
DEMONSTRATIO MATHEMATICA 

Vol. X X No 3 -4 1987 

Brian Fisher, Todor D. Todorov 

OPERATIONS WITH DISTRIBUTION VECTORS 

The space of d i s t r i b u t i o n s D' i s isomorphic a l l y embedded 
in the space of d i s t r i b u t i o n vectors D' (1) and t h i s larger 
space D' i s equipped with operations of mul t ip l i ca t ion and 
i n t e g r a t i o n . Several formulae f o r 6 2 ( x ) , 

e t c . , are derived which, as we know, are s i g n i -
f i c a n t f o r some appl i ca t ions , in p a r t i c u l a r , in quantum f i e l d 
theory but they do not make sense in D' i t s e l f . The paper 
i s a continuation of a previous work (1) but i t could be read 
independently. 

In the following wé l e t C be the f ield ' of complex num-
b e r s , D be the space of i n f i n i t e l y d i f f e r e n t i a b l e functions 
defined in the r e a l l ine with compact support and D' be the 
space of a l l d i s t r i b u t i o n s on D. 

D e f i n i t i o n 1. Let a p be in C f o r r = 0 , 1 , . . . . 
We say that 

= [oCq,<X-| »• • •] 

i s a number vector ( 2 ) . We denote the vector space of a l l 
number v e c t o r s , with the usual d e f i n i t i o n of the sum and pro-
duct by a s c a l a r , by C. 

D e f i n i t i o n 2 . Let h^ be in D' f o r r = 0 , 1 , . . . . 
We say that 

h = [ Í IQ,^ » . . . . h j , , . . . ] 

i s a d i s t r i b u t i o n veotor . 
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2 B . F i s h e r , T . D . T o d o r o v 

I f h j , + i » 0 f o r i = 1 , 2 , . . . , we w r i t e 

h = » [ h Q , ^ » . . . . h j , ] 

and i f h ^ « O f o r i = 1 , 2 , . . . we w r i t e 

fe = [ h O ] " V 
Ve denote t h e v e c t o r spaoe o f a l l d i s t r i b u t i o n v e c t o r s , 

w i t h t h e u s u a l d e f i n i t i o n o f sum and p r o d u c t by a s o a l a r , 
by D ' . v tv 

D e f i n i t i o n 3 . L e t h - [ h Q , h 1 , . . . . h j , , . . . ] be 
i n D ' and l e t <p be i n D . Ve d e f i n e (h,<p) t o be t h e number 
v e c t o r 

(h,<p) = [ ( b . 0 » < p ) , , < p > . . • ( t a r , < p ) , . • • ] . 

D e f i n i t i o n 4 . L e t h • h ( J , h 1 , . . . . b ^ , , . . . j be 
i n D ' . Ve d e f i n e t h e d e r i v a t i v e h' o f h by fV N W * 

h a [ h Q , h ! | , . . . , h ^ , . . . ] • 

T h e o r e m 1 . L e t h • be i n D ' 
and l e t <p be i n D . T h e n 

( h ' , ? ) - - ( h , ? ' ) . 

The p r o o f o f t h e t h e o r e m f o l l o w s e a s i l y . 
D e f i n i t i o n 5 . L e t ç be a f i x e d f u n c t i o n 

i n D h a v i n g t h e p r o p e r t i e s i 

( i ) ç ( x ) - O f o r | x | * 1 , 

( i i ) ç ( x ) > 0 , 

( i i i ) ç ( x ) = p ( - x ) , 
.1 

( i v ) j ç ( x ) d x - 1 . 
- 1 

Ve d e f i n e t h e f u n e t i o n S^ by ff^(x) « v>ç(dx) f o r a l l v > 0 . 

