bers, D be the space of infinitely differentiable functions
defined in the real line with compact support and D’ be the
space of all distributions on D,

Definition 1. Let ar;be in C for v = O,1,000 «
We say that

& = [oxgrogsess]

is a number vector (2). We denote the vector space of all
number vectors, with the usual definition of the sum and pro~
duct by a. scalar, by C.

Definition 2, Let h, be in D’ for T=0,1,e00 o
We say that

B o= [Byohyseeeshin,end]

is a distribution vector.
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2 B,Fisher, T.D.Todorov

If hr+i a0 fori=1,2,ce., we write

E = [ho,h.l,...,hr,(),(),.u] = [ho,h1’ooo,hr]
and if h1 =0 fori=1,2,0.. Wo write

i = [hg] = hye

~

We denote the vector space of all distribution vectors,
with the usnal definition of sum and product by a scalar,
by Q'. :
Definition 3, Letgn[ho,h1,...,hr,...] be
in D’ and let ¢ be in D, We define (h,9) to be the number
vector

(E,(P) = [(ho,(P),(h.‘,(P)'.oo.(br"P)’.o-] .
Definition 4, Leths= [ho'h1""'hr""] be
in D’. We define the derivative h' of h by
s _

E =[h6,h;.ooo,h;|ooc] L]

Thﬁ oren 1. Letg’ [ho.h1.oo-'%'o-o] be in RI
and let ¢ be in D, Then ‘ .

(E“‘P) = '(Ep?‘)o

The proof of the theorem follows easily.
Definition 5, Let p be a fixed funaetion
in D having the propsrties:

(1) p(x) =0 for |x| <1,
(11) ' Q(X) 2 0,
(111) e(x) = p(-x),
1
{iv) j Q(x)dx = 1,
. -1 _

We define the function §, by &,(x) = vo(vx) for all v>0,
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Operations with distribution vectors 3

Definition 6, Let f and g be in D’ and let
g, = 8»8, . If there exist h,,h,,...,h, in D’ such that

r
(£,8,9) = D (hy,9)9t + a(v),
i=0

for arbitrary ¢ in D, where
lim A(v) =0
v -*co
( A could depend on ¢ as well), we define the product fog
in D’ by
fog = [ho,h1,.~o’hr] .

We say that h, is the finite part of fog. If hy # 0 for
some 121, we write

pcfc(fog) =
and if hy = 0 for i_= 192,000,, we write

fog = ho.

Theorem 2, The product ™o" is a generalization
of the usual product in D’ when one of the distributions is
a smooth funotion, i.6, fog = f.g for all £e D’ and all
8¢ ¢°, ! .

The above theorem is just an interpretation of Defini-
tion 6, having in mind as well that g‘,<p —= 89 in the test-to-
pology of D when g is a smooth function Vand ¢ 1is in D.

Theorem 3., Let f and g be in D’ and suppose
that the produots £'og (or fog’) and fog are in D’.' Then
the product fog’ (or f'o g) is in D’ and

(fog) =f'og + fog',
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Proof., Suppose

r
(f’gp‘P) = Z (hi"P)"i + a(9),
i=0

r

(£/,8,0) = D (ky,0) 9" + 81(),
i=0

for arbitrary ¢ in D, so that

fog = [hoyh«lv":yhr] ’

flog = [ko,k1,...,l:r] .

Then

((fg;)), "P) = "(fgq’ ‘Pl«) = (fg:; + f/g;u‘P)
and 8o
(f,g:,tp) = -6f,g¢¢’) - (fI’SQ‘P) =

r r
= - Z (hi,rp')\’i - b8,(0) - Z (hi,¢)°i -84(9). =

i=0 i.—.o
r
= D7 (hf = ky,9)5t - (8 +8,)(%)
i=0

for some function A2, where
= v = 0-
Lim 8,(9) = lim (8,425 (v)
It follows that the product f-og’ is in D’ and

fog’ = [hy-ky, hi-kyyeeeshp-k ] = (£og) - £ g.

Tha results of the theorem follows,
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We now put for simplicity

3= o't o)
for 1 = 0,1,... 80 that in psrticular
03 = C

for odd i.
Theorem 4., The product 5(P) 5 5(9) 44 in D’ and

5°) o 609) = k(p,a) = [B6(psa) shy(pya)seeeshy o (pya)]
for p,q = 0,1,2,..-, Where
o, 0<iggqg,

hi( Pyq) =

(-1)i=a-1 (1_3_1) 041 glpratt=1) o4 prge,

and (g) denotes the binomial coefficient
() = Frrp=1 -
In particular
52 = §06=[0,008],
8 0 § = [0,908'],
§ o8 =0,

So, we see that the multiplication operation "o" ie
& non-commutative operation.

Theorem 5. The products xB o 8(2) ang sl9) oxf
are in D’ and

"f. o8ld) . h(p,q) = [ho(PoQ)oh1(P’Q)_p-uohq_p(P'9)]

for p= O,1,...,q and q = 0.1.2’000' where
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1 g (q-p) :
z (=1P(5) pr 8977, 1 -0,
hy(p,q) =
(=10P71 (974 prgy , 9P, acicqep

and
5(9) oxP = k(p,q) = [ko(p.q).k1(p.q)....,kq_9(pm]

for p = O,1,¢¢4,9 and g = 0,1,..., whers

3 (-1)P (‘;) pt 8l9-P) 4 o0
ki(P,Q) =
(-1)P1 (pii) P! 034 G(Q;p'i), 1¢<1<q-p.

In particular
4 xf o 8P} o slp) oxf = % (=1)P p18

for p = 0,1,25000 o

These theorems are squivalent to T{heorem 3 and 4 proved
in L1]|.