402 



O p e r a t i o n s w i t h d i s t r i b u t i o n v a o t o r s 3 

D e f i n i t i o n 6 . Let f and g be i n D' and l e t 
" g * 6 9 . I f t h e r e e x i s t h Q , ^ , . . . , ^ i n D' such t h a t 

r 
U . g y p ) = ( h i , ? ) * 1 + 

i=0 

f o r a r b i t r a r y <p i n D, where 

l im M * ) = 0 
9 oo 

( A could depend on <p as w e l l ) , we d e f i n e the p roduc t f o g 
i n D ' by 

We say t h a t hQ i s t he f i n i t e p a r t of f o g , I f ^ ji 0 f o r 
some i £ 1 , we w r i t e 

p . f . ( f o g ) = hQ 

and i f = 0 f o r i = 1 , 2 , . . . , r , we w r i t e 

f 0 « = V 

T h e o r e m 2 . The p roduc t ,n ,o" i s a g e n e r a l i z a t i o n 
of t he u s u a l produot i n D ' when one of t h e d i s t r i b u t i o n s i s 
a smooth f u n c t i o n , i . e . f o g = f . g f o r a l l f e D' and a l l 
g e C ° ° . 

The above theorem i s j u s t an i n t e r p r e t a t i o n of D e f i n i -
t i o n 6 , h a v i n g i n mind as w e l l t h a t g.<p - » gy i n t h e t e a t - t o -

-̂ -»>00 
pology of D when g i s a smooth f u n c t i o n and <p i s i n D. 

T h e o r e m 3 . Let f and g be i n D' and suppose 
t h a t t h e p r o d u c t s f ' o g (o r f o g ' ) and f o g a r e i n D j . ' Then 
t h e produc t f o g ' ( o r f ' o g) i s i n D' and 

( f o g ) ' = f ' o g + f o g ' . 
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P r o o f . S u p p o s e 

r 

( f . g v » * ) = S ^ i . f ) ^ 1 + A ( ^ ) , 
i = 0 

r 

( f ' , g ^ < p ) = ^ i » ? ) * 1 + 
i = 0 

f o r a r b i t r a r y 9 i n D, s o t h a t 

f ° g = [ ^ o » 1 1 ! » • • ; » ^ j » 

f o g = [ k o » k V ' » k r ] • 

T h e n 

( ( f & j ) ' , f ) = - U g ^ , </>'•) = ( f g ; + 

a n d s o 

( f , g > ) = - ( f . g ^ v ' ) - ( f = 

r r 

= - £ ( h i , / ) « 1 - A2(V>) - S ( h i . ^ X » 1 - / ^ ( o ) . 

i = 0 i = 0 

r 

= ( h ^ - k ^ * ) * 1 - ( A 1 + A 2 ) ( O ) 

i = 0 

f o r some f u n c t i o n A 2 i w h e r e 

l i m A 0 ( t f ) = l i m ( A - + A 0 ) C"^) = 0 . 
^ - » c o ^ « 0 0 1 

I t f o l l o w s t h a t t h s p r o d u c t f - o g ' i s i n D ' a n d 

f o g ' = [ h ^ - k y , ^ - ^ . . . . . h ^ - k j , ] = ( f o g ) ' - f ' o g . 

Tbfl r e s u l t s o f t h e t h e o r e m f o l l o w s . 
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We now put for simplicity 

? i = ç ( 1 ) ( 0 ) 

for i = 0 , 1 , . . . eo that in particular 

Pi = 0 

for odd i . 

T h e o r e m 4. The product o ia in D' and 

5 (P ) o = h(p,q) = [ h ü ( p , q ) , h 1 ( p , q ) , . . . , h p + q ( p , q ) ] 

for p,q s 0 , 1 , 2 , . . . , where 
0, 0 ^ i 

( " D 1 " 9 " 1 ( i J - T ) P i - 1 « ( P + q + 1 " i ) . q < i s p+q+1, 
^ ( p . q ) 

and (£) denotes the binomial coef f ic ient 

(qP) " q l ( p i q ) ! ' 

In part icular 

6 2 « 5 o 6 = [ 0 , P 0 5 ] , 

5' o 5 = [ o , ç 0 5 ' j , 

6 o 5' » 0 . 

So, we see that the multiplication operation "o" i s 
a non-commutative operation. 

T h e « - r e m 5. The prod ua te x^ o fi'15 ' and o 
are in D' and 

(V 

for p - 0 , 1 , . . . , q and q - 0 , 1 , 2 , . . . , where 
- 405 -



6 B . F i s h e r , T .D .Todo rov 

h ^ p . q ) 

\ ( - 1 ) P (q
p) p! 6 ( q " p ,

f i = 0 , 

( - 1 ) P - 1 C 3 " 1 ) p i 6 ( q - P - i ) , 1 < i $ q - t 

and 

6 ( q ) o X P = k ( p , q ) = [ k j j i p . q J . k ^ p . q ) k
q _ p ( P t q ) ] 

f o r p = 0 , 1 , . . . , q and q » 0 , 1 , . . . , where 

\ ( - 1 ) P ( J ) p ! B ^ - P i , i = 0 

( - 1 ) P " 1 ( p J i ) P! S ^ - P - 1 1 , 1 « i * q - p . 

I n p a r t i c u l a r 

X P 0 5 (P ) . 6 ( P ) 0 X P . 1 ( - 1 ) P p ! 5 

f o r p « 6 , 1 , 2 , . . , . 

These theorems are e q u i v a l e n t t o Tjheorem 3 and 4 proved 

i n [,1 ],. 

Ve now c o n s i d e r the p roduc t o f two d i s t r i b u t i o n v e c t o r s . 

F o r c onven i en ce we note t h a t D ' i s i s omo rph i c t o the spaoe 

o f power s e r i e s i n an i n d e t e r m i n a t e , ^ h a v i n g d i s t r i b u t i o n s 

as c o e f f i c i e n t s . Under t h i s n a t u r a l i s omo rph i sm we w r i t e 

k j / p . q ) 

r=0 

D e f i n i t i o n 7 . L e t 

and 

£ - K ' f 1 * r — • ] = 2 V 

r » 0 

06 

g - [ « o , g 1 ] 5 S g r v r » 0 
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be in D' and suppose that f p o g s ex is t for a l l r , s = 0 , 1 , . . . 
( in the sense of Definition 6) and 

f r s 

m|»0 

for r , s «x 0 , 1 , . . . for some distr ibutions hj, and some in-
tegers f r s £ 0» Let now put 

oo oo f r s 
hn ' S Z E ^rsm ( r + s + m = n ) 

r=0 s=0 m=>0 

r x / s V 8 V E E C r - ® . ) * r + B 

for n = 0 ,1 , 2 , . . 

/ 0 0 

f o g fw V 
\ r=0 

oo oo 

s £ 
r=0 8=0 

oo 
• E v : 

n-0 

and say that 

s=0 / r=0 s=0 

i s w O * " * 

T h e o r e m 6. Let f and g be in D' and suppose ~ fsl 
that the produats f o g and f ' o g (or f o g ' ) are in D'. Then • ~ ÄJ ~ Si ~ " »1 

the product f o g (or f o g) i s in D' and 

[tog)' = f ' o g + f o g ' . P r o o f « Suppose 

i •• £ v r . » • f: v r -
r=0 r«0 
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8 B.Fisher, T.D.Todorov 

Then 

£ £ ( v s s > * r + e 

r=0 8=0 
and 

oo co 

f o g . 2 E 
r=0 s=0 

eo that the products L o g and f ' o go are in D'. By Theorem 3 
J ; S ¿7 S <n> 

the product f r ° gg i s in I ' and 

( f r o g r ) ' = f ; c g 3 + f r o g^. 

Thus 

oo oo 

s i : = 
r=0 £?=-U 
oo oo 

= v y 1 ( f > g Q + t^o g ' ) * T + B i—i r Ba r ° b 
r=0 s=0 

whigh implies the exist a nee of f o g ' and 
» 

( f o g ) ' » f o g + f o g ' . 
O» /V w j v ^ f V 

B x s m p l e 1. (6,69cp) = ( 8 , ^ (v>xMx) ) » v>p(0)</>(0) -
» f o r arbitrary 9 in D and so 

6 2 = 5 o 8 = [0 ,9 q5] . 

E x a m p l e 2. 6 ^ = 5 o 5 o 5 = ^^qS > [ 0 , 0 , ^ 8 J. 
More general f o r the n-th power of the delta-function 5 we 
obtain 

Sn . = [0,0 . 
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Operations with distribution vectors 9 

E x a m p l e 3. ( 5 , 6 > ) - ( Ì , * 2 ? ' (s>xMx)) -
- s>29'(0)v>(0) « 0 for arbitrary <f i n H and bo 

S o 5'- 0. 