We now consider the product of iwo distribution vectors.
For convehience we note that B’ is 1somorphic to the space
of power series in an indeterminate. v having distributions
as coeffioients. Under this natural isomorphism we write

90
Lo [2etiseenrtprene] s D 295,
: r=0

Definition T. Let

ir

4]

<o
.- Z fr\,r

r=0

= [fO’f‘\""_'fr""]

and

200

. o E
= [50.51',...,51,,...] = Z sr\’r
’ ' r=0
- 406 =



" Operations with distribution vectors

be in D’ and suppose that f.o g  exist for all T',s = 0,1,...
(in the sense of Definition 6) and

for r,8 = 0,1,... for some distributions hrsm and some in~
tegera p. . > O. Let now put

oo Urs

hy = Z Z Z hpgm (r+s+m = n)

r=0 8=0 m=0

for n = 0,1,2,¢s. » We define the product fog in D’ by

o ) oo =) oo .
fop (X 872 00%) - T T (eeeg) -
B=

r=0 8=0

32 55 nn) e -

r=0 8=0 \m=0

Z B YR = [byhyyeneshp,eee]
n=0
and say that ho is t'he finite part of fog.
Theorem 6, Let £ and 8 be in D’ and suppose

that the products fog and f ° (or fog ) are in D « Then
the produot £°5 (or f 0 g) ia in D and

(£og) = £lo g+ £og'

~

Proof. Suppose

oo o0
£ = Z frvr, g = Z 3rvr. '
r=a0 - r=0
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Then
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end
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8o that the products f,o g, and fo 8y are in D', By Theorem 3
the product f,o g’s is in D’ and

(fro gr)' = fI’.o 8y + fpo gé.

Thus

o o

1]
PA
7
54;
L
o
2
W
=~
e}
+
[}

15 e
.30’\8‘)

r=0 =0

o oo
> ,

= E (fr° gy + L0 g’s)0r+s
r=0 8=0

which implies the existence of fog’ and

(fog)l = £'o§ + Nf'o'%'.

Example 1. (8,8,¢) = (8v0(»x)¢(x)) = vp(0)p(0) =
= vpo(8,¢) for arbitrary ¢ in D and so

522606 = [0,048] .

Example 2. 8 =50B06=v2925= [0,0,038].
More general for the n-th power of the delta-function § we
obtain

8% = 9108715 = [0,0,.04,087"8] .
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E xample 3. (6,804 = (6,92¢ (vx)p(x)) =
-2 ¢’(0)e(0) = 0 for arbitrary ¢ in D and so

§o08 = 0.

Example 4, Using Theorem 3 we see that 6o §
is in g’ and

§06=(506) =~ 808 = [0,90 5'] .

Example 5. (6, 6¢)=(609(9x)¢(x))-
= -920"(0)9(0) + v2¢'(0)9'(0) = -+7¢"(0)(B,¢) for arbitrary ¢
in D and so

§'0 6" = [0,0,0,-9,5] .

These four results are, of course, particular cases of
Theorem 4.

Example 6, (6 46)0[6°%6] =(5+498") 0 (8" +98) =
2 608496 08 +v8 08 +9°806 = [0,0,905,905',-925-

We finally consider integration in D’ and D’.

Definition 8, Let f be in D’, let p be
a measure in R and lét 6 be a measurable subset of R. We say
that £ is integrable on 6 if there exists an integer m 0
and complex coefficients Oy 90q s e e e sy for whioh

j £,(x)dp(x) = Z ay v+ 8(s)
i=0

where £, = £« 08, and
iim A(o) bd 0.
¥ -+ 0o

We then write

m
[ E(E104(5) = [ogmg e ]« 37
6 1=0

and say that ) ie the finite part of the integral.
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oo
Example 7. JS(x)dx
=00

= Te
1 1
Example 8. (J; B,(x)dx = (’; vp(vx)dx = 5 and so
1
j S(X)dx = '2‘ .
o0
Example 9 f §(x)ax = 0.
-00

1 1
Example 10. Sé(x)dx {) ézg’(o'x)dx: %9,
0

1
and so § 8§’ (x)dx = [0,-90].
0
Theorem 7. For all feD’ and all ¢e D we have:

j (fopldx = j f(x)e(x) = (£,¢).

-0 =00
Proof, It is well known that (f‘P)g:,T:;f‘f’ in the
/ ’
topology of & ( E'is the space of all distributions with

compact supports) so that

o0
Mo -L(f¢)9dx = (f@,1) = (£,9).

The proof is finished.
Definititon 9. Let

(=2
£ = [f09f1,o‘\~,fr,o.o] = 2 fr\,I‘
r=0

be in D’ and suppose that f, is integrable on & with

. Ty
!fr(X)dp(x) = > ocriw"i
6 i=0

for r = 0,1,+.. o We say that f is integrable on 6 and write
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o O

jg(x)dy(x) = > > dr19r+i = [do,d1,...,dn,...]
6 r=0 1i=0

where

w v
d, = Z Zdri, (r+i = n)

r=0 i=0

for n = 0,1,... &nd say that d, is the finite part of the
integral. 1
Example 11, g [5(X), GTx)]dx = [1/2,0,-90].

We see that the integral of a given distribution vector
(if exists) is a number veotor.

Remark. The reader could remain disappointed at
the fact that the multiplication operation introduced in our
paper is nonaBsociative which follows directly from the
example

8§06 (8068) # (§08)08

Recall, however, that according to the well-known interpre-
tation of the Schwartz example

(x~Vex)8(x) # x~V(x8(x))

it is principally impossible to supply the distribution space
or any of its enlargements (in partioular, the space of di-
stribution vectors Q’) with an assoclative multiplication
operstion,
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