E x a m p l e 4. Using Theorem 3 ve see that 6'o 6 
i s in D' and 

IV 

S'o 6 = (So8 V - 6 o 5' = [0,p0 5'] . 

B x a m p l e 5. ( 6't </> ) « ( 5', o2 9' (Ox)<p(x) ) -
= - * V ' ( 0 ) < P (0 ) + *ZQ'(0)<p'[0) = - v V ^ K ' i 5 . ? ) for arbitrary y> 
i n 0 and so 

S'o 5' = [0,0,0,-?2 5] . 

These four results are, of course, particular cases of 
Theorem 4* 

B x a m p l e 6. [5 , 5'] o [5", 6] = (5+v>5' ) o ( 6'+*6) -
» 5 o 5'+-i>6 o 6 + -pS'o 5' + •p26'o 6 • [0,0,p0i$,g0S',-926. 

We f i n a l l y consider integration i n D' and D'. 
D e f i n i t i o n 8. Let f be i n D', let ¡j be 

a measure i n R and let é be a measurable subset of R. Ve say 
that f i s integrable on 6 i f there exists an integer m^O 
and oomplex coefficient e «o»a 1 for whioh 

u 
f f^(x)djj(x) - ^ «"i^1 + 
6 i - 0 

where f^ = f » and 

lim Afo) » 0. v> -» oo 
Ve then write 

m 
jfixidptx) - [ O ^ O . J = OC^1 

6 i - 0 
and say that i s the f i n i t e part of the integral. 
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10 B .F i she r , T.D.Todorov 
00 

E x a m p l e 7. j S(x)dx = 1. 
-OO 
1 1 1 

E x a m p l e 8 . 5 6^,(x)dx = J 9f (vx)dx = ^ a n d 

i 
j 6(x)dx = I . 
0 ¿ oo 

E x a m p l e 9. f 5'{x)dx = 0 . 
-oo 
1 1 p 

E x a m p l e 10. / 5 j ( x ) d x = J ¿ ' V f - J x j d x = ->>p 
0 9 0 u 

and so j 6 ' ( x )dx = 

T h e o r e m 7. For a l l f e D' and a l l <p 6 D we have: 

oo oo 
j (f O <p )dx = j f(x)<p(x) = ( f . y ) . 
-oo -oo 

P r o o f . I t i s wel l known t h a t ( fv )„ t <p in the v i?-»Oo T 

topology of £ ( E ' i s the space of a l l d i s t r ibut ions with 
compact supports) so that 

oo 
l im f ( f y ) . d x = (f<p,1) = ( f t < P ) . 

-oo 

The proof i s f i n i s h e d . 
D e f i n i t i o n 9. Let 

f = [ f 0 , f 1 t ^ . , f p i . . . ] = g v r 

r=0 

be i n D' and suppose t h a t f_ i s i n t e g r a b l e on 6 wi th m r 

"fe 

6 i=o 

f o r r = 0 , 1 , . . . . ffe say t h a t f i s i n t e g r a b l e on 6 and w r i t e 
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Operations with distribution vectors 11 

[ d 0 , d 1 ' * ' ' , d n ' * * *l 

(r+i = n) 

for n = 0 ,1 , . . . and say that d^ is the f in i te part of the 
integral. 1 

E x a m p l e 11. j [ 6 ( x ) , 6'(x)] dx = [ l/2,0,-pQ j . 

We see that the integral of a given distribution vector 
( i f exists) is a number veotor. 

R e m a r k . The reader could remain disappointed at 
the fact that the multiplication operation introduced in our 
paper is nonafcsociative which follows directly from the 
example 

6 " o (S o 8') 4 ( 5 ° 5) o 6' . 

Recall, however, that according to the well-known interpre-
tation of the Schwartz example 

(x~1«x)6(x) 4 x~1 (x«8(x)) 

i t is principally impossible to supply the distribution space 
or any of i t s enlargements ( in particular, the space of di-
stribution vectors D') with an associative multiolication 
operation. 
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